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Instructions
1. This paper consists of five (5) questions
2. Answer any three questions.
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1. Statistical Tables
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Question 1

For a classical linear model = X + £ , where y, ¢ are n vectors, fhas dimension p, X has

nxp, and &'s are i.i.d. N{0,6%), show that the information matrix of § is o ?X"X.

Question 2

If the goal for this software expert is to build an email spam filter: based on observed
characteristics of an email message she wants to build a classification rule for assigning the
message either as spam(marked with a “1") or not spam (“0"). To build the filter she h
data of 46071 emails, and for each message she has a human-assigned to label 1 for spam, 0

for not spam, and the following characteristics:

e caps_avg= the average of the lengths of strings of capital letters used in the email

(e.g. “The” = 1, "HELLO" = 5)

e ¢_paren, c_exclaim, c_dollar= the percentage of characters in the message which
are parentheses(“(", “[”, )", “]"), exclamation point (1"}, and dollar sign (“$")

respectively.(Percentages are between 0 and 100.)

a) In the current context, what are the two types of errors that a classifier can make? In
the present context, is one type of mistake “worse” than the other? Explain your

reasoning.

Use the following output to answer parts (b) - (e].

(20 Marks)

Ak k
ok ok
* ok ok
% & &
Aok ok

Call:
gim(formula = spam " caps_avg + c_paren + c_exclaim + c¢_dollar,
family = "binomial"”, data = spam)
Coefficients:
Estimate Std. Error z value Pr(>|z})
(Intercept) -1.75 0.07 -26  <2e-~16
caps_avg 0.21 0.02 12 <2e-18
c_paren ~-1.66 0.23 -7 2e-13
c_exclaim 1.38 - 0.11 12 <2e-16
c_dollar 11.86 0.62 19  <2e-16

Null deviance: 6170.2 on 4600 degrees of freedom
Residual deviance: 4160.7 on 4596 degrees of freedom

AIC: 4171

Number of Fisher Scoring iterations: 15




b)

c)

d)

b)

b)

Provide a precise, numerical interpretation of the coefficient estimate for c_dollar. Do
you and this result credible? Why or why not?

Provide a precise, numerical interpretation of the coefficient estimate for caps_avg. Do
you find this result credible? Why or why not?

For a message that is 2% parentheses, 2% exclamation points, has zero dollar signs, and
never strings together more than one capital letter, what estimated probability this
messageis spam?

If she uses the regression in above to build a classification rule based on the predicted
probabilities. For some number X, we will flag a message as spam if the estimated
P[spam = 1|X] > K. Referring to your answer in part (a), would you prefer to choose K =
1/4,K=1/2, 0or K=3/47? Why?

(4+3+3+5+5 Marks)

Question 3

{f the hazard function is hA(t) = a\t, where a> 0, what are the survival and density

functions?
(10 Marks)

If survival times in the absence of censoring are distributed according to a Weibull
distribution with parameters x and A, the hazard and survival functions can be written
as

h(t) = Ath 1
S(t) = exp(—At")

respectively. If we observed data of the form (t;, 6;), where 6; = 1 if individual / fails
attime tiand 8; = 0 if i is right-censored at ¢; for i = 1,..,m. What is the log-likelihood
function? Explan briefly how you might find the maximum-likelihood estimates of k

and A
(10 Marks)

Question 4

Suppose we clustered a set of N data points using two different clustering algorithms: k-
means and Gaussian mixtures. In both cases we obtained 5 clusters and in both cases
the centers of the clusters are exactly the same. Can 3 points that are assigned to
different clusters in the k-means solution be assigned to the same cluster in the
Gaussian mixture solution? If no, explain. If so, sketch an example.

Consider a Bayesian network B with boolean variables.




il.

iii.

a)

ii.

Is there any variable(s) conditionally independent of X33 given X2z, and of X33 given
¥11 and X527 If so, list all.

Write the joint probability P(X11,X12,X13,X21,X22,X31,X32,X33) factored according to the
Bayes net. How many parameters are necessary to define the conditional probability
distributions for this Bayesian network?

Write an expression for P(X13 = 0,X22 = 1,Xa3 = 0) in terms of the conditional
probability distributions given in your answer to part (ii). Show your work. can you
say X13 and Xa3 are independent? Why?

(5 +5+5+5 Marks)

Question 5

Assume we have a set of data from patients who have visited UPMC hospital during the
year 2011. A set of features (e.g., temperature, height) have been also extracted for each
patient. Our goal is to decide whether a new visiting patient has any of diabetes, heart
disease, or Alzheimer (a patient can have one or more of these diseases}.

We have decided to use a neural network to solve this problem. We have two
choices: either to train a separate neural network for each of the diseases or to train
a single neural network with one output neuron for each disease, but with a shared
hidden layer. Which method do you prefer? Justify your answer.

Some patient features are expensive to collect (e.g., brain scans) whereas others are
not (e.g, temperature). Therefore, we have decided to first ask our classification
algorithm to predict whether a patient has a disease, and if the classifier is 80%
confident that the patient has a disease, then we will do additional examinations to
collect additional patient features In this case, which classification methods do you
recommend: neural networks, decision tree, or naive Bayes? Justify your answer in
one or two sentences.
(5+5 Marks)

Q4




b) The following figure presents the top two levels of a decision tree learned to predict the

attractiveness of a book. What should be the value of A if using a decision tree learning
alporithm (you can either s ay "At most X' or ‘At least X' or 'Equal to X' where you
should replace X with a number based on your calculation), explain your answer?

ongerthan
120min?

*‘
\n‘o yes \\‘0

Action
movie?

Like: 9 Like: 10 Like: 6 Like: A
Didn’tlike: 12 Didn’tlike: 4 Didn'tlike: 8 Didn'tlike: 3
(5 Marks)

We now focus on all samples assigned to the left side of the tree (i.e. those that are
longer than 120 minutes). We know that we have a binary feature, "American director’
that after the "Action movie' split provides a perfect split for the data (i.e. all samples on
one side are “like’ and all those on the other side "didn't like". Fill in the missing values
in the picture below:

(5+5 Marks)




Action
movie?

yes no

Like: 9
Didn’tlike: 12

Like: 10
Didn’tlike: 4

American American

director? director?
yES/ no y95/ \ no
Like: Like: Like: Like:
Didn’tlike: Didn’tlike: Didn't like: Didn’t like:

(5 Marks)
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APPENDIX B/TABLES

TABLE 3 Standard Norimal Probabilities

T,
PlZ <z£f \\
A
» N,
e | AU
z 0

z .00 01 .02 03 .04 .05 06 07 .08 .09
~3.5 0002 .0002 0002 .0002 0002 .0002 0002 0002 0002 .0002
~3.4 0003 0003 .0003 .0003 .0003 0003 0003 0003 0003 0002
-3.3 0005 0005 0005 .0004 0004 0004 0004 0004 0004 .0003
-3.2 0007 0007 0006 .0006 0006 .0006 0006 0005 0005 0005
—-3.1 0010 0009 0009 0009 0008 0008 0008 .0008 0007 .0007
—~3.0 0013 0013 0013 0012 0012 0011 0011 0011 0010 0010
-29 0019 0018 0018 0017 0016 0016 0015 0015 0014 0014
—-2.8 0026 .0025 0024 0023 0023 0022 0021 0021 0020 .0019
2.7 0035 0034 .0033 0032 0031 .0030 .0029 0028 0027 0026
- 2.6 0047 .0045 0044 0043 0041 0040 0039 0038 0037 0036
-25 .0062 .0060 0059 0057 0055 0054 0052 0051 0049 .0048
—2.4 0082 .0080 0078 0075 0073 0071 0069 0068 0066 .0064
~2.3 0107 0104 0102 0099 .0096 0094 .0091 0089 0087 0084
-2.2 0139 0136 0132 0129 0125 0122 0119 0116 0113 0110
-2.1 0179 0174 0170 0166 0162 0158 0154 0150 0146 0143
- 2.0 0228 0222 0217 0212 0207 0202 0197 0192 0188 0183
~1.9 0287 0281 0274 0268 0262 0256 0250 0244 0239 0233
-1.8 0359 .0351 0344 0336 .0329 0322 0314 0307 0301 0294
-1.7 0446 0436 0427 0418 0409 0401 0392 0384 0375 0367
- 1.6 0548 0537 0526 0516 0505 0495 0485 0475 0465 0455
~15 0668 0655 0643 0630 0618 0606 0594 0582 0571 0559
~1.4 0808 0793 0778 0764 0749 0735 0721 0708 0694 0681
-13 0968 0951 0934 0918+ 0981 0885 0869 0853 0838 .0823
-1.2 1151 1131 d112 1093 1075 1056 .1038 1020 1003 0985
~1.1 1357 1335 1314 1292 1271 1251 1230 1210 d190 0 1170
~ 1.0 1587 1562 1539 1515 .1492 1469 14486 1423 1401 1379

-9 1841 1814 1788 1762 1736 1711 1685 1660 1635 1611

-8 2119 2090 2061 2033 .2005 1977 1949 1922 1894 1867

-7 .2420 .2389 2358 .2327 2297 2266 2236 .2206 2177 2148

) 2743 .2709 2676 2643 2611 2578 2546 2514 2483 2451

-5 3085 3050 3015 2981 2946 2912 2877 .2843 2810 2776

-4 3446 3409 3372 3336 3300 3264 3228 3192 3156 31721

-3 3821 3783 3745 3707 .3669 3632 3594 3557 3520 3483

-2 4207 4168 4129 4090 4052 4013 3974 .3936 3897 3859

-1 4602 4562 4522 4483 4443 4404 4364 4325 4286 4247

-0 5000 .4960 4920 4880 4840 4801 4761 4721 4681 4641
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TABLE 3 (Continued)
PiZszl/ \\\
£ '
4 %,
&~ ™,
m;.a-'r‘*""é I s i
0z
z 00 01 02 03« 04 - 05 06 .07 .08 09
0 5000 5040 5080 5120 5160 5199 5239 5279 5319 5359
N 5398 5438 5478 5517 53557 5596 .5636 5675 RYAL 5753
2 5793 5832 5871 5910 5948 5987 .6026 .6064 5103 6141
3 6179 6217 6255 6293 6331 .6368 6406 6443 6480 6517
4 6554 6591 6628 5664 6700 6736 B772 6808 6844 6879
2 6915 6950 B985 7019 7054 7088 7123 7157 7190 7224
B¢ 7257 7291 7324 7357 7380 7422 7454 7486 ..7517 .7549
7 7580 7611 7642 7673 7703 7734 7764 7794 7823 7852
RS 7881 7910 7939 7967 7995 8023 8051 8078 8106 8133
9 8159 3186 8212 8238 8264 8289 9315 8340 .8365 .8380
1.0 8413 8438 8461 8485 8508 .8531 .8554 8577 .8599 8621
1.1 8643 .B665 86806 8708 .8729 8749 8770 .8790 .8810 8830
1.2 .8849 .8869 8888 8907 8925 8044 .8962 8080 83997 8015
1.3 8032 9045 8066 9082 9099 9115 9131 3147 9162 Q177
1.4 9192 9207 0222 9236 9251 9265 9279 9292 8306 9319
1.5 9332 0345 9357 8370 9382 9394 9406 9418 9429 9441
1.6 9452 9463 9474 0484 .9495 9505 9515 9525 9535 9545
1.7 9554 9564 9573 9582 9591 9599 9608 9616 9625 9633
1.8 9641 9649 9656 9664 9671 9678 0686 8693 9699 9706
1.9 9713 8719 9726 9732 9738 9744 9750 8756 9761 9767
2.0 9772 9778 9783 9788 9793 9798 9803 9808 9812 9817
2.1 9821 9826 9830 0834 J9B38 0842 9846 9850 9854 L9857
2.2 9861 9864 9868 9871 9875 9878 9881 9884 9887 9390
23 98483 9896 9893 9901 9904 9906 9909 9011 9913 9916
24 9918 - .9920 9922 9025 9927 9929 9931 9932 9934 9936
25 9938 9940 9941 9943 9945 9946 9948 9949 9951 9052
2.6 9953 8855 9956 9957 ‘,9959n 9960 9961 9962 9963 9964
2.7 9965 .0966 9667 9968 9960 9970 9971 9972 9973 9974
2.8 9974 .0975 0876 9977 9977 9978 9979 9979 9980 9981
2.9 9981 9982 9982 9883 9984 2084 9985 9985 9986 9986
3.0 9987 9887 9987 9988 9988 9989 9889 9989 9980 .9990
3.1 9990 9991 9991 8991 9992 9992 9092 9992 9993 5993
3.2 9893 .5993 29994 9994 9994 9994 0994 9905 9995 9995
3.3 9895 8995 5995 9994 9996 G996 9996 9996 9996 9997
34 9997 9997 9997 9997 9997 9997 9997 9997 9997 09908
35 9998 9898 9998 9998 9598 9993 .9998 9998 9998 9998
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TABLE 4 Percentage Points of f Distributions

e s, O
o 1 T,
e
s
d.f. 25 .10 05 025 01 00833 00625 .005

1 1.000 3.078 6.314 12.706 31.821 38.204 50,923 63.657
2 Bl6 1.886 2.920 4.303 6.965 7.649 8.860 9.925
3 765 1.638 2.353 3.182 4.541 4.857 5.392 5.841
4 741 1.533 2.132 2776 3.747 3.961 4.315 4.604
5 727 1.476 2.015 2,571 3.365 3.534 3.810 4.032
6 718 1.440 1.943 2.447 3.143 3.287 3.521 3.707
7 g1 1.415 . 1.895 2.365 2.998 3.128 3.335 3.499
8 706 1.397 1.860 2,306 2.856 3.016 3.206 3.355
9 J03 1.383 1,833 2.262 2.821 2.933 3.111 3.250
10 700 1.372 1.812 2.228 2.764 2.870 3.038 3.169
11 687 1.363 1.796 2.201 2.718 2.820 2.981 3.106
12 695 1.356 1,782 2179 2.681 2.779 2.934 3.055
13 694 1.350 1.771 2.160 2.650 2.746 2.896 3.012
14 .692 1.345 1.761 2.145 2.624 2.718 2.864 2.977
15 .6891 1.341 1.753 2.131 2.602 2.694 . 2.837 2.947
16 690 1.337 1.746 2.120 2,583 2.673 2,813 2,921
17 689 1.333 1.740 2.110 2.567 2.655 - 2793 2.898
18 .G88 1.330 1.734 2.101 2.552 2.639 2.775 2.878
19 688 1.328 1.72%9 2.093 2,539 2.625 2.759 2.861
20 .687 1.325 1.725 2.086 2,528 2.613 2.744 2.845
21 686 1.323 1.721 2.080 2.518 2.601 2.732 2.831
22 686 1.321 1.717 2.074 2.508 2.591 2.720 2.819
23 685 1.319 1.714 2.069 2.500 2.582 2.710 2.807
24 685 1.318 1.711 2,064 2.492 2.574 2.700 2.797
25 .684 1.316 1.708 2.060 2.485 2.566 2.692 2,787
26 .684 1.315 1.706 2.056 2.479 2.558 2.684 2.779
27 .684 1314 1.703 2.052 2.473 2.552 2.678 277
28 083 1313 1.701 2.048 2.467 2.546 2.669 2,763
29 683 1311 1.699 2.045 2.462 2.54] 2.663 2756
30 683 1.310 1.697 2.042 2.457 2.536 2.657 2.750
40 681 1.303 1.684 2.021 2.423 2.499 2.616 2.704
60 679 1.296 1.671 2.000 2.390 © 2463 2.575 2.660
120 B77 1.289 1.658 1,980 2.358 2.428 2.536 2617
o 674 1.282 1.645 1.960 2.326 2394 2.498 2,576
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TABLE S Percentage Points of 2 Distributions
X'U.
G o e A
o
d.f 99 975 .95 .90 50 10 05 025 .01
1 0002 001 004 0z 45 2.71 3.84 5.02 6.63
2 02 .05 10 21 1.39 4.61 5.99 7.38 9.721
3 11 22 35 .58 2.37 6.25 7.81 9.35 11.34
4 30 A48 g1 1.06 3.36 7.78 9.49 11.14 13.28
5 .55 .83 1.15 1.61 4.35 9.24 11.07 12.83 15.09
G 87 1.24 1.64 2.20 535 10.64 12.59 14.45 16.81
7 1,24 1.69 217 2.83 6.35 12.02 14.07 16.01 18.48
8 1.65 2.18 2.73 3.49 7.34 13.36 15.51 17.53 20.09
9 2.08 2,70 3.33 4,17 8.34 14.68 16.92 19.02 21.67
10 2.56 3.24 3.94 4,87 9.34 15,99 18.31 20.48 23.21
11 3.05 3.81 4.57 558 10.34 17.28 19.68 21.92 2472
12 3.57 4,40 5.23 6.30 11.34 18.55 21.03 23.34 26,22
13 4,11 5.01 5.89 7.04 "12.34 19.81 22.36 24,74 27.69
14 4.66 5.62 6.57 7.79 13.34 21.06 23.68 26.12 29.14
15 5.23 6.26 7.26 8.55 14.34 22.31 25.00 27.49 30.58
16 5.81 6.90 7.96 931 15.34 23.54 26.30 28.85 32.00
17 G.41 7.56 8.67 10.09 16.34 2477 27.59 30.19 33.41
18 7.01 8.23 9.39 10.86 17.34 25.99 28.87 31.53 34.81
19 7.63 8.90 10,12 11.65 18.34 27.20 30.14 32.85 36.1%
20 8.26 8.59 10.85 12.44 15.34 28.41 31.41 34.17 37.57
21 8.90 10.28 11.59 13.24 20.34 29.62 32.67 35.48 38.93
22 9.54 10.98 12.34 14.04 21.34 30.81 33.92 36.78 40.29
23 10,20 11.69 13.09 14.85 22.34 32.01 3517 38.08 41.64
24 10.86 12,40 13.85 15.66 23.34 33.20 36,42 38.36 42.98
25 11.52 13.11 14.61 16.47 24.34 34,38 37.65 40.65 44 31
26 12.20 13.84 15.38 17.29 25.34 35.56 38.89 41.92 45,64
27 12.88 14.57 16,15 18.11 26.34 36.74 40.11 43.19 46,96
28 13.56 15.30 16.93 18.94 27.34 37.92 41.34 44.46 48.28
29 14.26 16.04 17.71 19.77 28.34 39.09 42,56 45.72 49.5%
30 14.95 16.78 18.49 20.60 29.34 40.26 43.77 46.98 50.89
40 22,16 24.42 26.51 29.05 36.34 51.81 55.76 59.34 63.6%9
50 29.71 32.35 34.76 37.69 48,33 63.17 67.50 71.42 76.15
60 37.48 40.47 43.19 46.46 58,33 74.40 78.08 83.30 88.38
70 45.44 48.75 51.74 55.33 69.33 85.53 90.53 95.02 100.43
30 53.54 57.15 60.39 64.28 79.33 96.58 101.88 106.63 112.33
a0 61.75 65.64 69.13 73.29 86.33 167,57 113.15 118.14 124,12
100 70.06 74,22 77.93 82.36 95.33 118.50 129.56 135.81

124.34




d
o
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TABLE S Percentage Points of F ( vy, vg ) Distributions F; )
. .%% :,..‘fnJ?smm.ria
E Foluy, vo)
¢!
2 3 4 5 6 7 8 9 10 12 15 20 25 30 40 60
1 49.50 3359 5583 57.24 5820 58.91 5944 5986 60.19 6071 6122 61.74 62.05 62.26 6253 §2.79
2 3.00 916 924 929 933 935 g37 938 939 941 942 944 945 046 947 947
3 546 539 534 531 3528 527 5.25 524 523 522 520 5.18 517 517 516 5.15
4 432 419 411 405 401 3098 395 394 392 390 387 384 383 382 38 379
5 378 362 352 345 340 337 334 332 330 327 324 321 319 317 316 314
6 346 329 318 3.11 305 301 298 296 294 290 287 284 281 280 2.78 2.76
7 3.26 3.07 296 288 283 278 275 272 270 267 263 259 257 256 254 2.51
8 311 292 281 273 267 262 259 256 254 250 246 247 240 238 236 234
9 301 281 269 261 255 23] 2.47 244 247 238 234 230 227 225 223 221
16 292 273 261 252 246 241 238 235 232 32028 224 220 217 216 2.13 2.11
11 286 266 254 245 239 234 230 227 225 221 217 212 210 208 205 203
12 » 281 261 248 239 233 228 224 221 219 215 2:10 206 203 201 199 196
13 276 256 243 235 228 273 220 216 214 210 205 201 198 196 193 1.90
14 273 252 239 231 224 219 215 212 210 205 2.01 196 193 1.91 1.85 186
15 270 249 236 227 221 216 212 209 206 207 187 192 189 1.87 185 182
16 267 246 233 224 218 213 209 206 203 1.99 194 189 1.86 1.84 1.81 1.78
17 264 244 231 222 215 210 206 203 200 1.96 191 186 1.83 1.81 178 1.75
18 262 242 229 220 213 208 204 200 198 1.03 185 184 180 178 75 1.72
i9 261 240 227 218 2.11 206 202 198 196 1.9 1.86 1.81 L78 176 173 1.70
20 259 238 225 216 209 204 200 196 194 189 1.84 1.7 176 174 171 168
21 2.57 236 223 214 208 207 198 195 192 187 183 L78  1.74 172 169 1.66
22 256 235 222 213 208 201 197 193 190 186 181 176 173 170 167 1.64
23 235 234 221 211 205 199 195 192 189 184 180 L74 171 189 165 1.2
24 254 233 219 210 204 198 194 191 1388 183 L78 173 170 167 164 1.61
25 2.53 232 218 200 2072 197 193 189 1387 182 177 172 168 166 163 159
26 252 231 217 208 201 196 192 1.88 18 18] 176 171 1.67 165 16] .38
27 251 230 217 207 200 185 191 187 185 180 175 170 166 1.64 .60  1.57
28 250 229 216 206 200 194 190 1.87 184 179 L74 189 165 163 159 1.58
29 250 228 215 206 1.99 193 189 1.8 183 1.78 73 168 164 162 158 1.55
30 249 228 214 205 198 193 18 18 182 177 172 167  1.63 1.61 1.57 154
40 244 223 2,09 200 1.93 1.87 183 179 176 1.71 166 161 157 154 1.51 1.47
&0 239 218 204 195 187 1.82 177 174 171 186 1.60 154 150 148 144 1.40
235 213 199 190 182 177 .72 1.68 165 1.60 L35 148 145 141 137 1.32
230 208 194 185 1.77 .72 167 163 160 155 149 142 138 134 130 1.24
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