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Question 1

The continuous random variables X and Y have the joint probability density function

Ta+ B +y)
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where ¢.> 0, > 0,y> Gand I () is the gamma function.
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a)  Let rand s be non-negative integers. Show that the expected value of X ¥ is
Tla+7) TR +s) Ta+p8+y)

TYSYy —
E(XTY®) T(a) ~ TB) T@+B+y+r+s)
(8 Marks)
b)  Hence determine the expected value and variance of X,
(6 Marks)
¢)  Find the correlation between X and Y.
(6 Marks)

Question 2

i

Two tennis players, A and B, are playing a match. Let X be the number of serves faster than 125
Km/h served by A in one of his service games and let Y be the number of these serves returned
by B. The following probability model is proposed:

PX=0)=04PX=1)=03,PX=2)=02and PX=3)=0.1
The conditional distribution of Y (given that X = x > 0) is binomial with parameters x and 0.4,
and P(Y = 0|X = 0) = 1. Assume that this model is correct when answering the following

questions.

(a) Find the joint probability distribution of X and Y and display it in the form of a two-way

table.
(7 Marks)
(b) Find the marginal distribution of Y and evaluate E(Y).
(4 Marks)
(¢) Find Cov(¥X, Y).
¢ (4 Marks)

(d) Use your joint probability distribution table to find the probability distribytion of the
number of serves faster than 125 km/h that are not returned by B in a game.
(5 Marks)
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Question 3

The joint density of X and Y is given by
fl,y)=cBy—x)?¥;, 0<x<3y,y=0

a) Find the value of ¢ making this a valid joint pdf.

(3 Marks)
b) Find the marginal densities of X and Y . Are X and Y independent?

(8 Marks)
¢) Find E[Y ].

(3 Marks)
d) Find the conditional density of Y given X = x.

(3 Marks)
e) Use the density calculated above to get E[Y{X = x].

(3 Marks)

Question 4

Suppose that X and Y are iﬁdependent random variables with the same probability density
function (pdf), f (x).

(a) Write down, without proof, a formula for the pdf of X + Y.
(2 Marks)
(b) Suppose that f (x) = x/2 for 0 <x <2 (and f (x) = 0 elsewhere). Find the pdfof W=X+Y
for 0 <w<2andfor2 <w<4.

(12 Marks)
(c) Find the pdfof V = (X~ 1)%,
(6 Marks)
Question §
A random vector (X, Y ) has joint pdf , given by
flOo,y) =2e"*% x>0,y>0
a) Calculate E[XY ].
(6Marks)
b) Calculate the covariance of X + Yand X - Y .
(14 Marks)
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