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Question 1

In a prospective, randomized study to investigate the capacity of aspirin to prevent pregnancy-
induced hypertension (=high blood pressure), 65 women were treated with a daily dose of either
aspirin (34 women) or placebo (31 women) during the third trimester of pregnancy. The result is
summarized in the Table 1 below;

Table 1: Contingency table for study comparing Aspirin and Placebo

Hypertension No hypertension Total
Aspirin treatment 4 30 34
Placebo treatment 11 20 31
Total 15 50 j 65

In Table 2, the probability that the test statistic n;; from Fisher's exact test attains a specific value
tis given (17;; = number of women treated with Aspirin with hypertension).

Table 2: Conditional probability that n;; attains value t for data in Table 1

t 0 1 2 3 4 5 6 7
Pw(y=£...| 0 0 0001 0.004 0.019 0060 0.131 0.205
t 8 9 10 11 12 13 14 15

Pu(mu=1[... 0230 0.8 0107 0.043 0012 0.002 0 0

a) Fisher's exact test evaluates the probability Pus(#;= £ |...) under a certain condition. What is

this condition (what are the dots in this expression)? How are Pyo(#;= £ |...) in Table 2
calculated? State a formula for this probability.
2p)

b) Based on Table 2, calculate the one-sided p-value for Fisher's exact test for testing the null
hypothesis that treatment and hypertension are independent versus the alternative that aspirin
has a hypertension preventing effect. Interpret the result.

Gp

c) Consider a two-sided test for the independence null hypothesis versus the alternative that
aspirin has any (positive or negative) effect on hypertension for pregnant women. There are
diffierent methods to define a two-sided p-value based on Fisher's exact test. A simple but
uncommon way is to multiply the one-sided p-value by 2. Choose another method and
describe exactly how the two-sided p-value is defined. Compute the two-sided p-value and
interpret.

Gp

d) Considering again the one-sided test problem: Calculate the mid p-value and mention an

advantage and a disadvantage of using mid p-values in contrast to usual p-values.

(



Question 2

Consider the data in Question 1 but apply now large sample inference.

a)
b)

d)

Estimate the odds ratio 6 and interpret it.
~ Gp

Construct an approximate 95% ClI for the odds ratio (Hint: an asymptotic expression for the

variance of log(0) is — + — + — + —

11 Mz My Mg
¢4p
Test the null hypothesis of independence versus the one-sided alternative that aspirin has a
hypertension preventing effect.
Gp
Use a test of your choice which uses a large sample distribution for the test statistic and
report whether the two-sided test is significant at the 5% level.

Gp

Question 3

LetYy,... Y be independent random variables with binary distribution,

a)

b)

PYi=1)=p, P{i=0=1-p

We use a generalized linear model with identity link function g(x) = x and we assume that
the probability p; for the i-th observation to be 1 can be expressed as linear function

_depending on a explanatory variable x;:

g(E(W)) =EY) =n; = a+ fx

(i) Determine the log likelihood function as function of the parameters a and f3.
(5 Marks)
(i)  Compute the likelihood equations for the ML-estimation of the parameters a and §.
Mention how these equations are used to calculate the ML-estimates.
(5 marks)
The random variable y has a distribution in the exponentlal family, if its p.d.ffor p.m.f) can be
written as

-b
f(y;e,¢)=exp{y T (y¢)}

for a specific function a(¢), b(8), and c(y, ¢), where a(¢) > 0 and b(8) has up to twice

derivatives. Let [(8, ¢; y) denote associated log-likelihood function. It is known that

E (ésé-) = 0 and Var (59) = —F (?;_i)- Show that E(Y) = b'(8) and Var(Y) = a(¢)b”(8).

(10 Marks)
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Question 4

Suppose we have the following 2 x 2 table with all n;;positive:

Y
X Yes No Total
Yes Ny N2 N4
No L3 N2 L
Total Nyq Ny n

a) When X and Y are independent, given n,n,,, n,,, we have

Nyl Nyl Iny,!
ninginging Iny,!

p(nygln, gy, nyy) =

Show that
E(nyinniyng) = annH
(12 Marks)
b) Show that the sample odds ratio can be expressed as 6 = -:::—zzj
(8 Marks)

Question §

An experiment was conducted to assess the efficacy of two species of insect predators
(melanarius, tachyporus) in controlling aphids (an insect pest) on plants grown in separate insect-
proof cages. Observations were made over eight consecutive week-long periods, with fresh
plants, aphid populations and predators being introduced each week. Eight plants were observed
each week, with two plants receiving each of four treatment combinations (no predators,
melanarius only, tachyporus only, both predators). In four of the eight weeks a fungicide was
also applied to all the plants, to control outbreaks of mildew. It was expected that there might be
differences in the development of aphid populations and the efficacy of the predators between
the week-long periods because of variation in the temperature as well as the use of different
batches of predators and aphids.

At the end of each week period, a count of the number of aphids was made for each plant. The
output APPENDIX A shows the results of analysing the counts of aphids at the end of each week
using a generalised linear model which allows overdispersion to be detected if it is present. The
application of the fungicide to all the plants in particular weeks potentially imposes a more
complex design structure, but a simplified structure was assumed to allow analysis using a
generalised linear model. The fitted model allows for the main effects of each predator and the
fungicide treatment, and for the interactions between these effects. The fitted model also includes
terms accounting for differences between periods after allowing for fungicide effects, and
differences in the separate and combined effects of the two predators between periods (again,
after allowing for fungicide effects), these potentially contributing extra variability beyond the
plant-to-plant variability against which treatment effects should be assessed.



d)

d)

€)

|6

Identify the components of a generalised linear model (GLM), showing how the expected
value of the response is related to the explanatory model. Describe the particular form of
GLM that is appropriate for these data.

(5 Marks)
Briefly describe the method of iterative reweighted least squares used in fitting a generalised
linear model.

(4 Marks)
Interpret the results of the analysis, in particular identifying the separate and combined
efficacies of the two insect predators, and the impact of the fungicide application.

(8 Marks)
Describe what is meant by overdispersion, and indicate how evidence for overdispersion can
be identified and tested for using the analysis output.

(3 Marks)

Question 6

Define the survivor function S(#) and the hazard function A(#) for a continuous random
variable T measuring lifetime. Write down an expression for the survivor function in terms of
the hazard function.
v (3 Marks)

The exponential distribution has constant hazard function h(t) = A.Write down expressions
for the density of the exponential distribution and the mean of this distribution in terms of A.

(2 Marks)
Explain what is meant by a right-censored observation. Give two different examples of ways
in which a right-censored observation might arise.

(3 Marks)
After a radical mastectomy for breast cancer, ten female patients were randomly assigned to
one of two groups, an experimental group who received chemotherapy, and a control group
who received no drugs. At the end of two years, survival times in months were recorded and
are given in the table below. A right-censored observation is denoted by +, so 16+ denotes a
right-censored observation at 16 months.

Experimental group 23 16+ 18+ 20+ 24+
Control group 15 18 19 19 20

Compute the Kaplan-Meier estimate of the survivor function for each group and plot the

results on one graph. : ‘
(10 Marks)

If survival times for the control group have an exponential distribution, estimate the hazard

_ rate.

(2 Marks)



Question 7

Consider the following experiment on visual perception using random-dot stereograms. A
random-dot stereogram is composed of two rectangles placed side by side, where each rectangle
appears to consist only of randomly scattered dots, without any image. When viewed with only
one eye functioning, the viewer cannot see a hidden image. However, when viewed with both
eyes, if a person focuses the eyes in front of or behind the pair of images, then a three-
dimensional hidden image of a diamond can be seen. Sometimes the diamond image can be seen
quickly, but on other occasions it can take a while before it can be perceived. Here the response
variable is the time in seconds needed to perceive the diamond image. The experiment
investigated whether giving a person prior knowledge about the shape of the image reduces the
time needed to recognise it. Forty-three subjects (group NV) received just verbal information
about the shape of the hidden object. Thirty-five subjects (group VV) received both verbal
information and visual information, for example a drawing of the hidden object.

a) The response time T to perceive the diamond image has a Weibull distribution with hazard
function

R@) =2yt , t=0

where A > 0 and y > Oare parameters to be estimated. Show that the parameters are given by
the intercept and slope of the theoretical relationship of the logarithm of the cumulative
hazard function plotted against the logarithm of time.
(4 Marks)
b) Write down the proportional hazards model for a vector of p time-constant covariates, X,
assuming a Weibull baseline hazard function. Interpret each term in your model. Write down
- an expression for the hazard ratio for this model.
(4 Marks)
¢) Data from the random-dot stereogram experiment were analysed using a proportional hazards
model with a Weibull baseline hazard function. One explanatory variable was included in the
model: GroupVV, taking the value 1 if the subject was in Group VV, or 0 if the subject was
in Group NV. The following edited computer output shows the results from the fitted model.

Estimate Standard Error
A 0.060 0.019
14 1.260 0.104
Group VV 0.552 0.233

(i)  Use the fitted model to estimate the hazard ratio for a subject in the VV Group
compared to a subject in the NV Group. Construct a 35% confidence interval for this
hazard ratio. Which group, on average, has the shorter response times?

(4 Marks)

(i)  What is the estimated hazard function for a subject in Group NV? What is the
estimated hazard function for a subject in Group VV? How does the estimated hazard
function change with time for each group?

(4 Marks)
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d) Someone suggested using an exponential distribution, instead of a Weibull distribution, to
model the response times. What advice should you give regarding this idea? Justify your

answer,
(4 Marks)

APPENDIX (Output for Question 5)

Accumulated analysis of deviance
' mean deviance

Change df | deviance deviance ratio p-value
+ fungicide 1 23.91 23.91 1.88 0.179
+ tachyporus 1 990.58 990.58 78.08 <001
+ melanarius 1 0.88 0.88 0.07 0.794
+ fungicide.period 6 1116.41 186.07 14.67 <.001
+ fungicide. tachyporus 1 183.47 183.47 14.46 <.001
+ fungicide.melanarius 1 463 463 0.36 0.550
+ tachyporus.melanarius 1 3.13 3.13 0.25 0.623
+ fungicide.tachyporus.period 6 516.48 86.08 6.79 <.001
-+ fungicide.melanarius.period 6 108.37 18.06 142 0.236
+ fungicide.tachyporus.melanarius 1 0.01 0.01 0.00 0975
+ fungicide tachyporus.melanarius.period 6 197.20 32.87 2.59 0.037
Residual 32 405.97 12.69
Total 63 3551.05 56.37

Dispersion parameter is estimated to be 12.7 from the residual deviance

The parameters estimate the effect of applying the fungicide or each predator
Estimates of some parameters
Parameter estimate | s.e. tvalue | p-value ael;ttlii;gag
Constant 5218 | 0.185 | 28.14 <001 | 1845
fungicide yes -0.455 | 0.298 | -1.53 0.136 0.8341
tachyporus yes -1.140 | 0377 | -3.03 0.005 0.3198
melanarius yes 0.108 | 0.255 042 0.676 1.114
fungicide yes.tachyporus yes 0.092 @ 0.592 0.15 0.878 1.096
fungicide yes.melanarius yes -0.099 | 0418 | 024 0.813 0.9055
tachyporus yes.melanarius yes 0.425 | 0.486 (.87 0.388 1.529
fungicide yes tachyporus yes.melanarius yes 0458 | 0.750 0.61 0.545 1.581




(The s.e. values are based on the residual deviance)

Predicted means (standard errors)

1'%

melanarius
No Yes
No 12834 (14.15) 13119 (14.57)
tachyporus I~y oo 4381 _ (8.18) 6963 (11.27)
tachyporus
No Yes
fnaicide No 97.00 (11.11) 1303 (2.85)
g Yes 80.66  (9.72) 4266  (6.96)
melanarius
No , Yes
— No 5478  (8.16) 5525  (8.06)
fungicide Yes 7262 (9.71) 5069  (6.97)
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Normal Distribution

Table C-1. Cumulative Probabilities of the Standard Normal Distribution.

Eniry is area A ander the standard normal curve from o to 2{A)

z 06 Kol 02 03 04 05 06 L7 .08 9
0 5000 5040 5080 51200 L5160 (5159 5239 LS219 3319 .535%
-1 5398 438 5478 5517 3487 5539¢ 3836 5875 5714 5783
21 L5793 5832 5871 .SWI0 5548 (3987 6026 6064 6102 614}
38 6179 8217 6255 62923 6331 6368 6406 6443 6430 6317
4 6554 659} 6628 6664 6T0R 4736 6772 6E08 6844 ORTS
51 6915 6950 69ES 7009 (7054 JTOBR 723 TIRT TE0 RM4
A F25Y 0 291 L7324 (7357 738% T4 7454 T486 \TS\7 TS49
2] 158G 7611 JTe42 7673 LTF4 7734 7764 TTS4 (7823 Tds2
.8 1 el 910 T3S 7967 7998 2023 80351 808 B106 8133
.9 | B1S%  B186 8212 8238 82064 8289 B35 8340 8345 2389
LO ] B43  M38  B461 3485 3508 853 8554 8577 8599  Ball
£.1 | .B643  8&65  B6B6 8708 8729 EV49 RY7T0 8790 RMI1O0 8830
6.2 | BB4%  3w69  _gHAER B9O7 8925 8944 8962  893¢ 8997 9013
3] 9032 9043 9066 9082 9099 . 9l1s 9131 9147  %i62 w177
b4 ] 9192 8207 9222 9236 9251 9263 0279 9202 2306 9319
15 ] 9332 93435 BAS7  .937C 9382 9394 94046 9418 9429 9441
1.6 | 8452 9463 %474 9484 9495 9505 9515 9525 © 9335 9545
17 ] 9554 9564 9573 9582 9531 9599 9608 9616 9625 9633
LB 1 9641 5649 D655 9664 0671 9878 9686 9693 9699 9706
€9 5713 9719 8726 973X 9738 9744 9750 9156 9761 .9V6T
20| 8712  9FIR 9783 9783 9793 9798 4M03 9808 9BIX 9817
24 9821 9B26 9830 9834 9838 9842 9846 9850 9854 9857
2.2 | .98e1 9864 9868 987t 9875 9878 9881 9834 9887 99BN
2.3 | 9893 9896 SE9R 9901 9904 9906 9909 9911 9913 9916
2.4 | 99218 9920 9922 9925 9927 9529  993] 9932 99 9936
2.5 {1 9938 9940 9941 9943 95 9946 9948 9949 0951 9952
26 1 9951 9955 8956 .9U57  995% 9% 9961 9962 9963 9964
27 | 8965 9966 .9967 9968 9959 9970 98T 9972 (9973 994
2.8 | 9974 9978 9576 9977 9977 90T 9979 9979 9980 99K}
29 | 9981 9982 .9982 9983 9984 9984 99ES 99BF 9986 9986
30 | 9987 99RY 9987 9988 9988 998% 9989 99EY 9990 9990
31 ] 5990 9991 599 9991 L9992 99921 9992 9992 9993 9991
3.2 ] 9993 99031 9994 9904 9904 9994 9904 9995 9995 9995
33 ] 9995 9995 9995 9996 9996 9996 9996 9996 .99 5997
S9997 9997 9997 9997 9997 9907 9997 9997 9997 9958

34
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ChiSquare Distribution

Table C-2. Percentiles of the x° Distribution

Entry is x%(A; v) where PLy?(e) = ¥4 wi} = A

¥ A}
E)
y | 008 010 625 0 .00 S0 9% 975 990 995
1 {0.04393 6.03157 0.0°082 0.0%303 00iS8 271 384 SOF 663 T8
2 [ 00100 G000 0GOS 0103 0211 461 S99 738 921 10.60
3 | 0672 01ts @216 06352 OSBE £35S 781 935 1134 1n84
4 10207 0297 0484 0TI 1064 778 949 ILI4 1328 1436
5 10412 0355 O8M 1145 L& 924 (107 (2B} 1508 1675
6 {0616 0872 12 16 22 1064 1259 (445 1§81 18583
7 I098 124 160 217 2R3 12482 1407 1600 1848 2028
g |e34 165 218 173 349 1336 ISSI U5 2009 2196
173 209 270 333 417 1468 1652 1802 207 B
0 |206 256 325 394 487 1559 1831 2048 2321 2519
11 |260 305 382 457 558 128 1968 2192 T3 2676
12 1307 1S 440 323 630 IBSS 2103 334 3630 2830
13 (337 411 501 539 706 194L 2236 2474 2068 B8
14 [ 407 468 561 657 1% N06 2388 2602 W14 RN
15 |460 523 626 1326 BSS 2231 2500 2749 - 3038 3280
165 {514 381 69 796 931 1354 2630 2885 3200 M7
17 {570 641 156 REY 1008 3477 2159 019 A4 B
18 le26 v01 823 939 1086 1598 2887 3.5} 4Bl 316
19 | 684 763 B9 1042 Y65 270 014 IS 3619 3858
26 1743 826 959 [085 1244 284 34l MIT 1757 4000
21 0803 890 1028 il LM 29462 3267 3548 W93 4140
23 | 864 934 1098 123 1404 051 3391 3678 4029 4280
23 1926 1020 1169 1309 L4BS . 3201 3517 3508 4i&d 4414
24 | 989 086 1240 13B% 1566 3320 3642 3935 A29R 45.56
15 (1052 1152 1312 146) 1647 3438 3765 4065 4431 4693
26 (1116 1220 13B4 1538 1729 3556 I88Y 4152 4564 4829
71 BERL 12RE 1AST 1635 1BA 3674 4011 4319 4696 4964
W 246 1356 1530 1683 1854 3797 4LM 4446 4BIS 000
29 012 1426 1605 1771 1977 3909 42356 4572 4959 S2M4.
30 BIT9 1495 1679 1549 20480 4036 437 4698 30RO 5167
40 071 2206 2443 2651 905 SLEl 5576 3954 6185 6677
50 2199 /T 3236 M6 IS8 6317 6150 L4z 761S 7949
& 13553 3748 4048 4319 4646 744D TO.0B 8330 88IE 9158
0 BIIZ 4543 4876 3174 33T 8333 053 9507 004 10M2
g0 5197 SISt STES 6036 6428 965K 1019 1065 1123 MI6]
90 15920 6175 6565 6043 TLZS  0T.6 1131 MRY 1241 1283
100 K731 1006 7422 TR BAZS 1SS 1243 196 1358 1402
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Student’s Distribution (t Distribution)

Table C4 Percentiles of the t Distribution

Entry is 1 (A; #) where Pit(3) < 1(A; #)} = A

A

» &0 70 80 85 L0 9% 75
| 0.325 0.727 1.37% 1.963 3.078 6,314 12,706
2 0.238% 0.617 1061 1.386 1.886 2.920 4,363
3 0.277 0.584 0.978 1.250 1.638 2333 3182
4 2N 4.569 0.941 1.19¢ 1.533 2132 2778
5 0.267 0.559 0.920 L.156 1.476 2.015 2.571
6 0.265 0.553 0.906 1.134 1.440 1843 2.447
? 0.263 0.549 0.896 1.1:9 1ALS 1.895 2365
% 0.262 0.546 0.889 1.108 1.397 1.860 2.306
9 9.261 0.543 0.883 1100 1.383 1.833 2,262
10 0.260 0.542 0.579 1.093 1372 1.812 2.22%
11 0.260 0.540 0.878 1.088 §.363 1796 2.201
12 0.2 04.539 0.873 1.083 1.356 1.782 21719
13 0.25% 0.537 0.870 1.079 §.330 m 21640
14 0.25% 0.537 0.858 1.076 1.345 1,961 2345
15 0.258 0.336 0.866 5.074 1.341 £.753 2.130
16, 0.258 0.535 0.865 507 1337 1.745 2,120
17 0.257 0.534 0.863 1.069 1.333 1.740 2.11¢
18 0.257 4534 0.862 1.067 1.33) 1.734 2,101
19 0.257 0.533 ©.361 1.066 1.328 1.72% 2053
20 0.257 0.533 0.860 1.063 b.325 1.725 2.086
21 0.257 0332 0.8%9 1.063 1.323 1.721 2,080
22 0.256 0.532 0.858 1.061 1.32} 1.717 2074
3 0.256 0.532 0.858 1.060 1.319 1714 2.065
24 0.236 0.531 Q.8%7 1059 1.318 L7131t 2.064
25 0.256 0.531 0.8356 1.058 1.31% 1,708 2.060
6 0256 0.531 0.856 1058 1.315 1.706 2.056
14 0.256 0.531 0.835 1.057 1.314 £.703 2052
28 09.2%6 0.530 0.855 1.056 1313 1.701 2.048
. 0.256 0.530 0.834 1.055 .31 1.69% 2.045
30 Q.256 0.530 0.854 1.055 1.310 1.697 2.042
40 0.255 0.529 0.851 1.050 1.303 1.684 2.021
60 0.254 0.527 0.848 1045 1.296 1.671 2.000
120 0.254 0.526 0.845 1.040 1.389 I.658 1.980
Kl 0.253 0.524 0.242 1.036 1.282 1.645% 1.960
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Table C-4 (Continued) Percentiles of the ¢ Distribution

A

¥ .48 985 99 9925 945 85975 9905
1 15.895 21.208 35.821 42,434 63.657 127.322 636,590
2 4.849 5.643 6,965 8473 9.925 14.089 31.598
3 3.4%2 3.896 4.541 5.047 5.841 7.453 12.924
4 2.999 31.298 3.747 4.088 4.604 5.598 8.610
s 2.757 3.003 3.365 3.634 4.032 4.773 6.8569
5 2.612 2.829 3.143 3372 3.707 4.317 5.959
7 2.517 2.715 2.998 3.203 3.499 4.029 5.408
8 2.449 2.634 2.%96 3.085 3.355 3.433 5.044
9 2.398 2.514 2.821 2,998 3.250 3.620 4.781
10 2.359 2.527 2.764 2912 3.169 3.581 4.587
11 2.328 2.49% 2.718 2819 3.106 3.497 4,437
12 2.303 2.46¢ 2.681 2.436 3.055 3428 4318
13 2,282 2.436 2.650 2,801 3.012 1,372 4.91
4 2.264 2.415 2624 2 2.977 3.326 4.140
15 2.249 2397 2.602 2.6 2.947 3.286 4.0
16 2.235 2,382 2.583 2724 2.924 1252 4015
17 2.224 2.36% 2.567 2,706 2.898 3.222 3.965
18 2.214 2.356 2.552 2.689 2.878 3.197 3on
19 2.205 2.346 2.5%9 2.674 2.861 3.174 3.883
0 2.1 2336 2.518 2.661 2.843 1.153 3.849
2 2.489 2.328 2518 2.649 2.8314 3.135 3.B19
2 2.183 2.320 2.508 2.639 2.819 3.119 3.792
23 247 .13 2.500 2.629 2.807 3,104 3,768
24 2472 2.307 2.492 2.620 2,797 3.091 3.745
25 2367 2.301 2.485 2.612 2.787 3.078 3.925
26 2462 2.296 2.4719 2.60% 2.779 3.067 3.707
27 2.158 2.291 2.473 2.598 2.7 3.057 3.650
28 2.154 2386 2.467 2.592 2.763 3.047 3674
29 2.150 2,282 2.462 2.58 2.756 3038 3.659
30 2.147 2778 2.457 2.581 2.750 3.0%0 3.646
40 2.123 2.250 2423 2.542 2704 2971 3,551
&0 2.09% 2.223 2.390 2.504 2.660 2.915% 3.460
120 2.076 2.196 2.358 2.468 2.617 2360 3.373

£ 2.054

2.326

2432

2.575

32s
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