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Question 1

a) A consignment of 100 manufactured items is inspected by testing four randomly sampled
items. If one of the four is defective, the consignment is discarded. What is the probability
that the consignment s accepted if it contains five defective items?

(5 Marks)

b) Let X and Y be events. Show that P(X N'Y IY) =P (X I Y), assuming that P(Y) > 0.

(5 Marks)

c) Two people take turns removing a ball from a pot that initially contains m red balls and »
blue balls. The first player to take out a red ball wins. Build up a recursive formula that
allows the suitable calculation of the probability that the starting player wins.

A (5§ Marks)

d) Suppose the ST201 class has a record of low attendance. The Lecturer decides that he will
not lecture unless at least » of the » students are present. Each student will show up with a
probability of p. if the weather is not cool, and p;, if the weather is hot. Given the probability
of hot weather on a given day, calculate the probability that the Lecturer will teach his class
on that day.

(5 Marks)

Question 2

a) Show the following generalizations of the formula

P(AUB) =P(A)+ P(B)—P(ANnB)
(i) Let A, B, and C be events. Then,

P(AUBUC)P(A) + P(B)+ P(C) —P(ANB)—P(ANC)—P(BNC)+P(ANBNC)

(7 Marks)

b) In the case of n events A, A,, ..., A, show that

PAAI N AN - NA)2P(A) +P(A) + - - - + P(Ag) —(n— 1).

(7 Marks)

¢) Show the identity

P(A|B) = P(C|BYP(A|BNC) + P(C|BYP(A|BNCE)
Assuming all the conditioning events have positive probability.

(6 Marks)
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Question 3

The joint probability density function of the random variables X and Y is

2
1 1 1
f(xsy)='2?exp(—:£(x—1)2—(y—z(1+X)) ),--00<x<00,m00<y<00,

(a) Show that X has the Normal distribution with mean 1 and variance 2.

(7 Marks)
(b) Show that the moment generating function of X is my(f) = exp(f + £
(7 Marks)
(c) Use the moment generating function to find ECX).
(6 Marks)
Question 4
Let S = 2(1 - 0.005T)"2, Assume T is random variable with pdf
fr()=3000t",t>10
Find the population mean and variance of the S.
(20 Marks)

- Question 5

(a) Suppose that the discrete random variable X has the probability function
P(X=x)=(1-6)1g, x=12,..

Show that X has moment generating function

etd

Mx(t) = T-e(l=8)’

t<—In(1-8)

Hence show that the expected value of X is 1/8 and that the variance of X is (1 — 8)872

(10 Marks)
(b) The random variable X has a Chi-squared distribution with k degrees of freedom
(k=1,2,3,...), which has moment generating function (mgf) m@) = (I -2¢™* for t < %.

i.  Using the m(?), find the mean and variance of X.
(5 Marks)
ii. Inthe case k=4, the probability density function is given by

1
f(x)=zxe“1fz, x>0
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Using integration, confirm that the mgf of the Chi-squared distribution with 4 degrees of

freedom is m(t) = (1 -2¢)* for t < Y.

(5 Marks)
Question 6
A random vector (X, Y ) has joint pdf, given by
fl,y)=2e*% x>0y>0
a) Calculate E[XY ].
‘ (6Marks)
b) Calculate the covariance of X+ Yand X - Y .
(14 Marks)

Question 7

Suppose the continuous random variables (X, Y, Z) have joint p.d.f
flx,y,2) =Kxyz? 0<x, y<1,  0<z<3.

(a) Show that the constant K = 4/9.

(5 Marks)
(b) Find the marginal probability density function of Y and hence show that E(Y ) =2/3.

(5 Marks)
(c) Show that the marginal joint probability density function of (X, Z) is

2 2
fxz(x,z)=-§xz, 0<x<1 0<z<3
. (5 Marks)
(d) Find the conditional distribution of Y given X =1/2, Z =1 and hence find
1
E(YiX = -i,Z = 1).
(5Marks)
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Normal Distribution

Table C-1. Cumulative Probabilities of the Standard Normal Distribution.

Entry is ares A under the standard normal curve from - 10 2(A)

0] 5000 L5040 5080 SE20 L5160 5199 5239 L5279 L5319 535§
A1 5398 5438 5478 5517 3557 5506 B3 3673 5714 5182
2| 5193 5832 USR71 5910 5948 3987 6026 6064 GEOD  .Gl4l
31 6179 6217 6255 6293 6338 6368 6406 6443 6480 6517
4§ 6584 6391 6628 6664 6700 6736 6772 .6H08  6B44  6E79

5] 4915 6950 6985 M9 7054 F0BR  .TI23  (TEST  .TEO 7224
61 7257 1281 (7324 7357 V1389 (7422 7434 T486 75171 7549
27 .1580 (7611 642 7673 1704 7734 3764 794 7823 7ES2
21 7881 1010 793 (7967 (799§ 8023 8051 B8  .BIO0G6 8133
2| .BI59¢ 8186 8212 8238 8264 H289 8315 B30 8165 8389

10| 8413 . B438  B461 8485 8508 8531 8534 8377 8599 86
i1 BB4Y 8665  .B6B6 .BVOB B2 8749 8770 8790 #3310 8830
1.2 ] 8849 B¥69 BHBE 8907 8928 8944 8962 8980 .899%7 9O
' 0032 9049 9066 9082 9099  S{15 931 9147 962 9177
} 2192 5207 9222 9236 9251 9265 9279 9292 9306 9319

3

4
1S 9332 9345 D357 9370 9382 9394 9406 418 9429 944}
1.6 9452 463 ST 9484 M9S 9505 9515 9535 9535 9%
1.7 L9554 9564 D573 9382 9591 9599 9608 9616 9625 9633
8 RS | D649 0656 9664 9671 Q678 9686 9693 B899 9706
1.9 7L G719 9726 9732 9738 9744 9750 9156 .9TeY 9767

0

]

97I2 9% 971 9788 9793 9798 9803 9808 98I1Z 9817
9821 9826 9830 9834 9838 9842 9846 9850 9854 9857
22 ] 9861 9864 9B6R 9871 9875 9878 9831 9834 9BEV .9390
2.3 | 9893 9896 . 98%R 9901 9904 9906 9909 99I] 9913 9916
24 | 9918 9920 9922 9925 9927 9829 9931 9932 9934 9936

26 | 9953 993§ 9956 9957 . X .
2.7 | 9965 9966 9967 9968 .9WE9 9970 9971 9972 99713 .94
2.8 | 9074 9975 9876 9077 |

29 | 9981 9982 9982 998} .

30 9987 9URT 5987 9988 9988 9988 9989 9989 9990 9990
31 ] 999C 999] 9991 9931 9992 9992 .99%2 .9992 9993 9993
32| 9993 9993 9994 9994 9004 .

3 . .
4 | 9997 9507 9997 9997 9997
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ChiSquare Distribution

Table C-2. Percentiles of the x Distribution

Entry is x*(A; v) where P{x’(v) < y{A; v)} = A

M

72’2 AY

A

D03 0 05 0 1 S00 950 9IS 990 995

~

004303 G.0°157 0.0°082 0.0°393 00158 171 3184 502 46) 7.88
40100 00200 0.0%06 0.103 0251 461 $99 738 921 1080
0672 GIlS 0216 0352 0584 625 781 935 1LM n2¥
0207 0257 0484 0711 1084 778 249 L4 1328 1436

0412 0554 081 145 16l 9.4 07 1283 1508 1655
G876 0872 124 164 120 10ed 1255 1448 1681 1855
098% 1.4 169 217 283 1202 1407 1601 1848 2028
134 L6S I8 273 149 1336 1551 1753 2009 2096
173 209 270 33 447 1468 1692 19.07 2167 23.59

1o |16 25 325 A% 487 1599 3831 2048 2301 L5049
It 260 308 3182 457 5s8 17.28 1968 2191 2473 2676
12 1367 AS7T 440 523 6% 1835 2103 B3 %2 B
13 | 357 411 501 582 14 19.81 2236 474 2169 2982
14 [ 407 466 563 657 LW 206 2368 2612 2534 332

15 |460 523 626 126 BSS 2231 2500 2749 3058 3180
16 514 381 69t 79 93 354 M B85 OO0 M7
17 1570 641 756 £67 1009 XIr 27.5%  30.1% 3341 3BT
18 1626 701 823 93 1086 1599 28E7 3151 & 36
19 684 763 B 1042 1165 210 3014 3285 3649 3838

20 | 743 B2 959 1085 1244 2841 M4t M7 5T 040
21 (803 8390 1028 ILSY (1M 2962 3267 3548 K53 4140
22 (864 954 1098 124 1404 3081 3392 3678 4029 4280
2 192 1020 116 1309 1485 1201 3517 IBOR 4144 4408
24 | 989 1085 1040 11BY 1566 332w 3642 3936 L2.98 4556

25 (1052 11352 1312 1460 1647 I8 3765 4065 4431 4693
11.16 1230 1384 1338 1129 3556 3889 4192 4364 48.29
1181 1288 1457 1645 18U W 4011 4319 4696 4364
1246 1356 531 1693 14N 3792 4134 446 4828 5099
1312 4326 1605 171 977 3909 4256 4571 4359 SLM

1379 1495 1679 1849 2040 40.26 4371 4698 5089 5167
2071 216 2443 2651 205 5681 5576 934 &3 T
12799 2971 3236 W76 I3T6S 6317 61 .42 7615 7949
Es.ﬂ ¥748 4048 4319 4646 40 T90R  BA3D 8838 9195

3,28 4544 4876 5174 5303 8553 9053 %502 1004 1082
5117 5354 ST0S 6039 6428 96,58 1019 1066 1LY 1163
59,20 6175 6565 €13 79 W16 i1 uA1 1240 1283
167.33 006 7422 7793 BL36  1i8S 1243 1196 1358 1402

W B0 w4 e (&HN"

B2 gusy PRHUE
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Table C-4 (Continued) Percentiles of the ¢t Distribution

A

v 98 985 9% 9923 995 9975 9993
1 15.895 21.205 3582t 42434 63.657 127322 636,590
2 4.849 5.643 6,965 8.073 9.925 14.089 31.558
3 3.482 3.896 4.541 5.047 5.841 7.453 12.924
4 2.999 3298 347 4.088 4.604 5.598 £.61Q
3 2,757 3.003 3.365 3.634 4.032 4,713 6.869
6 2.612 2.829 3.143 3.3n2 3.707 4.317 5.959
7 2517 275 2998 3203 3.499 4.02% 5.408
8 2449 2.634 2.896 3.085 3.355 3.833 3.041
9 Z,3%8 2574 2.821 2,998 3.250 3.690 4.781
10 2.359 .57 2764 2.9 3.169 3.581 4.587
1] 2.328 2491 ns 2879 3.106 3.497 4.437
12 2.303 2461 2.681 2.836 3.055 3.428 4.318
13 2282 2.43% 2.650 2.80% 3.2 s 4.221
14 2.264 2413 2.624 2.1H 2971 3.326 4,140
13 2.249 2397 2.602 2.746 2.941 3286 4.073
16 2.235 1382 2.583 2.724 2924 3.252 4,015
1?7 2.22% 2,368 2.567 2,706 2.398 322 3.965
18 2214 2.356 2552 2.689 2.878 3.497 302
i9 2.205 2.346 2.539 2.674 2.86% 3474 3.883
20 2.1 2.316 2528 2.661 2.845 3.133 3849
2 2.189 2.328 2518 2.649 2.83% 3.135 89
22 2.183 2.320 2.508 2.639 2.319 3 3.792
3 21 .33 2.300 2.629 2.807 3.104 3.768
24 2172 2.307 2.492 2.620 2. 3.091 3.745
25 2.167 2.30} 2485 2.612 2787 3.078 3.5
26 2.162 2.296 24719 2.605 2979 3.067 3700
27 2.158 .29 2473 2.598 2 3.057 3.690
28 2.154 2386 2467 2.592 2.763 3.047 3674
29 2.150 2.282 2.462 2.586 2.756 303 3.659
3 2.147 2278 2.4517 2.581 2.750 3.030 3.646
40 2123 2.250 2423 2,542 2.704 297 355
& 2.099 2.223 2.390 2.504 2.660 2915 3.46D
120 2476 219 2.358 2,468 2617 2.880 3373
% 2.054 2170 2326 2432 2.376 2.807 3.291
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