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Question 1

(a) Explain the main purpose of principal component analysis. Briefly discuss the decisions that need to be
made when carrying out a principal component analysis. (5)

(b} Consider the following data;

Xy Xa

1.00 | 3.00
1.00 | 2.00
2.00 { 3.00
0.00 j 3.00
5.00 [ 400
4.00 | 5.00
500 | 5.00
3.00 ; 4.00

i. Calculate the covariance matrix for this data. (3)
ii. Determine the principal components and find the proportion of the total variance explained by the

first component. (12)




Question 2

A certain type of tropical disease is characterized by fever, low blood pressure and body aches. A pharma-
ceutical company is working on a new drug to treat this type of disease and wanted to determine whether the
drug is effective. They took a random sample of 20 people with this type of disease and 18 with a placebo.
Based on the data below determine whether the drug is effective at reducing these two symptoins. State the

assumptions for your test. (20)

Drug Placebo
Fever Pressure { Fever Pressure
384 73 409 54
368 85 395 75
400 58 394 57
398 80 382 71
386 068 397 65
39.1 52 389 49
389 79 386 58
36.8 100 399 52
404 64 413 62
394 53 38.1 57
80 70 396 78
386 75 3710 92
40.1 48 395 63
38.1 57 403 52
372 18 41.5 46
39.5 65 393 56
373 77 37.6 86
39.1 67 40.6 48
3/% 52
37.8 68




Question 3

(a) Briefly describe the purposes of cluster analysis. (3)
(b) Suppose that objects are to be clustered on the basis of an observation vector that consists of p continuous

measurements. Define the Euclidean distance between objects with observation vectors

=ty 2. 2] ,and  y = [y ya .yl

Also define any two of the following alternative similarity measures; squared Euclidean distance; Man-
hattan (or city-block) distance; Chebyshev distance; Mahalanobis distance. For each of your chosen
cases, describe how the overall features of the complete set of distances obtained using that measure
would differ from the corresponding set of Euclidean distances. (5)

(c) Describe the single-linkage and complete-linkage approaches to hierarchical clustering. How might the
outcome of a cluster analysis differ depending on which of these approaches was used? (6)

(d) Describe k—means clustering. Mention one advantage and one disadvantage of this method compared

with hierarchical procedures. (6)




Question 4

Conn’s Syndrome is a form of hypertension that has two possible causes: an adenoma (Type A patient),

which has to be removed by surgery, and bilateral hyperplasia (Type B patient), which is a more diffuse

condition and is treated with drugs. It can be hard to tell whether a patient is Type A or Type B. Researchers

investigated a group of 31 sufferers of Conn’s Syndrome, recording their age (in years) and the concentrations

of the following three chemicals in blood plasma (in meq/l): sodium, potassium, carbon dioxide. All these

patients then underwent surgery, which revealed that 20 of them were Type A and the other 11 Type B. The

computer output displayed on the next page is from an analysis of the data for all 31 patients in the study.

i.

ii.

1.

iv,

What does the matrix plot suggest about the potential usefulness of each of these variables for classifying
patients as Type A or Type BY? (2}

A linear discriminant analysis of the data was carried out, with the results shown in Table 1. Explain
what is meant by leaving-one-out cross-validation. Give one reason for carrying out this procedure as
part of discriminant analysis. What do the results in Table 1 suggest about the usefulness of the linear
discriminant?

The linear discriminant function is
y = —20.0 ~ (0.1 x age) + (0.2 x sodium) — (3.0 x potassium) -+ (0.6 x carbon dioxide)

, where positive values of y indicate Type A patients. Use it to classify another Conn’s Syndrome
sufferer, who is 40 years old and has the following test results: sodium 144.1, potassium 3.4, carbon
dioxide 25.2 meqg/l. (2)

List the main statistical assumptions required to justify the use of linear discrimination. In what way
may these assumptions be relaxed if quadratic discrimination is used instead of linear discrimination?
4)

Table 2 gives the results of quadratic discrimination, in a form comparable to Table 1. Compare the

results from the two discriminants, Which would you recommend using in practice, and why? (4)
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Table I: Results of Linear Diseriminant Analysis
(a}) Without Cross-validation (b} With Cross-Validation

o

Syerall Proportion Correst = G807 : Lon = 3,858

Table 2; Results of Quadratic Diseriminant Analysis

{a) Without Cross-Validation (k) With Cross-validation
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848 Appendix3  Tables

Tahle 4 Normal Curve Areas
Standard normal probability in right-hand tail

. Ared
{for negative values of z, areas are found by symmetry) y

Second decimal place of z
z 00 01 02 03 04 05 006 07 08 09

0.0 5000 4960 4920 4880 4840 4801 4761 4721 4681 4641
0.1 4602 4362 4522 4483 4443 4404 4364 4325 4386 4247
0.2 4207 4168 4129 4090 4052 4013 3974 3936 3897 3859
02 3821 3783 3745 3707 3669 3632 3594 3557 3520 3483
04 3446 3400 3372 3336 3300 3264 3228 3192 31 56 3121

0.5 3085 3050 3015 2981 2046 2912 2877 2843 2810 2776
0.6 2743 2709 2676 2643 2611 2578 2546 2514 2483 2451
0.7 2420 2389 2358 2327 2296 2266 2236 2206 2 177 2148
0.8 2119 2000 2061 2033 2005 1977 1949 1922 1894 1867
0.9 .i841 1814 1788 .1762 1736 171 1685 1660 1635 161

1.0 L1587 1562 .1539 1515 1492 1469 1446 1423 4010 1379
L1 1357 1335 1314 1292 1271 1251 1230 1210 A0 1170
t2 1151 131 (1112 1093 1075 (1056 1038 1020 1003 L0985
13 0968 0051 .0934 .09i8 0901 0885 0869 0853 0838 0823
14 0808 0793 0778 0764 0749 0735 0722 0708 0694 0681

L5 0668 .0655 .0643 0630 0618 0606 0594 .0582 0571 0559
1.6 0548 0537 0526 0516 0505 0495 0435 0475 0465 0455
1.7 0446 0436 0427 0418 0409 0401 0392 0384 0375 0367
18 0350 0352 0344 0336 0329 0322 0314 0307 .030%  .0294
19 0287 0281 0274 0268 0262 0256 .0250 0244 0239 0233

20 0228 0222 0217 0212 0207 0202 0197 0192 0188 0183
21 0179 0174 0170 0166 0l62 0158 0154 0150 0146 0143
22 0139 0136 0132 0120 0125 0122 0119 OLI6 0113 0110
23 0§07 0104 0102 0099 0096 .0094 0091 .0089 0087 0084
24 0082 0080 0078 0075 0073 .0071 .00GY 0068 0066 0064

25 0062 0060 0059 0057 .0055 0034 0052 0051 0049 0048
2.6 0047 0045 0044 0043 0041 0040 0039 0038 0037 0036
2.7 0035 0034 0033 0032 0031 0030 0029 0028 0027 0026
28 Q026 0025 0024 0023 0023 0022 0021 0021 0020 0019
29 0019 0018 0017 0017 0016 0016 Q0I5 0015 0014 0014

3.0 00135
35 .000233
40 .0000317

4.5 .000003 40
5.0 .000000287

From R. E. Walpole, Intraduction to Statistics (New York: Macmillan, 1968).
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Table 6 Percentage Points of the X’ Distributions

o

0 X
df Xé.ggs Xg.ggo Xgms X02.950 Xé.aoo
1 0.0000393 0.0001571 0.0009821 0.0039321 0.0157908
2 (0.0100251 0.0201007 0.0506356 0.102587 0.210720
3 0.0717212 0.114832 0.215795 (0.351846 0.584375
4 0.206990 (.2971 10 0.484419 0.710721 1.063623
5 0.411740 0.554300 0.831211 1.145476 1.61031
6 0.675727 0.872085 1.237347 1.63539 220413
7 (1L.989265 1.239043 |.68987 2.16735 2.83311
8 1.344419 j.646482 217973 2.73264 3.48954
9 1.734926 2.087912 2.70039 3.32511 4.16816
10 2.15585 2.55821 3.24697 3.94030 4 86518
Pl 2.60321 3.05347 3.81575 4,57481 3.57779
12 3.07382 3.57036 440379 522603 6.30380
13 3.56503 4,10691 5.00874 5.890186 7.04150
14 407468 4.66043 5.62872 6.57063 7.78953
15 4.60094 5,22935 626214 7.26094 8.54675
16 5.14224 5.81221 6.90766 7.96164 9.31223
17 5.69724 6.40776 7.56418 8.67176 10.0852
18 6.26481 7.01491 8.23075 9.39046 10.8649
19 6.84398 7.63273 8.90635 10,1170 1 £.6509
20 7.43386 8.26040 9.59083 10.8508 12,4426
21 8.03366 8.89720 10.28293 11.5913 13.2396
22 B.64272 9.54249 10.9823 12.3380 14,0415
23 9.26042 10.19507 11.6885 13.0905 14.8479
24 9.88623 10.8564 {2.4011 i3.8484 15.6387
25 105197 11.5240 13,1197 14.6F14 16.4734
26 11.1603 12.1981 13.8439 15.3791 17.2919
27 11.8076 12.8786 14.5733 16.1513 18.£138
28 12.4613 13.5648 15.3079 16.9279 18.9392
29 13.1211 14.2565 16.0471 17.7083 19.7677
36 13.7867 14,9535 16.7908 18.4926 20.5992
40 20.7065 22.1643 24.4331 26,5093 29.0505
50 27.9907 29.7067 32.3574 34,7642 37.6836
60 35.5346 37.4848 40,4817 43.187% 46.4589
70 432752 454418 48,7576 51,7393 55.3290
80 51.1720 53.5400 57.1532 60.3915 64.2778

90  59.1963 61.7541 65.6466 69.1260 732912
100 67.3276 70.0648 74.2219 77.9295 §2.3581
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Table 6 (Confinued)

2 2 2 3 2
X100 Xo.050 Xo.p2s Xo010 Xo.005 df

2.70554 3.841406 5.02389 6.63490 7.87944 1
4.60517 5.99147 71.37716 9.21034 10.5966 2
6.25139 7.81473 9.34840 {1.3449 12,8381 3
7.77944 9.48773 11.1433 13.2767 14.8602 4
9.23635 11.0705 12.8325 15.0863 16.7496 5
10.6446 12.5916 14.44%4 16.8119 18.5476 ]
12.0170 14.0671 16,0128 18.4753 20,2777 7
13.3616 15.5073 17.5346 20.0502 21.9550 8
14,6837 16.9190 19.0228 216660 23.5893 9

159871 18.3070 20,4831 23,2093 25.1882 10
17.2750 19.6751 21.9200 24,7250 26.7569 i1
18.5494 210261 23.3367 26.2170 28.2995 12
19.8119 223624 247356 27.6883 298194 13
21.0642 23.6848 26,1190 29.1413 31.3193 i4

22.3072 24.9958 27.4884 30.5779 32,8013 15
23.5418 26.2962 28.8454 31.9999 34.2672 16
24.7690 27.5871 30.1910 33.4087 35.7185 17
25.9894 28.8693 31.5264 34.8053 37.1564 18
27.2036 30.1435 32.8523 36.1908 38.5822 19

284120 31.4104 34.1696 37.5662 39.99068 20
29.6151 32.6705 354789 38.9321 41,4010 2l
308133 33.9244 36,1807 4(1.2894 42.7956 22
32.0069 35.1725 38.0757 45.6384 44.1813 23
33.1963 36.4151 39.3641 42.9798 45.5585 24

34.3816 37.6525 40.6463 44.3141 46.9278 25
35.5631 38.8852 41.9232 45.6417 48.2899 26
36.7412 40.1133 43,1944 46,9630 49.6449 27
379159 41.3372 444607 48.2782 50.9933 28
39.0875 42.5569 45.7222 49.5879 52.3356 29

40.2560 43,7729 46.9792 50.8922 53.6720 30
51.8050 55,7585 59.3417 63.6907 66.7659 40
63.1671 67.5048 71.4202 76.1539 79.4900 50
74.3970 79.0819 83.2976 88.3794 919517 60

85,5271} 90.5312 95.0231 100,425 104.215 70
96.5782 101879 106.629 112,329 116,321 80
107.565 113,145 118.136 124.116 128.299 S0

118.498 124.342 129.561 135.807 140.169 100

From “Tables of the Percentage Points of the xszistribulian.“ Biometrika, Vol. 32
¢1941), pp. 188189, by Catherine M. Thompson.
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Tables

Table 7 Percentage Poinlts of the F Distributions

] Fy
Numerator df
Denominator

df o i 2 3 4 5 6 7 8 9

1 100 39.86 49.50 53.59 55.83 57.24 58.20 58.91 59.44 59.86
050 161.4 199.5 215.7 224.6 230.2 2340 236.8 238.9 240.5
025 o478 799.5 8364.2 899.6 921.8 937.1 948.2 956.7 963.3
010 4052 4909.5 5403 5625 5764 5859 5928 5982 6022
005 16211 20000 21615 22500 23056 23437 23715 23925 24091

2 100 8.53 9.00 9.10 9.24 9.20 9.33 9.35 9.37 9,38
050 18.5¢ 19.00 19.16 19.25 19.30 19.33 19.35 19.37 19.38
025 38.51 39.00 39.47 39,25 39.30 39.33 3936 39.37 39.39
010 98.50 99.00 99,17 99.25 99.30 99,33 90.36 99.37 99.3%
005 198.5 199.0 199.2 199.2 199.3 199.3 i99.4 199.4 199.4

3 A00 5.54 540 5.39 5.34 531 5.28 5.27 5.25 524
050 10.13 9.55 9.28 9.12 9.04 8.94 §.89 8.85 8.81
025 17,44 16.04 15.44 15.10 14.88 14.73 14.62 14.54 14.47
010 34.12 30.82 2946 28.71 28.24 27.9¢ 27.67 2749 27135
005 55.55 49.80 4747 46,19 45.39 44,84 44.43 44.43 43,88

4 00 4.54 4,32 4.19 4.41 4.05 4.0} 3.98 3.95 3.94
{050 N 6.94 6.59 6,39 6.26 6.16 6.09 6.04 6.00
025 12.22 10.65 9,98 9,60 9.36 9.20 9.07 8.98 3.90
010 21.20 18.00 16.69 1598 15.52 15.21 14.98 14.80 14.66
005 31.33 26,28 24.26 23.15 22.46 2197 21.62 21.35 21.14

5 100 4.06 378 3.62 3.52 3.45 3.40 3.37 3134 332
050 6.61 579 5.41 5.1% 5.05 495 4,88 482 4.77
025 10.01 8.43 7.76 7.39 7.15 6.98 6.85 6.76 6.68
010 16.26 £3.27 i2.00 11.39 10,97 {0.67 10.46 10.29 10.16
005 22.78 18.31 16.53 15.56 14,94 14.51 14,20 13.96 13.77

6 100 3.78 346 3.29 3.18 341 3.05 3.01 298 2.96
050 5,99 5.14 476 453 430 4,28 421 4,15 4,10
023 8.81 1.26 6.60 6.23 5.99 5.82 570 5.60 552
010 13.75 10.92 9.78 315 8.75 8.47 8.26 8.10 7.98
005 18.63 14.54 {2.92 12.03 1146 15.07 10.79 10.57 10.39

7 100 3.59 3.26 3.07 2.96 2.88 2.83 278 2.75 2,72
050 5.59 4,74 4,35 4.12 397 3.87 379 373 3.68
023 8.07 6.54 5.89 5.52 5,29 5.12 4.99 490 4.82
i 12.25 9.55 8.45 7.85 7.46 7.19 6.99 6.84 6.72
Q05 16.24 12.40 10.88 10.05 952 9,16 8.89 8.08 8.51




860 Appendix3 Tables
Tahle 7 (Continued)
Iy
Denominator Numerator df

df o 1 2 3 4 5 6 7 8 9

29 100 2.89 2.50 228 2.15 2.06 1.99 1.93 1.89 1.86
050 418 333 2.93 2.70 2.55 243 2.35 2.28 222
025 5.59 4,20 3.61 327 3.04 2.88 2.76 2.67 2.59
010 7.60 5.42 4,54 4,04 373 3.50 3.33 3.20 3.09
.005 923 6.40 528 4.66 4.26 3.98 3.7 3.64 348

30 100 2.88 2.49 228 2.14 2.05 1.98 1.93 1.88 1.85
050 4,17 332 2.92 2.69 2,53 2.42 2.33 2.27 221
025 5.57 4.18 3.59 3.25 3.03 2.87 2.75 2.65 2.57
010 7.56 5.39 4.51 4.02 370 347 3.30 347 3.07
.005 9.18 6.35 5.24 4,62 423 395 374 3.58 345

40 100 2.84 2.44 223 2.09 2.00 1.93 {.87 1.83 1,79
050 4,08 3.23 2.84 2.61 245 2.34 2.25 2.18 2.12
025 5.42 4.05 3.46 383 2.90 2.74 2.62 2.53 245
010 7.31 5.18 4.31 3.83 3.51 3.29 3.12 2.99 2.89
005 8.83 6.07 498 437 3.99 3.71 3.51 3.35 3.22

60 100 2.79 2.39 2,18 2.04 1.95 1.87 .82 1.77 1.74
050 4.00 3.15 276 2.53 2.37 2.25 2,17 2.10 2.04
025 5.29 393 334 3.01 2.79 2.63 2.51 241 2.33
010 7.08 498 4,13 3.65 3.34 312 2.95 2.82 2.72
005 8.49 579 4.13 4,14 376 3.49 3.29 3.13 3.01

120 00 2.75 2.35 2,13 1.99 1.80 1.82 1.77 1.72 1.68
050 392 307 2.68 245 2.29 2,17 2.09 2,02 1.96
025 5.45 3.80 3.23 2.89 2.67 252 2.39 2.30 2.22
010 6.85 4,79 3.95 348 3.17 2.96 2.79 2.66 2.56
005 8.18 5,54 4.50 3.92 3.55 3.28 3.09 2.03 2.81

o0 100 2.7 2,30 2.08 1.94 1.85 1,77 1.72 1.67 .63
050 3.84 3.00 2,60 2.37 2.21 2.10 2.04 1.94 1.88
025 5.02 3.69 312 2.79 2.57 2.41 2.29 2.9 2.41
010 6.63 4.61 3,78 3.32 3.02 2.80 2.64 2.51 241
005 7.88 5.30 4728 3.72 335 3.09 2.90 2.74 2.62

From “Tables of percentage points of th

Thompson and from Table 18 of Blometrika Tables for Statisticians, Vol. 1, Cambridge University Press,
Pearson and H, O, Huarlley.

¢ inveried beta (F) distribution.” Biomelrika, Vol. 33 (1943) by M. Mermrington and C, M.
1954, edited by E. S.




