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b)

d)

Question 1

Let A and B be events in a probability space. The probability of event A is P(A) = 1/3 and the
conditional probability of B given A° is P(BIA®) = 1/4. Find the probability that A or B occurs.

. (5 Marks)
Let E and F be two events for which the probability that at least one of them occurs is 3/4. Find
the probability that neither E nor F occurs.

(5 Marks)
One tosses a fair coin twice, The two events of interest ave: A = {first toss is a head} and B =
{secondtoss is a head}. Are A and B independent? And are they disjoint?

(5 Marks)
In a certain country it is established that 0.5% of the population suffers from a certain disease.
For this disease there exists a test that gives the correct diagnosis for 80% of healthy persons
and for 98% of sick persons. A person is tested and found sick. Find the probability that the

diagnosis is wrong, i.e. that the person is actually healthy.
(5 Marks)

Question 2

a) On January 28, 1986 the space shuttie Challenger exploded about one minute after the
launch. The cause of the disaster was explosion of the main fuel tank, caused by flames of
hot gas erupting from one of the solid rocket boosters. These rocket boosters are
manufactured in segments, joint together with O-rings. Each rocket booster has three O-rings
and per launch two rocket boosters are used, so in total six O-rings each time. Based on data
on the number of failed O-rings, available from previous launches, it was found that the
probability p that an individual O-ring fails depends on the launch temperature f (in degrees
Fahrenheit) according to

exp(a + bt)

P=1 + exp(a + bt)
with a = 5.085 and b = ~0.1156. Hence, p increases with decreasing launch temperature.
At the time of the fatal launch of the Challenger, # was extremely low: 31 degrees
Fahrenheit. Although the above formula is based on data for which # > 50 degrees
Fahrenheit, let us use this formula also for # =31 degrees Fahrenheit. .

Find the probability of at least one O-ring failing during the 1986 Challenger launch.

(8 Marks)

b) A machine fastens plastic screw-on caps onto containers of motor oil, If the machine applies
more torque than the cap can withstand, the cap will break. Both the applied torque and the
strength of the caps vary. The capping machine torque is a normally distributed random
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variable with mean 0.79Nm and standard deviation 0.10Nm. The cap strength, being the
torque that would break the cap, is also a normally distributed random variable with mean
1.13Nm and standard deviation 0.14Nm. Assume that the cap strength and the applied torque

are independent. _
What is the probability that a cap will break while being fastened by the capping machine?

(5 Marks)

¢) Let X be an exponentially distributed random variable with parameter k= 1/5. Find the

a)

b)

b)

conditional probability P(x < 5|3 <x <6).

(7 Marks)

Question 3
The random variable X is uniformly distributed on the interval (0, 1). Derive the PDF of the
random variable Y = —InX. ‘

Consider two independent random variables X;and X, , distributed exponentially with ) = 1.
That is,

e *,x=20
0, otherwise

fo =1

Calculate the PDF of X + X,

(20 Marks)

Question 4

The random variable W is uniformly distributed on the interval (r, 2 ). What can you say
about E[sin(W)] and sin[E(W)]? Which one is bigger? And if they are equal, are they also

equal to zero?
(8 Marks)

A pulse of light has energy X that is a random variable with parameter A, 1.e., its PDF is

fr () = A2xe™, for x 2 0..

This pulse illuminates an ideal photon-counting detector whose output N is a Poisson-
distributed random variable with mean x when X = x, i.e., its conditional PMF is
neml
puix (nfx) = T,for n=9012,..

Find E[N] and Var[N]
(12 Marks)
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Question 5
(a) Suppose that the discrete random variable X has the probability function
PX=x)=(1-86)1g, x=1,2,..
Show that X has moment generating function

ete

My(£) = m , t<—-In(l—8)

Hence show that the expected value of X is 1/ and that the variance of X is (1-8)8-2

(10 Marks)
(b) The random variable X has a Chi-squared distribution with & degrees of fieedom
(k=1, 2, 3,...), which has moment generating function (mgf) m(?) = (I 207 for ¢ < V.

i.  Using the m(?), find the mean and variance of X.
(5 Marks)

ii.  Inthe case & = 4, the probability density function is given by
1
f(x)”—*er‘I/Z, x>0

Using integration, confirm that the mgf of the Chi-squared distribution with 4 degrees of
freedom is m(t) = (1 =207 for £ < Y.

(5 Marks)
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A27 Tabl
anes TABLE 5{a) continued
TABLE 5 Areas of a Standard Normal Distribution
(2). Table of Areas to the Left of 2
2000 0182 0504 0607 0808
-34 .0003 0003 0003 .0003 .0003 .0003 .0003 0003
-33 .0005 0005 0004 L0004 0002 0004 0004
~32 .0007 0006 0006 0006 .DODS .DUOE .DOOS .
% “31 0010 0008 L0008 Hnouw”_m_mﬂw HN is the

3.0 .0013 0011 0011

The table entry for z is the ,.!..N.m”. st ¥ 01570018 S ;

area to the leh of z. Llza “0D21 BI8E ~8340.

n2i] 8577 8599 8621

.ea3s
8665
8839
9045
9207
5345

0028
<0038
0051
0071 0063 0063
0094 0091 0089
a1z 019 Q116
0158 0154 4150
0192
244,
0207
LEETE

8730 8810 8830
-B9BO .8997 5015
9147 162 9177
9292 5306 .9319

i 9877,
9736
9793
9838
3875
9304
8927
3 9945
5959,
9969
59877
L7 998779982 ; 19982 2+ 9344-
9967 5987 9987 .988 .9988
8390 (9391 9991 9931 9982
5933 3993 9094 9994 9994 9384
9993 9995 9995 .U9US 9995 9996
8997 9997 3997 9597 3987 9997

0721 0708
0853 .0833
SH38 L1020

TABLE 3 continued

" 3085 ;".3050°
3646 3409

(0} Confidence interval : -~
Critical Values 2o

J3228 3192 3156 312N

3821 3783 3746 3707 3669 3632 3584 3557 .3520 3483 Level of Critical-

~0,2 4207 4168 4129 4090 4052 4012 3974 3936 3897 3859 Confldence ¢~ 7" Malue 2; For 7 vsluas greater than 2.49. use 1,000 to approximate the ares.

~0.1 4602 .4567 4522 4483 4443 4404 4364 4325 4286 4247 0.70, or 70% 158

—0.0 .5000 4950 .4920 4380 4880 4801 4761 4721 4681 4641 T . TABLE 5 continued
0.75, or 75% 1.15

For values of 7 less than —3.43, use 0,000 to approximate the ares. 0,80, or 80% 128 "8 Hypathesis Testing, Criticat Tl 2o .

MM”. M” M”M “Hm - Leve} of Significance ;i - coe am 08
0.95, or §5% 1.96 fcal value 2o for a left-tolled test —~1.645
0.98, or 98% 233 Critical value zq for a right-tailed test 1.645
099, or 98% 258 Critlcal values xz, for a two-tziled Test =1.96
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A4 Appendix Il Tables

o5 a confidence level

One-tall area

Right-tait
arod

Lohitail
aran

-t Q

Two-lall area

—e—

JABLE 6 Critical Values for Students ¢ Distribution

025670125, 0:100 - 0075 0.050 0,025 _ 0,010 /0,005 " 0.0005

© twoetall area | 0.500 0250 0200 0:150 7 0.100 0.05 . 0020 0.010° 0.0010
DA ¢ .| 05000750 - 0.800- D850 0.900. 0950 0980 - 0850  0.939
1000 2at4 3078 4165 6314 12,706 31921 G3.657 636619

0816 1604 1885 2282 2920 4303 G965 9925 31,593

0765 1423 1.638 1924 2352 2182 4541 5841 12824

1533 1778 2132 LT6 IMT 4604 BEID

4032 6.869

1693 2015 2571 3.36%
heqd LT 3143

K ST T M TRV I

17711 2960 2,650
1751 2145 2,624

1316
R

1206
1,303
1.301
1.29%
1.296
1204
12827
o280

1282

5,959
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Appendix i

Right-tal
area

Fordfiz3

Fordfi=tor2

L 0.674 1150 1282 1440 1.645 1.960 2326

For degrees of freedom 4./ not In the table. use the Slosest aLf. that Is smalfer,

—¢—

—

Tables

TABLE 7 The x? Distribution

. Right-tail Area

50 : -.025

(651

an
‘881"
859
10.28
10.98
11.59
1240

a0,

TS

3785
4646

3" 5533

a5

995 "990.7 .75 o 950 GG .00 .0 010
0.4%393 00157 .0%932 007353 0.0158 2471 384 50z 683
Q0100 o021 0.0506 ©.103 0211 481 599 738 21
0.072 0115 0216 0352 0.584 &25 781 933 1124
0207 0.297 0424 0717 1.064 u...-w. A4S 1.14 1328
127 pdsa " 083t 148 18830 0T 1283 TR
124 184770 230 10644259 4445 681
16 247 2 e 1407160 1848
23el 273 3497 1036 1RST 1753, 20,087
cia7e 3330 ladr 14681682 9.0 2067,
325 3.54 487 1539 1831 2048 232
382 as? S.58 1728 1968 2192 2472
440 523 6,320 1855 21.03 2334 2622
01 539 7.04 1981 2236 2474 2769
sE5 657 773 2106 2368 2642 2914
o easl Tr2s TS 2317 250072748 108"

2354, 2630° . 28,850 32.00°

2677 . 2759 308 EEX

w41 34

3447

% 2589 28.87: 3153 3agi
“.27.20 "30.14_ 32.85..36.18:

3757

29.62 F267 3548 3893
.81 3392 3678 4029
3201 3537 3BO0E 4164
3220 3642 29.36 4293

13438

3556
36
3792,

" adse e 905,

4025 4377 4535 5089
5180 $5.76 5938 6369
6317 67.50 7142 7615
7440 7308 8330 8833
8553 50.53 195.02 1004

19658 1019

1065

123

SOTE TR T8A 12
11857 1203 71286 113387

Sgureer From H, L, Herter, Slometika, June 1964, Frinted by permission of the Blometrka Trusees.
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AZ6 Appendix 1l Tables

TABLE B Critical Values For £ Bistribution

Unn.ﬁ.um of freedom rumerator, d.f,

39.85 43.50 53.59
16145 189,50 21571
847.73 79950 864,16

4052.2 a3%35 54034

£B.20 5891 5%.44  59.88
223.99 23677 23384 24054
93211 94822 956.66 96322
5859.0 532B.4 5981 60225

Right-tail
arca

Critleal vabuo £ ,_.

405284 500000 540379
Tas s

S98144 602284

651 578
e, 8432
1626 1327
4718 3742

et S idd

Degrees of freedom denominater. difs

5.5% 474
807 654
12.25 9.55

m EQA

TABLE 8 continued )
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Appendix I Tables A27

EQA

——

- Degreas of freadem numerator, diiy

15 BT s e s s B0

A

Degrees of {reedom denominator,

0,09 601 B122  §174 6205 6226 6153 5263 6279
24188 24391 24595 24801 24936 25010 25114 251,77 25220
96663 97671 98487 992,00 99808 10014 10056 00E1 10095
G0S5.& 51063 61573 62087 62606 62868 63025 63130
505571 GI0GB 15764 620308 626099 628712 630285 6313%7
9377 01 TS AT 0 AT 97 1L ag
SA8AE 0 19.47 01948 19.48"
3945 3947 3948 39460
99,48 99,
938,47 .9 999.48.7 999,497
517 516 515 815 504
867 859 858 857 845
1408 1404 D1 1389 1335
2650 2641 2635 2632 2622
125.45 12496 12456 1247 12387
ag2 . 300 Asnl T EFEE AR
E75 57F
[ BA6 5 e

§99.40 7, 595,47~ 938437 39838
523 522 520 5.8
878 BI4 BIO 868
1442 W 1425 1407

2725 2005 2687 2689

12737 12642
2

13847
;4543 7 45,09
1T 6

462 456 452 450 446
643 633 £27 £.23 £.18
9.72 8.55 945 9.38 2.29
2581 2539 287 2060
“38%
s
o s
1867
256
3.38
457 436
631 616 605 559
1332 1293 12.53
Y. 2387
1T A T
3.8 ..m..ua,_
©.520 ko0 892

© e 82
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Appendix I Tables Appendix Il Tables AZ9

TABLE 8 continued TABLE 8 continued

: Unm;.mw of freadom n:.:..n_:.:na -4

. Dagrees of fraedom numeratar, dfy

area {1

By

09.100 247
323
419
5.47

10.37

1 0028
o.a10
0.001

dfp

Degrees of freedom deaominator,

begrees of freeda)
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il Tebles Appendic I Tables

TABLE § continued TAELE & continued

U7 Degrees of freadam. nimeratar, Ay - Lt L 2L Diegrees of freedom numeraton, Bty

L mighte

r_mrn..

ol tail- L e

T area T areal. 23 36 50
0.100 2.100 196 19 136 183 181 138 LT6
0.050 ? : 2,850 236 231 A3 218 215

17 0.025 .62 2,55 250
307 - 3.00

0.001 4,60

24z Ta30
17 176
[ATIE 10
2,44 2.3%
29 aea
a4
SRS

19 0,025
0.010 A 0.010

Degrees of freedom denominator,
Degrees of freedom den

224
269 282
379 3.68




