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Question 1 [5 + 15 marks)

2. For X distributed as N3(p, 2), find the distribution of

X1
X —X 1 -1 0
Xy — X3 0o 1 -1

X3

b. In a study of home-schooling, 10 sixteen-year-olds who have been home-schooled and 20 sixteen-yeat-
olds who attended a grammar school were examined in both English and mathematics. The sample
mean vectors and variance matrices for the two tests (English as variable 1 and mathematics as variable

2) for the two groups are given below, where the home-schooled group is denoted by x and the other by ¥

7.2 72.4 96.5 47.6 s 45.6 26.4

ﬂlyﬁ ¥ wi b} -
62.4 63.1 176 471) 0 \264 262

i
i

Use Hotellings 77 test to test whether the two groups have different means at a 5% level of significance,

stating any assumptions you make.

Question 2 [545+5+2+3 marks]

Consider the following 5 x 2 data matrix

-1 1
-1 -1
X=10 0
13 0
23 0

i calculate the Buclidean distance matrix between the 5 rows of X
ii. carry out single linkage and complete linkage cluster analysis;
iii. comment on any issues of ambiguity where there is a tie for the smallest distance;

iv. describe and comment on any differences in conclusions for the two methods;
Question 3 [5+ 4 + 3 + 4 + 4 marks]

(a) Explain the main purpose of principal component analysis. Briefly discuss the decisions that need to be

made when carrying out a principal component analysis.

(b) The examination marks of 88 students in five different subject areas of mathematics have been recorded.
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Fach examination was marked out of 100 marks. Some summary statistics for these mathematics marks

are given in the table below. For these data, discuss whether it is appropriate to carry out the principal

Examination | Mean Variance Std deviation ~Minimum  Maximum
Mechanics | 38.97  305.69 1748 0 77
Vectors 50.59  172.84 13.15 9 82
Algebra 50.60 112.89 10.62 15 80
Analysis 46,68 22038 14.85 9 70
Statistics 42.31 297.76 17.26 9 31

component analysis using the variance-covariance matrix or using the correlation mairix.

{c) The correlation matrix for the data is given below. Briefly describe the correlation structure in the

variables.
Mechanics  Vectors  Algebra Analysis  Statistics
Mechanics - §.60 0.55 0.55 0.41 0.39
Vectors 0.55 1.00 0.61 0.49 0.44
Algebra 0.55 0.61 £.00 0.71 0.66
Analysis 0.41 0.49 071 1.00 0.61
Statistics 0.39 0.44 0.06 0.61 1.00

(d) An analyst has extmcted the principal components and eigenvalues from the correlation matrix for the

data. The coefficients for the first three principal components and the eigenvalues are given in the table

below.
Component
Variable 1 2 3
Mechanics | -0.40 0.65 0.62
Vectors -0.43 0.44 -0.71
Algebra -0.50 -0.13 .04
Analysis -0.46 -0.39 -0.13
Statistics -0.44 -0.47 0.32
Eigenvalue | 3.18 0.74 0.43

i, Interpret the first and second principal components.

ii. How much of the total variation in the data is explained by the first pr incipal component? How
much of the total variation in the data is explained by the first two principal components?
iii. What criteria might you use to decide on the apparent dimensionality of these data? Hence comment

on the apparent dimensionality of these data.




Question 4 [2 + [0 + 8 marks]

4. State the maximum likelihood (ML) discriminant rule.
b. Calculate the ML discrimination rule based on observations of a one-dimensional variable with an
exponential distribution.

¢. Compare and contrast linear discriminant analysis (LDA) and quadratic discriminant analysis (QDA)
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TABLE 6 (Continued) 7
H o
o = Om s
m.uo% Uy, Uz U
4!
vy 1 2 3 4 5 5 7 8 9 10 12 15 20 25 30 40 60
i 161.5 1995 2157 2246 230.2 234.0 2368 2389 2405 7419 2439 2460 248.0 2493 250.1 251.1 2522
2z 1851 19.00 19.16 1925 1930 1933 193> 1937 1938 31940 19.41 19.43 1945 1946 1946 1947 1948
3 10,13 955 928 912 9.01 894 889 8835 881 879 874 870 866 863 8.62 859 8.57
4 7.71 694 6559 6385 626 616 609 6.04 6.00 596 5.91 585 580 577 5.75 572 .69
5 6.61 579 541 519 505 495 488 482 477 474 468 462 456 452 450 446 443
6 5.89 514 476 433 439 428 421 415 410 406 400 394 3.87 3.83 3.81 3.77 3.74
7 559 474 435 412 397 387 379 373 368 364 357 3.51 344 340 338 334 330
3 5372 446 407 3.84 369 358 350 344 339 3.35  3.28 3.22 3.15 3.11 3.08 3.04 3.01
9 512 426 3.86 363 348 337 329 323 3.18 3.14 307 3.01 2.94 2.89 2.86 2.83 2.79
10 496 410 3.71 348 3.33 322 3.14 307 _3.02 298 291 2.85 2.77 2.73 2.70 2.66 262
11 484 398 359 338 320 3.09 301 295 290 285 279 272 2.65 2.60 257 2.53 Z2.49
12 475 389 349 326 3.11 3.00 291 285 280 275 269 262 254 250 247 243 2.38
i3 467 3.81 3.41 3.18 3.03 262 283 277 .271 2.67 2.60 2.53 2.46 2.41 2.38 2.34 2.30
14 460 374 334 311 296 2.85 276 270 265 260 253 2.46 2.3 2.34 231 227 222
15 454 368 329 3.06 290 279 271 264 259 254 248 240 2.33 2.28 2.25 2.20 2.16
16 449 363 324 301 285 2.74 266 239 254 249 242 235 2.28 2.23 2.19 2.15 2.11
i7 445 3.5 320 296 281 270 261 255 249 2.45 238 2.31 2.23 2.18 2.15 2.10 2.06
18 4.41 3.55 3.16  2.93 277 2.66 2.58 2.51 246  2.41 2.34 2.27 2.1¢% 2.14 2.11 2.06 2.02
19 438 352 3.13 200 274 263 254 248 242 238 231 2.23 2.16 211 2.07 203 1.98
20 4.35 3.4 310 287 271 260 251 245 239 2.35 228 2.20 212 2.07 2.04 1.95 1.85
21 432 347 307 2.84 268 257 249 242 237 232 2.25 218 2.0 205 2.01 1.96 1.92
22 430 344 305 282 7266 255 246 240 234 230 223 2.15 2.07 2.02 1.98 1.94 1.8%
23 4728 342 303 280 264 2533 244 237 232 227 220 2.13 2.05 200 196 1.91 1.86
24 426 340 3.01 278 262 251 242 236 230 2.25 2.18 2.11 2.03 1.97 1.94 1.89 1.84
25 424 339 299 276 260 249 240 234. 228 224 216 208 2.01 1.96 1.92 1.87 1.82
26 423 337 298 274 239 247 239 232 227 222 215 2.07 1.9 1.94 1.80 1.85 1.80
27 4.21 335 296 273 257 246 237 231 225 220 213 206 1.97 1.92 1.88 1.84 1.79
28 420 334 295 271 256 245 236 2.29 224 219 212 204 1.96 1.91 1.87 1.82 1.77
29 418 333 2.93 270 2.55 Z2.43 235 228 222 218 210 203 1.94 1.89 1.85 1.81 1.75
30 4,17 332 292 269 2.53 2.42 233 227 221 216 209 201 1.93 1.88 1.84 1.79 1.74
40 408 3.23 284 261 2.45 234 225 218 212 208 2.00 1.82 1.84 1.78 1.74 1.69 1.64
60 400 315 276 253 23 225 2417 210 2.04 1.99 192 1.84 1.75 1.69 1.65 1.59 1.53
120 3.82 307 268 245 2.29 218 209 202 1.96 1.91 1.83 1.75 1.66 1.60 1.55 1.50 1.43
e 384 300 261 237 221 2,10 2.01 1.94 1.88 1.83 1.75 1.67 1.57 1.51 1.46 1.39 1.32
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APPENDIX B TABLES 637
TABLE % Percentage Points of X2 Distributions
\r‘%%
% L
[4
d.f. 99 975 957 90 .50 10 05 025 01

1 .0002 001 004 .02 45 2.71 3.84 5.02 6.63
2 02 .05 10 21 1.39 4.61 5.99 7.38 9.21
3 A1 .22 35 58 2.37 6.25 7.81 9.35 11.34
4 .30 48 71 1.06 3.36 7.78 9.49 11.14 13.28
5 .55 83 1.15 1.6l 4.35 9.24 11.07 12.83 15.09
6 .87 1.24 1.64 2.20 5.35 10.64 12.59 14.45 16.81
7 1.24 1.69 2.17 2.83 6.35 12.02 14.07 16.01 18.48
8 1.65 2.18 2.73 3.49 7.34 13.36 15.51 17.53 20.09
9 2.09 2.70 3.33 4.17 8.34 14.68 16.92 19.02 21.67
10 2.56 3.24 3.94 4.87 9.34 15.99 18.31 20.48 23.21
11 3.05 3.81 4.57 5.58 10.34 17.28 19.68 21.92 24.72
12 3.57 4.40 5.23 6.30 11.34 18.55 21.03 23.34 26.22
13 411 5.01 5.89 704 1234 19.81 22.36 24.74 27.69
14 4.66 5.62 6.57 7.79 13.34 21.06 23.68 26.12 29.14
L5 5.23 6.26 7.26 3.55 14.34 2231 25.00 27.49 30.58
16 5.81 6.90 7.96 9.31 15.34 23.54 26.30 28.85 32.00
17 G4l 7.56 8.67 10.09 16.34 24.77 27.59 30.19 33.41
18 7.01 8.23 9.39 10.86 17.34 25.99 28.87 31.53 34.81
19 7.63 8.90 10.12 11.65 18.34 27.20 30.14 32.85 36.19
20 8.26 9.59 10.85 12.44 19.34 28.41 31.41 34.17 37.57
21 8.90 10.28 11.59 13.24 20.34 29.62 32.67 35.48 38.83
22 9.54 16.98 12.34 14.04 21.34 30.81 33.92 36.78 40.29
23 10.20 11.65 13.09 14.85 22.34 32.01 35,17 38.08 41.64
24 10.86 12.40 13.85. 15.66 23.34 33.20 36.42 39.36 42,98
25 11.52 13.11 14.61 16.47 24.34 34.38 37.65 40.65 4431
26 12.20 13.84 15.38 17.29 25.34 35.56 38.89 41.92 45.64
27 12.88 14.57 16.15 18.11 26.34 36.74 40.11 43.19 46.96
28 13.56 15.30 16.93 18.94 27.34 37.92 41,34 44 .46 48.28
29 14.26 16.04 17.71 19.77 28.34 39.09 42.56 45.72 49.59
30 14.95 16.78 18.49 20.60 29.34 40.26 43.77 46,98 50.89
40 22.16 24.42 26.51 29.05 39.34 51.81 55.76 59.34 63.69
50 29,71 32.35 34.76 37.69 49.33 63.17 67.50 71.42 76.15
60 37.48 40.47 43.19 46.46 59.33 74.40 79.08 83.30 88.38
70 45,44 48.75 51.74 55.33 69.33 85.53 90.53 95.02 100.43
80 53.54 57.15 60.39 64.28 79.33 96.58 101.88 106.63 112.33
90 61.75 65.64 £9.13 73.29 89.33 107.57 113.15 118.14 124.12
100 70.06 74,22 77.93 82.36 99.33 118.50 124.34 129.56 135.81
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TABLE 3 (Continued)

PlZ<z]
e | \‘*«w.u
0 =z
z 00 01 02 03 s .04 05 06 07 .08 .09
.0 .5000 5040 5080 5120 5160 5199 5239 5279 5319 5359
1 5398 5438 5478 5517 5557 5596 5636 5675 5714 5753
2 5793 5832 5871 5910 5048 5987 6026 .6064 6103 G141
3 6179 6217 6255 6293 0331 .G6368 6406 6443 6480 6517
4 6554 6591 6628 6664 6700 6736 6772 6808 6844 6879
S 6915 .6950 6985 7019 7054 .7088 7123 7157 7190 7224
6 7257 7291 7324 7357 7389 7422 7454 7486 . 7517 7549
v .7580 7611 7642 J673 7703 7734 7764 7794 7823 7852
8 L7881 7910 7939 7967 7995 .8023 .8051 8078 8106 8133
9 8159 8186 8212 8238 8264 8289 8315 8340 8365 8389
1.0 8413 8438 8461 8485 8508 8531 8554 8577 8589 8621
1.1 8643 8665 8686 8708 8725 8749 8770 8790 .8810 8830
1.2 .8849 8869 8888 .8907 .8925 8944 8962 .3980 8697 9015
1.3 9032 9049 9066 9082 9095 9115 9131 9147 8162 9177
1.4 8192 9207 9222 9236 9251 9265 9279 9292 8306 9319
1.5 9332 9345 9357 9370 9382 9394 8406 9418 8429 0441
1.6 9452 9463 9474 .9484 .9495 9505 9515 9525 9535 9545
1.7 9554 9564 9573 .8582 9581 9599 9608 9616 9625 9633
1.8 9641 5649 9656 9664 9671 96738 9686 9693 9699 9706
1.9 9713 0719 9726 9732 89738 9744 9750 9756 9761 9767

2.0 9772 9778 9783 9788 9793 9798 .9803 9808 9812 9817
2.1 9821 9826 0830 9834 8838 5842 9846 9850 9854 9857
2.2 9861 .9864 9868 9871 9875 5878 9881 9884 9887 9830
2.3 9893 9836 9898 9901 9904 9906 8909 9011 9813 9916
24 9918 - 8920 9922 9925 9927 9929 9931 9632 9834 9936
25 9938 9940 9941 9943 9945 9946 9948 9949 9951 9952
2.6 9953 9955 9956 9957 9959 9960 9961 9962 9963 9964
2.7 9965 5966 9967 9968 9969 9970 9971 8972 9973 9974
2.8 9974 9975 9976 9977 9977 9978 9979 9979 9980 9981
2.9 9981 9982 9982 9983 9984 9984 9985 5985 9586 5986

3.0 9987 .9987 9987 9088 9988 9989 9989 9989 9990 9990
3.1 9690 9991 9991 9991 9952 9992 9992 .9992 9993 9993
3.2 9993 9983 9994 9994 9994 9594 9954 9995 9995 9995
33 9895 9995 9995 9996 9996 9996 9956 9996 5996 9997
3.4 9897 9997 5997 5997 9997 5997 9997 5997 .8997 9998
35 D998 9098 9998 .9998 9598 8998 9998 .9898 9998 9998




