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Question 1 [20 marks, 12+-8]

(a} The count random variables X and Y are independent and Poisson distributed with parameters A
and u respectively, i.e.

/\k:e—/\ ‘uke—,u

P(X = k)=~ PY = k) ="

k=012, ,00.

Show that Z = X +Y is Poisson distributed with parameter (A+ ). Show also that the conditional
distribution of X, given that X +Y = n, is binomial, and determine the parameters.

(b) It is said that a random variable X has a Pareto distribution with parameters xp and o (zg > 0 and
a > 0) if X has a continuous distribution for which the p.d.f is

Y
fX(’c) — {%&1 z Z T,

0, x S xp.

Show that if X has this Pareto distribution, then the random variable log(X /) has an exponential
distribution with parameter a.

Question 2 [20 marks, 6+4-6+8]

(a) The count random variable X has probability generating function (PGF)

1 — SM+1
T (M0 —s)

Gx(s)

where M is a positive integer. Find the probability function of X.

(b) Suppose the number of car accidents in a year is Poisson distributed with parameter A and the
probabilities of an accident involving 1, 2, 3, 4 cars are 0.38, 0.55, 0.05, 0.02 respectively. Obtain
an expression for the probability generating function (PGF) of X, the total number of cars involved
in accidents during a year, and derive from it the expected value of X.

(c) Consider a population of individuals which can die or reproduce independently of each other with
fixed generation time. Suppose the population is of size 1 initially. Let the random variable C
denote the number of children of one individual where

1

k=1

with PGF G(s). Let the random variable X, be the size of the n*" generation with PGF G,,(s).
Find the PGFs Gy(s), Gi(s), Ga(s), and Gi(s).

Question 3 [20 marks, 144-2+-4]

(a) The lifetime X of a certain device has c.d.f.
Fla)=1-¢™, 220, A>0.

2




Derive the p.d.f. of X, f(z), and determine its mean, variance and mode. Also determine the
hazard rate function r(z), and briefly explain its significance.

Note: the function oo
I'(p) ﬂ/ trretdt,  p >0,
has the properties "
Mp+1)=pl(p): T(1/2)=+vm: Tn+1)=nl,  ninteger 20.
(b} Show that

§<_1)k (1) =0

(c) Verify the following identity

Question 4 ~ [20 marks, 4+444-4+4+4]
(a) Let X be a random variable with probability density function

1
Fx(an) = u exp(—z/1),
for > 0 and zero elsewhere.

(i) Calculate the mean and variance of X.

(i) Calculate the mean and variance of X conditional on X <'8.

(b) Suppose the continuous random variables (X, Y, Z) have joint
flz,y,2) = Kayz®,  0<2y<l, 0<z2<3

(i) Show that the constant K = §.

(i) Find the marginal probability density function of ¥ and hence show that E(Y) = %
(ii) Show that the marginal joint probability density function of (X, Z) is

2
fx‘z(a;,z)=§wzz 0<z<1l, 0<z<3

Question 5 [20 marks, 8+6+6]

(a) An insurance company offers annual motor-car insurance based on a “no claims discount” system
with levels of discount 0%, 30% and 60%. A policyholder who makes no claims during the year
cither moves to the next higher level of discount or remains at the top level. If there is exactly one
claim during the year, the policyholder either moves down one level or stays at the bottom level
(0%). If there is more than one claim during the year, the policyholder either moves down to or
stays at the bottom level. For a particular policyholder, it may be assumed that claims arise in a
Poisson process at rate A > 0. Explain why the situation described above is suitable for modelling
in terms of a Markov chain with three states, and write down the transition probability matrix in
terms of A,




(b) Let Y be distributed uniformly on [a, b} that is

Jr(y)= {1/(1)—0‘)’ a<y<b

a, otherwise.

Find the MGF of Y and hence calculate E(Y) and Var(Y).

(¢} A homogeneous Markov chain {X, : n=0,1,---} has states {0,1,2} and transition probability

matrix
0
P=11
1
4

At time n = 0, the system is equally likely to be in any of the states 0,1,2. Find P{X, =1} and
P(X,y =2).
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Table C-1. Cumulative Probabilities of the Standard Norma) Distribution.

Entry is area A under the standard normat curve from - o 1o 2(A)

F 00 Kill 02 03 04 05 (36 07 ki)
O 5000 5040 5080 5120 L5160 5199 8239 5279 (5319 5359
a1 .5398 5438 54718 5817 L5557 5596 5636 S675 5714 L5753
21 .51 5832 5871 5910 5948 5987 6025 6064 LGIO3  .614d
3 1L B 5 ] I} 5255 6203 633 G368 5406 6443 64BD L6517
4 6554 659 6628 6664 GTOU  6TI6 6772 6HD8 6844 6879
.5 4915 6950 6P8S  LTON9 L7054 TORS 23 JFEST TE0 7224
b 1257 7291 324 7AW 7389  .7422 7454 7486 TH1?  .7549
g1 Ls0 7611 Tedr 7673 L1704 TT34 744 7794 1823 NS
K1 JT8B1 TOI0 T3V MeT L7995 8023 8051 BOYB BIO6 L8133
A 8159 8186 8212 8238 4264 B289 8315 8340 BIGS  BIEY
£.0 8413 84238 A48 L8485 9508 8531 B5%4¢ BSTT B399 8521
£1 } 8843 B68A BWE 8T 8749 RYT0O  H7O0- BEI0 B33
£.2 1 .B849  HH6O  RERS 8907 |E¥92S  ¥W44 4962 8980 4997 Y015
E3 ] 9032 949 9066 G082 5099  9I15 913 9147 9162 977
1.4 | 91982 07 9722 G236 9281 9265 927Y 9292 9306 939
£35 ] 9332 9345 95T 9370 9382 S3M  S406 O4IE 9429 944]
1.6 | 9452 9463 9474 9434 9493 9503 9515 4525 L9535 9545
L7 | 9554 9564 9573 95B2 BSO1 9593 9608 9616 9625 9633
1B 9641 9649 .9656 9664 U671 9678 O6B6 9593 9699  97GhH
£.9 | L3TIY O STI9 9726 9732 9TI8 9744 93¢ $I56 976} 9767
201 9772 9TIR 9783 9788 9753 979y 803 9508 98I .9BI7
27 | 5821 9826 9830 9834 9838 9842 9B4E 9850 9854  985Y
22 ] 9863 9864 9B6B  .9RTL 9875 9878 (9BY)  .98B4  9BET 9890
23] 9891  9B96 583 9901 PIOE 9%06 9009 9911 93 5916
24 H0I8 9920  .BOIZ 0925 9927 9929 993 S932 9934 9936
251 9938 5940 994F 9943 9945 9046 9948 949 995 9952
26 | 9953 9955 9956 9957 P59 9960 9961 9962 9963 9964
2.1 | o985 9966 9967 9968 969 9YTO  99TE $ITZ 9913 94
2.8 | 9914 9075 9976 9977 HYIT  H9TH 9070 9979 990 99KY
29 7 99K1 992 9982 9983 QU84 9984 9985 9985 9986 9984
3.0 9987 904Y 9987 99EE 5988 9989 9980 99BY 9950 .99%0
A1 | 9950 9991 VI 9991 9992 9991 9992  999: 9993  .999]
32| 5963 0093 9095 P4 9004 D994 9904 9095 9995 9995
33 | 9995 9595 999% 995G 999G 999G 9996 999 9996 . IW7?
34 ] 9997 9997 9997 9997 99U7  W9O7 9997 9897 5997 9998
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ChiSquare Distribution

Table C-2. Percentiles of the ¢° Distribution

Eintry is y%(A: v) where P{y(v) = x¥A; vl = A

[

.

¥4 )
A
s | 005 010 025 056 .00 500 B50 975 990 995
1 1 0.0%393 0.6°157 0.0'982 0.0%393 00158 17 384 502 663 7.8
2 100100 0.020i 00806 0.103 0211 460 359 738 921 10.60
1 [0072 011s 0216 0352 0588 625 81 935 1134 1284
4 10207 0207 0484 071 1084 778 9AF 104 . 1320 (486
s {0412 0456 08U 445 L&l 924 (K07 1283 1509 1675
e loelm 0f12 t2 164 230 el 1259 (448 1681 1858
T lose .24 169 237 28 I202 1407 1601 1848 2008
£ [E36 065 218 173 349 1336 ISSE 115 2009 .96
g | 173 209 270 ¥ A17 1468 1692 1907 7067 23.59
10 |216 25 325 394 48T IS99 B3l 2048 232 2509
0| 260 305 3B A5 Ss8 1128 1968 182 2473 26.76
12 | 367 357 440 523 630 IBSS 2103 2334 2631 2830
131357 At S50t 589 706 198 2236 247 2069 582
14 | 407 AG6 563 657 779 206 2368 2642 2904 3132
5 baso 521 626 726 885 M 2500 2749 3038 3240
16 1514 SE1 691 796 011 2384 2630 2885 3200 M2
17 530 &4 756 567 1000 247t 175 3019 3341 3872
18 1626 701 23 939 1086 2599 2087 3.5 MR I
19 |684 763 690 1042 1065 2720 014 3285 2619 3858
30 | 743 826 959 1085 1244 2840 et MIT  ITST 4000
2t {803 B0 1028 L (324 2962 3267 3548 393 Al40
22 1864 954 1058 1234 1404 081 3392 I6TE 4029 4180
7y 1826 1020 1166 1900 [485 1201 3517 3BOB 4164 4418
24 | 989 1085 1240 1385 1566 3320 642 336 4298 4556
3s 1052 1052 1312 t48l 1647 3438 3765 4065 443l 4693
% l1116 1220 1386 1538 1729 346 388F 4197 4564 4829
27 W8l 1288 1457 1645 1881 3674 4081 4319 4696 4964
28 246 1356 IS 1693 1884 3192 4134 4445 438 5009
23 WAIZ 1436 1605 LN ISTT 3909 4236 4572 4959 5234
50 K379 1495 1679 1949 2060 4036 4377 4638 5089 S367
© 0TI 2216 244) 2651 2905 SLEL SST5 93 8363 6677
sg 199 29T 3236 WI6 ITES 6317 610 TIAZ 7615 949
o D35S} 1748 4043 4319 4646 1440 908 4130 683§ 195
10 h5e ASe6 4576 SEI4 3533 8553 053 9507 1004 1042
80 BLI7 .54 STIS €030 6429 96,55 1019 1066 L} 1i6)
50 1920 6L75 €565 €R13 729 1076 N30 HEY 1241 1283
100 K733 7006 22 7793 236 1165 1243 1296 1358 1402
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Student’s Distribution (£ Distribution) '

Table C-4 Percentiles of the ¢ Distribution

Entry is 2(A; »)} where P{r(s) =< 1(4; #)} = A

A
» 60 S0 Mo 5 o0 05 075
I $.325 0727 }.376 1.963 3.0 314 106
2 0,289 0.647 1.061 1.3846 1.886 2.920 4,303
3 0271 0.584 0.978 1.250 1.638 2.353 3.182
4 0271 0.569 0941 3.190 1.533 2.1 2.776
5 0.267 0.55% 0920 156 1.476 2.615 2.571
] 0,265 0.553 0.906 114 1.440 1.543 2.447
7 0.253 0549 0.896 1.119 1425 1.895 2,365
B 0,262 0.546 0.88% 1108 1.397 1.850 2.306
9 0.261 0.541 0.88% 1.100 1.383 1.833 2,262
(4] 0.260 Q.542 0.83719 1.093 1.372 i.812 2.228
i1 0.260 0.530 0.826 1.088 1.363 1796 2.8
12 3.25% 0.539 0.873 1.083 £1.356 1.782 2179
13 0259 537 0.¥70 1479 1.350 LTI Z2.160
14 07258 0.537 DU6Y 1076 1.345 1,761 2.145
15 0.258 90.530 0.866 1.074 1.341 £.753 2.131
16 0.258 0.535 0865 078 1.337 1,746 2.120
12 0.237 0.534 0.863 1.069 1.333 1,740 2.110
13 0.257 0.534 0.862 1.067 £330 1,734 2.108
9 0.257 0.533 0.86) 1.066 1328 1.712% 2.093
20 (_257 .53 0.860 1.064 §,325 1.725 2.086
21 0.257 0.532 0,859 1.063 1.323 1.721 2.080
22 0.256 0,532 1.858 1.061 1.321 V117 2.0ri4
3 0.256 0.332 {.858 1.060 1.319 £.714 2.069
24 0256 0.531 0.8%7 (Wi 1.318 171t 2.064
A 0.256 0,531 {.856 1.058 1.316 1,708 2,068
26 0.256 0533 0.856 1.058 1.31s 1.70% 2056
27 0.256 0.531 0.855 1.087 t.314 1,703 2,052
28 .256 0.538 G855 1.056 1.313 1.701 2.048
5 0.256 0,53 0.854 1.055 1.3114 1.69% 2.045
3o 0.256 0.530 0.854 1.085 1310 1.697 2.042
40 0,258 529 0.851 £.050 1.303 1.684 2.0
&0 0.254 ¢.527 0.848 1.045 1.296 1.671 2.000
120 0254 8.526 0.845 1.041 1.289 1.658 (940
w L 0,253 0.524 0,842 1.036 1.282 1.645 1.960
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Table C-4 (Continued) Percentiles of the ¢ Distribution

2326

A
¥ 48 985 99 5928 993 9915 9305
1 15,895 21.208 3821 42,434 63.657 127.322 636,550
2z 4.849 5.643 6,965 8073 9.925 14 089 31,558
3 3.482 3.896 4,541 5.047 5.841 7.453 12,94
4 2.999 3.298 3.747 4.088 4.604 5.598 £.610
5 2757 3.003 3.365 3.634 4032 4,773 5.868
& 2612 2.829 3.143 3.37m2 3.707 4.317 5.9359
7 2.517 215 2998 3.203 3499 4.029 5.408
8 2.449 2.634 2.5% 3.083 1455 ‘3.833 5.048
9 2,398 2.574 2.821 2998 3.250 3690 4.781
10 2359 2.5 2.764 2,932 3.169 3.581 4,587
11 2.38 24910 2718 2.879 3,106 3.497 4.437
12 2.303 2,464 2.68% 2,836 3.45% 3.428 4.318
13 2,282 2.436 1650 2,808 1012 33712 4,22
i4 2.264 2.415 2.674 207 2071 1326 4.140
15 2.249 .91 2.602 246 2.947 3.2%6 4.073
16 2235 2.382 2.583 2724 2.921 325 4.015
17 2234 2.368 2.567 2,706 2.89%8 3222 3,965
18 2.214 2356 2.552 2.689 1.R78 3197 3.922
19 2,205 2.346 2.519 2,674 2.361 1174 3.883
20 2197 2336 2.528 2,661 2.845 3.153 31.849
2t 2.189 2.328 2.518 Z.649 2.334 3135 1.819
22 2183 2.320 2.508 2.639 2819 3.1 3.792
&3 217 2.313 23500 2.629 2807 3 A 3.76R
24 AT 2367 2.492 2.620 3,797 3.09¢ 3.745
25 2167 2.01 1.485 2612 2.787 3.078 3.2
25 2.162 2,296 2479 2.605 2.719 3.067 3,707
27 2,158 2,291 2.473 2.594 L 3.057 3.690
28 2.154 2.386 2.467 2.592 1763 1.047 3.614
29 2,150 2,282 2.462 2,586 2.156 3.038 3,659
30 2,147 2378 2.457 2.581 2.750 3.030 3.646
40 2.4 2,250 2423 2.542 2,704 1971 3.551
7] 2,609 2,223 2.390 2.504 2.660 2.915 3.460
120 2076 2.196 2.35% 2.468 2.617 2.860 3.373
o 2654 2.3y 2432 2.576- 2.807 3.29}
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