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Question 1

Suppose X;,Xs,...,X, are i.i.d. random variables with probability density function

1

flxlo) = —exp —l—x—l o>0,—0<x <00
20 o/’ ’

Use the method of moments and maximum likelihood estimation to find the estimator of ©.
(8 + 12 Marks)

Question 2

Suppose that X;,X5,...,X, are i.i.d. random variables on the interval [0,1] with a density
function

I'2a) 21
flxla) = W[x(i —a)] "
where o > 0 is the parameter to be estimated from the sample. Find the sufficient statistic for

a by verifying that this distribution belongs to the exponential family.

(20 Marks)
Question 3
X1,X2,...,Xn ~ N(61,8,), where 8, > 0 is the variance.
| a) Argue that $% = ;%Z?ﬂ(Xi — X)? is the MVUE of 6,.
(10 Marks)

b) Show that the MVUE is not efficient, i.e. the variance of S? is greater than the Cramer-
Rao lower bound.

(10 Marks)

Question 4

a) Let X(n) be the largest value in a sample of size n drawn from the uniform distribution on
[0,68]. Show that X(,,/8 is a pivot. Using the pivot, find a 100(1-a)% confidence interval
for 6. Discuss how you would test the hypothesis that 0 takes a specific value 60 for such
a sample.

(10 Marks)

b} Suppose you have a sample of size n from an exponential distribution with mean p. Find
the best size-a test of Hy: 4 = p against the alternativeH,: u = p, , where py > .

(10 Marks)
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Question 5

Suppose that X, Xj,...,X, is a random sample from a Poisson distribution with unknown
mean 6. Two models for the prior distribution of 6 are contemplated;

m@)=e? 6>0,and m,(0) =0e7?, 8>0

a) Calculate the Bayes estimator of 6 under both models, with quadratic loss function.
(10 Marks)

b) The prior probabilities of model 1 and model 2 are assessed at probability 2 each.

Calculate the Bayes factor for Ho: model 1 applies against Hy:model 2 applies.
(10 Marks)
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Normal Distribution

Table C-1. Cumulative Probabilities of the Standard Normal Distribution.

Entry is area A under the standard normak curve from - @ to z(A)

“HA

z 00 Ot 02 .03 04 05 06 a? 08 09

O] 5000  .S040 5080 5120 5160 5199 5239 5279 S319 5359
A 5398  .S438 541® 5517 .5887 5596 5636 5675 8714 5753
2 5193 5832 SBT1 5910 5948 S9RY 60256 6064 6I03  Gi4t
A 6179 6217 6255 6293 B33 6368 5106 6443 6480 6517
4 6554 659F 6628 6664 6700 6T7I6 6772 6803 .6h44 6879

5] 6915 6950 6985 7019 70654  FGRR T2} UTEST  TE9O 7224
6| 7287 7291 (7324 FAS7? 7389 1422 7454 426 TSI (1549
g J1s80 7611 7642 7673 UTFOR 7734 1764 7794 (7823 7BS2
A 7881 S0 V7939 1967 7995 8023 8051 BM8 BI06 8133
9| 8159 8186 B2 8238 B264 B289 8315 8340 8365 8389

1O | 8413 3438 B461 3485 8508 4531 8554 8577 8599 862
[ ] .8643 665 B6B6 .BFOB BT 3749 HFI0 8790 4X10 BR
£.2 ] .B849 #8690  RHES 8907 8925 8944 8962 8980 8997 9015
3] 9032 9049 9066 9082 9099 9IS 913 8147  9i62 w177
1.4 | 9152 9207 9222 9236 9281 9265 921 9292 93 9319

9332 9345 9357 9170 9382 91N 9406 MIE 9429 .944]
9452 9463 9474 9434 W95 9505 9515 9525 9533 9545
9554 9564 9573 9S82 959 9599 9608 0616 96235 9633
L8656 9664 U571 9678 9686 9593 9699 9706

STI3 99 9726 9732 9738 9744 9Y30 9736 9761 9767

PR

.

& Lwmiipia
:5.
-
g

9712 9TIR 9783 9788 9793 9798 Y803  9BOE 9812 9817
2.1 9821 9826 9830 9834 9838 9842 9B4L 98BS0 9854 9357
A864 9868 987t 9878 9878 9881 .U8R4  9E37 9890
23 1 9893 9896 9898 9901 3904 9906 9909 91 9913 996
24 | 9918 9920 9922 9U25 9927 9629 9931 9932 9934 9936

25 ] 9938 9M0O 9945 9943 95 9946 9048 9949 9951 9952
26 | 9953 9955 9956 9957 9958 9960 9961 9962 9963 9964
2.7 ] 9965 9966 9967 9968 9969 9970 9971 9972 9973 99M
2.8 | 9974 9975 9976 9977 9977 9918 9979  997% 998¢C 998l
29 | 9981 S9¥2 9982 9983 9984 9984 9985 9985 9986 .99B6

31 | 9950 9991 .9991 9991 9992 9992 .9992 .9992 9993 9993
32| 9993 0993 9994 9904 9994 9984 9994 9995 99U5 9995

3.3 | 5995 9995 9995 9996 - )
9997 9997 9997 9997 9998
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Chi-Square Distribution

Table C-2. Percentiles of the xz Distribution

finyry is yHA; »y where Pr'y) = x4 vl = 4

r‘i Ay)

A

» | 005 010 @25 06 100 SO0 950 975 990 995

004393 0.0°157 Q.0°082 0.07303 00158 1N iBgd 502 683 788
00100 0.0201 0.0%06 0.003 021 4.61 S99 733 9.2 1080
0072 Oats o6 0352 0584 615 7181 935 1134 1284
0207 0207 0484 0711 1084 738 94% 1144 1328 1486

T

2

k|

éw

5 10412 034 0301 L4 sl 924 1107 1283 1509 1675
¢ {0e?s 0812 124 14 LW et 1259 (445 1681 1RSS
T o058 124 1.6 217 283 1202 1407 16 1848 2028
1R/ 165 218 X713 349 1336 1531 N5 009 2,
g /LT3 109 27 33 447 1468 1692 1902 2167 21359

0 (216 2% 325 394 487 {599 1831 2048 2321 2519
11260 305 38 457 558 1738 1968 2192 M7 267
12 |30 351 440 523 6.3 1858 2103 33U %637 W30
13 | 357 41 501 58 14 1981 2236 2474 21469 2982
14 | 407 466 563 6357 18 o6 2368 2602 2914 3132

15 j460 523 626 126 835 23 2500 2749 X388 280
16 1514 581 891 19 93 2384 2630 2885 3200 M27
17 | 570 641 73 267 1009 #.71 72.5% 30,8 B4 BN
18 1626 0L B2} 939 1086 2599 2887 31,50 MB 3116
19 | 684 763 891 1042 1165 2720 3004 3285 3619 .8

2 (743 826 959 1085 1244 2841 34t M7 MST 4000
2t (803 3% 1028 HIS? 134 2962 3267 3548 W93 A4
22 1864 954 1058 1234 1404 30.81 3392 3678 4029 4180
23 (%26 10 1169 1309 1485 3201 3547 3808 4164 441k
24 [ 989 108 1240 38 1566 B0 642 3936 4298 4556

25 (0352 L8 1312 1481 1647 3438 3765 4065 M3t 4653
26 (1116 1220 1384 1538 1718 35.56 388%F 4192 4564 4829
7T I8l 1IBRR 1487 161S  184L 1674 4031 4319 4656 /&4
H246 IXS6 1S3 (691 1AM 3792 4134 H4s 4328 9
AL12 1426 1605 1IN 1977 W09 4256 452 4059 5L

j13.79 1495 167% 1849 2060 4036 4371 4698 S08¢ 5A6Y
20.71 22,16 2443 2651 2905 LB 3576 3934 832 66,77
27.99 2971 336 MI6 3169 6317 6LS0 7142 7633 1949
35.5) 1748 4048 4319 4646 7440 7508 H130 BRIE 6195

128 4544 4876 3174 3033 553 0.5 S5O0 004 1082
L17 5354 S715 6039 642 9658 1019 1066 1LY 16)
9.20 6175 6565 6%M3 7329 1076 1130 B 140 128
T3 006 M2 7Y BRI i8S 1243 196 13538 1402

gR

SL8Z Byés

Volume |l, Appendix C: page 3



Student’s Distribution (¢ Distribution)

Table C-4 Percentiles of the ¢ Distribution

Entry s 1(A; ») where Pl () < 1(A; )} = A

A
w A0 70 RO 85 S0 05 975

I $.3258 9727 1376 1.963 3.008 6.314 12,706

2 0.289 0.617 1.061 1.386 1.886 2.920 4.303
3 Q2T 0.584 0.978 1.250 1.638 2.353 3182
4 0.27% 0.569 0.94) 1,190 1.533 243 2.776
3 0.267 0.559 0.920 1.156 1.476 2.015 2.571
6 0.263 0.553 0.906 1.134 1.440 1.943 2.447
7 0.263 0.549 0.896 1.11% 1.415 1.895 2.368
8 0.262 0.546 0.889 1.108 1.397 1.860 2,306
& 0.261 6,543 0.883 1.300 1.383 1.833 2.262
10 0.260 0.542 0.879 1.093 1.372 1.812 2.228
1} 0.260 0.540 0.876 1.088 1.363 1.796 2.2091
12 0.259 0.539 0.873 1.083 1.356 1.782 21719
13 0.259% 0.537 0.570 1.079 L3350 LTI 2160
14 0.258 4537 0.86% 1.076 1348 1.761 2.145
15 0.258 0.536 0.866 LO%4 1.341 £.753 2.131
16, 0258 0.533 0.855 EO71 1.337 1.746 2,120
LY 0.257 0.534 0.863 1.069 1.333 1.740 2.110

18 0.257 0.534 0.862 1.067 £.330 1.734 2.3
19 4257 0.533 0.861 1.066 §1.328 1.729 2093
Pt 0257 0.533 0.860 1064 £.325 1725 2.086
21 0.257 0.532 0.859 1.063 1.323 1721 2.080
2 4256 0.532 0.858 1.061 1.323 L7 2.074
3 0.256 0.532 0.858 1.060 1.319 £.714 2.069
24 0.256 0D.531 0.857 1055 1.318 1.711 2.004
25 0.256 0.531 0.856 1.058 1.316 1.708 2,060
26 G_256 0533 D.856 1.058 1.315 1.706 2056
xr G.256 0.531 0.855 1.057 1.314 1,703 2.052
28 {.256 4.530 0.855 1.056 $.313 1.701 2.048
25 0.256 0,550 0.854 1.085 1.3n 1.699 2.045
i 0.256 0.530 0.854 1058 1.310 1.697 2.042
40 0.258 0.529 0.851 £.050 1.303 1.684 2,021
&0 0.254 0.527 O.Bax 1.045 1.296 1.671 2.000
120 G 254 0.526 0.845 1.04k 1.289 1.658 1.980
L 0.253 0.524 0842 1.036 1.282 1.645 1.960

Volume i, Appendix C: page 6



Table C4 (Continued) Percentiles of the t Distribution

2.054

2.326 2432 2.576-

A

» 98 985 9% 9925 993 9975 9995
1 15.895 21.208 e 42434 63.657 127322 636.590
2 4.849 5643 6,965 8073 9.925 14089 31.598
3 3.482 3.89¢ 4.541 5.047 5.841 7.453 12.924
4 299 398 3.047 4.088 4.604 5.598 £.610
5 27157 3.003 3.365 3.634 4032 4773 6.808
6 2.612 2.829 3.143 mm 3.7 4.317 5.959
7 2.5¢7 2H5 2998 3.203 3.499 4.029 5.408
8 2.449 2.634 2.896 3.085 3,455 ‘3.833 3.041
9 2,358 2.574 2821 L2998 3.250 3.690 4.781
10 2.359 2.5 2.764 2.932 3.169 3.581 4.587
11 .38 2.49% 2.718 28719 3.106 3.497 4.437
12 2.303 2.46¢ 2.681 2836 3055 3428 4.358
13 2282 2436 2.650 2,801 3oz 3372 4.221
4 2264 2415 2.624 21N 2911 3326 4.140
15 2.24% 2.391 1.602 2.746 1.947 3.286 400
16 2.235 2.382 2.583 2734 1921 3258 4215
17 2.2% 2.368 2.567 2,106 2.898 i 3.965
L] 2214 2356 2.5582 2.689 2878 3397 3.922
19 2.205 2.346 2.539 2.674 2.86Y 3174 3.883
20 219 2.336 2.528 2,661 2.845 3.153 3.849
2 2.189 2.328 2.518 2.649 251 3435 3.819
22 2,183 2.320 2.508 2639 2819 3.1 3.9
3 217 2313 2.500 2.629 2.830°1 3 3768
24 272 2307 2492 2.620 2.7197 3.0 1.245
25 2.367 2.301 21.485 2.612 2787 3.078 3.725
25 2.162 2296 2479 2.606 23719 3.067 3707
7 2.158 2.181 2473 2.558 m 3.057 3.6%0
28 2.154 2,286 2.4567 2.592 1.763 1047 3674
29 2.150 2.282 2.462 2.586 2.756 3.038 31659
30 2.147 2.378 2.457 2.581 2.750 3.030 3.646
40 2,123 2.250 2423 2.542 2.704 2971 isn
&0 2.699 2.723 2.3%0 2.504 2.660 2.915 3.460
120 2076 2196 2358 2468 2617 2.360 3371
o 2.807 3291

Volume II, Appendix C: page 7



