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Question 1

Let Xj,..., X, be iid with common pdf

f(x)e =6/(1+x)°*
for x > 0, where 6 > 0 is an unknown parameter.

Find the sufficient statistic T(X), the maximum likelihood estimator, and the Cramer-Rao
lower bound.

(6 +7 + 7 Marks)

Question 2

Find the minimal sufficient statistic for 8 based on an independent sample of size n from
each of the following distributions:
a) The gamma distribution with density
b)

”

a..a-1,-8x
f(x;a,ﬁ)=————xr(a§ , x>0

with 8 = (a, ).
¢) The uniform distributionon (8 — 1,8 + 1).
d) The Cauchy distribution with density

b
a{(x — a)? + b?} X

f(x;a,b) = ER,

with @ = (a, b).
(7 + 6 + 7 Marks)

Question 3
Let X,..., X, be iid with common pdf

fx;w) =we™* ,x>0,0>0

It is required to estimate = 1/ w - Find the Bayes estimator of 0, under squared error loss
function, and assuming a prior density on w of the form

m(w) X w* 1e7v®
With known @ > 0 and y > 0. Find the bias, if any, of the Bayes estimator. Giving your

resasoning, find the minimum variance unbiased estimator of 8, and its variance.
(20 Marks)
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Question 4

a) Let Xi,....,X, be independent random variables with a common density function
flx;8)=0e7 %% x>0

where 8 € (0,00) is an unknown parameter. Consider the null hypothesis Hy: 0 < 1
against the alternative hypothesis Hy: @ > 1. Show how to obtain a uniformly most
powerful test of size a.

(10 Marks)

b) Supfmse Y1, Y2,....,Yy is an iid sample of size n from a population with density
function

1 _(y—
f; 31’92) =e_le 167 62)/81’ y> 6,

»

Where 8; > 0 and -0 < 8, < . Find the likelihood ratio test for testing Hp :
91 = 91'0 VEersus Hl : 61 > 91’0.

(10 Marks)
Question 5
(a) Explain what is meant by: the size of a statistical test, and a confidence set.
(4 Marks)

(b) Observations X, Xs, ..., X, constitute a random sample from a distribution with
unknown parameter 0, and it is required to test the hypothesis Ho:0 = 6, against H,:0 # 6.
A test statistic h(Xy, ..., Xp,; @) is available which can be used to find a test for any 0.
Show how a 95% confidence interval for 6 can be constructed based on this test statistic.
(3 Marks)

(c) Waiting times Y, Y>, ..., Y, constitute a random sample from the gamma distribution
with probability density function of :
k e—y/A
f(:},)zk!akq.l 'y>0

where £ is a known non-negative integer and A > 0 is an unknown parameter. You are
given that the moment generating function of this distribution is (1- A)™*" and that the

above distribution is Y %k_,_zwhen A=2.

i).  Show that 3?- is a pivotal quantity for A.

(8 Marks)
ii).  Use your answer to part (i) to find a 95% confidence interval for A when n =
5%, Y and k=1.
(5 Marks
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Nomal Distribution ChiSquare Distribution

Table C-1, Cumulative Probablliities of the Standard Normal Distribution. Table C-2. Parcentiies of the x* Distribution

Entey is arca A under the siandard normal curve from - 10 £{4) Fatry is xXA; ») where P{y'(v) S x%A: w)} = A
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. . R ) Table C-4 {Continued} Parcentiles of the ¢ Distribution
Student’s Distribution (¢ Distribution)

Table C-4 Percentiles of the ¢ Distribution

Entry is t(A; ») where P{H(v) = 1(A; »)} = A A
» 8 985 90 5925 995 59 J9995
1 15895 20205 31821 42434 63.657 27322 636,59
2 4,849 5.643 6,965 3673 9.923 14.089 31.398
3 3.462 3,896 4,541 5047 5844 7453 12.924
4 2.999 3208 3.747 4.088 4.604 5.598 2.610
s 2757 3.003 3.365 3.634 4032 4,713 6,369
4 g g.gn 2.32:; 3143 33712 3707 4317 5.959
. & . o P e p . 7 27 2998 3.203 3.499 4.029 5.408
8 2.449 2.634 2.89 3.085 3,355 3.833 5044
1 0.32% o 1.376 1.963 3.078 6.314 12.706 9 2398 251 2.821 2.99% 3.250 3.600 4.78%
; g.g g.gg‘ (1’ gg; :m ::: ;gg ;m i0 .35 23 2,764 2.932 3.8 3.581 4.587
4 03N o569 054y 119 153 2.4 2776 31 2328 2491 218 281 1406 3.497 4.437
s 0.267 0.530 0920 1,136 1.476 2.015 2571 12 2.303 2.468 2.681 2.836 3,055 3428 4318
5 0.263 0.553 0.906 L34 1.440 1.943 2.447 3 2242 2,436 2,650 2.401 3.082 3.372 4.2
7 0.263 0.549 0.396 1119 1.415 1.89% 2,364 14 2,264 2415 2.624 h 2877 3.326 4.140
8 g.iaz :;:g gg:g 1::; |.33:'; 1 % 1,:;:2 15 .49 397 2.602 2.746 2.947 3.286 4.073
9 261 ) 1. 1 2
10 0.260 0.342 0.879 1.093 1372 1812 2.228 ;g 21% %g% :ﬁ; ;’% %?9; gg ; gg
u S8 o o.876 1-oee 13 Hecos 2 it 2214 23%6 2352 2489 2878 3197 352
13 b o337 o870 175 1% by 3160 1 2.205 2346 2.539 267 2,861 3.474 3.683
g gg g.’sg oes 1.076 134 1.33; 2 :;z 20 2.197 2.336 2528 2.661 2.843 3.153 3.849
.. 1.074 . 1
- 2 2.4 .3 2. : N
16, 0.258 0.515 0.865 1071 1.337 1,746 2,120 2; 2. |g % 3% 2 ;'3: i% %ﬁ; ; g; ; g;g
¥ 0.237 0.53¢ 0.363 1.069 1.333 1740 2.110 . - .
18 0.257 o5 o862 1.067 1330 1734 210 2 zm 231 2.500 2.629 2.0 3104 3.708
19 0.257 0.533 .26 1.066 1.328 L729 2.093 2 217 2.307 2492 24620 2,791 3.00 3.743
20 0.257 0.333 0,860 1.064 1,323 1928 2.086 25 2.167 2.30) 2.483 2.612 2.7%7 3.0 3,725
g ; g g g:;qsg a :.;: 1.063 1.;%3 17‘3 § gg 26 1162 .29 2.4 2.605 2m 3.067 3.707
) 1061 .2 §.7
2 0.2% o532 .as 1081 132 1m 2074 z7 2.158 2,281 2473 2.598 2m 3.087 3.690
EHA 0.2 03 o.838 t-0c0 et 1714 2008 28 2154 2286 2467 2.592 2763 3.047 161
2s 0.236 0.531 0.8356 1.058 1.316 1,708 2.060 233 2:3? i% .’;462 gg:tl: g.;g gg g 2:
% a.256 0.8 0.856 1.058 1,318 1,906 2056 % 457 ) " .
2 0.2% 030 0,838 1057 1,314 1703 2,052 40 2123 2,250 248 2.842 2.904 2497 3,883
g gggz g.ig g m : g;: :g : :: ;:g; i& &0 2.099 .13 2.3%0 2.508 2.660 2915 3.460
30 0.256 0.530 0.854 1.055 1310 1.697 2.042 *.,2? igﬁ ﬂgg %ﬁ i:g %:gg i"g ;g;::
. 0255 0.529 0.851 1.056 1.303 1.624 2.021
50 025 057 1.043 1.296 1.671 2.000
120 o024 0.526 0.845 1.041 1.249 1,638 1.980
= 0253 0524 ©.842 1036 1.282 1.645 1.960
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F Distribution

Table C.5 Parcentiles of the F Distribution

Entry is F(A; i, ) where P{F (1, w) < F(A; m, »)} = A

A vy v

F(A:Vh"z)ﬂm
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Table C-§ {Continued) Percentiles of the F Distribution

Numerasor 4f
Den,
P 1 2 3 4 3 6 7 3 ]
i3 100 10 . H 1.82 198 1.94 15 200
E k& 49.5 53 358 3.3 SH.2 589 9.4 0
a8 16 200 U6 223 23 234 237 239 241
Sy il =0 2 37 San 57 963
By 401 3000 5403 5,023 3764 5,839 5928 3981 4022
B d 16211 MO0 201615 22500 23,086 23437 ZLTIS 23,9205 2408t
B 405,250 500,000 34000 362,300 576400 383,940 I9ZK70 398,140 &2 280
z .3 0607 1LOO 1} 1.2 1,23 1.28 1.30 .32 1.33
R 833 .00 L6 .24 229 9,32 .35 2.37 9.3
93 18.3 wo 192 92 19.3 133 194 19.4 194
573 135 W0 39.2 .2 39.3 393 p X3 334 X
B4 va.S 5.0 9.2 w2 99.3 9.3 294 o4 904
995 199 199 i 199 Lkzd 199 Lk sd 199 199
299 YIES  POY0  9NeT 9992 993 POD3 P04 VIR4 W04
3 50 0385 0388 1.00 .08 1.10 113 143 .47
56 3.54 5.46 539 5.34 3.3 5,28 .27 3.2¢
93 [N} 9.53 9.28 2.12 .01 8.94 8.9 e
N7 17,4 160 134 151 14.9 14.7 4.6 4.5
5 3. 2.8 »3 787 8.2 239 2.7 213
s Ase 9.8 47.3 6.2 484 4.8 4“4 439
. 1670 W85  141.) 1321 146 1328 106 1299
4 50 0.545  0.B8 0941 1.00 .04 506 108 L0
50 4,34 4.32 4,19 413 4.08 *.01 v 3.94
Rod k2] £.94 5.5% 539 6.26¢ 6,16 409 H.00
575 12.2 10.6 €.98 960 9.6 $.20 207 .90
59 212 180 gz 1.0 135 15,2 150 147
93 313 26.3 4.3 23,2 s 2.0 20.6 2.4
55 4.3 1.2 56,2 534 5.7 30.3 9.7 485
s 30 B.528 0799 0507 0968 L0 1.02 104 1.06
50 406 A8 3462 3.52 3.43 340 337 p 3]
R 6.61 3.7 S43 519 3.08 £.93 4.B3 477
928 10.0 843 L1 .39 7A¥ 6.98 $.83 8.68
59 1623 133 123 14 ne w7 "3 102
993 22.8 182 6.5 [EX] i4.9 14.5 14.3 138
599 412 s 32 pi B 5.8 I8N 8.2 n2
4 50 L .53 0.780 0886 0942 09T 1.00 102 1.04
90 m 346 aze EX L an 308 30 2.9
05 5.9% 334 476 4.5) 4.3% 4.28 421 410
Ricl L2 3] 1.26 6.60 623 199 3.82 3,70 3.52
B.ad 37 s 978 9.45 8,73 247 8.26 2.9%
895 18.6 4.3 1.9 120 1.5 . 108 04
9% 2.5 2.0 237 e 2.5 200 19 187
7T 0 0306 0767 ORI 0926 00 0963 100 102
B 359 A26 3.7 2 288 2.83 T 72
K] 339 4.74 433 402 397 .87 3.7 X358
78 807 .54 3. 4.52 s.2% S} 499 .82
99 12.2 9.5 845 7.85 748 T 6.99 6. 72
598 16.2 124 10.9 0.1 9.52 936 882 8.1
R4 22 2L 138 7.2 62 15.3 pRX 14.3
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Table C-5 (Continuad) Percentiles of the F Distribution Table C-8 (Continued) Percentiles of the F Distribution

Nememitor df Numemtos 3f
Den.
10 1”2 13 7 1 £ w120 P af 3 1 2 3 4 3 & 7
2.04 2.07 2.0 202 2.3 213 217 2.48 2.20 3 .50 DAYE 037 030 0913 08 0971 0988
50.2 "7 61,2 61.7 62.0 62.3 0238 3.4 ©3.3 90 346 ERE 2.9 2.81 273 2.87 2.62
R 242 34 246 248 249 2150 252 233 234 9% 532 4.46 4.07 1.84 3ed A 130
975 269 917 985 993 7 3,000 LO10 1014 1,018 975 7.57 6.06 542 %03 4.82 465 4.53
99 605 6106 6187 628 62385 6261 313 833 6360 R 1.3 .65 7.5% ror 6,63 647 6,18
995§ 24224 24426 AL 24336 24940 25044 283753 25,389 25464 995 M7 110 .60 B8.81 3.3 1% 148
999 § 603,820 610,670 615,700 620910 621300 626,100 £3),340 613970 636,620 B 2354 8.5 138 144 135 29 124
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50 9.39 9.41 942 244 9,45 .46 947 9.45 9.4% ] .36 3o .41 2.09 2.61 2,58 2.53
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k] 04 94 N4 994 9.3 998 0.5 e 5 29.5 e 0.6 a0 6.9% 6.42 6.08 3.80 5.61
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0 18 1.20 i 1.23 1.23 1.4 1.25% 1.26 127 HL 0490 0743 0,843 0399 ©912 09 AWM
°20 323 522 3.20 318 s.i8 517 5158 514 *i3 S0 12 .92 2.7 2.61 2.52 246
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975 4.4 14.3 14.3 14.2 14.1 14.1 EE K] 139 03 975 6.4 546 4.83 4.47 4.4 4.07 X9
$ 2 27.2 224 269 26.7 6.6 26.5 26,3 26.2 26.0 99 10.0 7.56 6.35 599 164 5.39 530
993 43 43.4 43,1 A2.8 42.6 4.3 42 428 418 993 128 943 B.08 7.3 687 634 6.30
¥9Yy 1292 128.3 127.4 126.4 1239 1234 124.3 1240 123.3 995 210 14.% 126 i3 10.35 93 .52
S0 1.1 1.3 114 143 116 1.16 1.8 118 119 12 .50 o484 0735 083 0888 0% 0543 939
S50 193 R ] 87 384 3.8) 3.82 3.9% s .76 0 3.48 234 2.6 248 239 233 228
R -3 3.9 A 5.86 5.%0 .77 373 30 5.66 563 o3 475 a8 3.49 3.26 k81 300 5
78 B84 873 866 8.36 B3 8.48 3% 8.3 8.26 975 .53 10 447 412 1.89 373 X3
9 4.3 4.4 14,2 14.0 139 13,8 17 13.0 13.5 29 9.3 6.93 595 3.41 .06 4.82 4.54
295 210 .7 20.4 20.2 200 19.9 9.6 19.8 193 595 1.8 351 723 8.52 607 370 .53
L] 48,1 47.4 463 451 438 454 4.1 4“4.4 .1 999 8.6 130 0.8 963 8,89 8,38 ¥
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% mn 2,89 b N7 9.33 9.47 9.38 .20 .11 .02 K B.68 6.36 $.42 4.89 4.56 4.3 4,14
95 13.6 134 131 119 128 12.7 124 123 12.1 998 0.8 2.0 5.4% 5,30 5.37 .07 488
999 wy 264 259 5.4 25.9 249 243 24,1 218 99 6.6 1.3 D34 828 7,57 1.0% 674
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4.06 4.00 394 187 g4 181 L4 30 367 KT 4.35 3.45 10 287 2N 2,60 281
975 s46 337 521 ST S)2 Su7T 4% 490  48s ‘o7s 87  a4s 386 3181 3130 345 301
.87 .72 .56 7.40 2.31 723 7.06 697 6.88 9% 810 5.8% 494 443 410 187 3.
0.2 100 4.81 .58 9.47 3, .12 .00 8.98 205 o904 6599 582 517 4.7
$99 184 180 176 7.4 14.9 i8.? 6.2 150 13.7 y 14,8 2.95 8.10 7.10 646 6.02 .65
50 1.03 1.04 1.a5 1.07 ).07 1.08 1,09 110 . LD T aeR2
» 23 267 163 13 2sw 236 LS) 249 247 24 30 1 048 074 O8Iz N O %ed
3 Asy 351 3.44 A4 3.38 330 327 . 95 .26 A0 204 198 283 242
7S 476 4.87 .37 4.47 #, 4.36 4.25 4.20 4.14 975 572 432 XS] 338 3.8 199 287
KS) 642 647 63t 646 607 SYR 382 ST 548 99 IEY sAl 472 422 390 1érT 1%
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Table C-§ (Continued) Percentiles of the F Distribution Table C.8 {Continued) Percentiles of the F Distribution

Numerator of
10 12 13 - 24 k] o0 120 @ Dea Numersior df
1.0 .03 1.04 1.08 1046 [Ri2d 1.08 1.08 1.0% '
R % e ogw o om oo .
. 3. 315 3 3 .01 X 2.9
430 420 AW 400 395 38% 378 373 367 3 .50 0466 0709 0807 0858 O08% 0912 0927 09
;g: 3 317 :»:2 SJ? ifg (5,423 5-03 4.95 ;g 50 248 249 228 214 208 1.98 1.93 1.88
. 8 66 y 6.4 6.06 ¢ K 3 ) : 34 253 y ‘33 X
MS M2 )08 105 103 100 913 %51 9.3 ;g’ g;; ig i?é s‘g 3_”33 i‘g gis ig;
1.01 1.02 1.03 1.04 1.05 5.08 107 107 1.08 Rl 756 p 4.51 4.02 % 147 130 347
242 238  23¢ 230 228 228 221 28 216 995 918 635 524 462 423 39S 374 358
34 207 301 %4 290 XB6 27 275 2 999 133 8737 705 &2 553 542 482 4
R A T
43 €23 601 sl 51T Se2 sS4l s3 5% 60 30 lo0460 0703 0798 0849 0380 0901 OHT 0928
8% 947 924 890 B72 &35 K19 800 78 0 b 2.3 2.8 204 1.95 1.87 1.82 L
98 400 35 276 2.5) 2,37 228 247 2,10
}'3’2 ;g} ; -g 1-93 ; .?; ;?2 ;?? ;g ;g: 978 529 393 33 301 279 263 251 241
¥ g " " . ! 59 7.08 498 4.13 3.65 v 302 298 2.82
2 2y 244 27 BN OISR OiN O 99s | 849 s80 4T3 4i4 37 34 328 L3
485 47 436 A48 4.33 42% 402 400 3.9 999 120 7.7 6.17 5.0 4.76 4.3 409 136
$8% S66 547 5327  S4?  S07 436 475 464
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Q988 100 1.0 162 103 103 105 LO5S 106 0 g i §‘f;5 2‘;‘; ;2? ;;,’ ;;‘ﬁ ;g ;zg
309 208 240 206 204 208 196 193 190 95 92 07 2 - - - &
238 2% 262 LS4 1S 247 23 2 130 ) 575 3 H 30 324 289 267 132 P ] 230
»y 328 s )07 302 29 185 21 12 R 6.85 4.9 3,95 348 37 296 29 166
S D+ S o+ - R+ S PR ‘995 | BI8 536 450 392 355 328 109 293
. 471 A X ) . .0 .90
T 700 67 640 633 609 316 539 42 999 na 7.32 5 495 442 404 n 3153
0577 0S89 1.00 1.01 102 1.02 1.03 1.08 103 « 50 0.455 0693 0789 0839 0810 0891 0907 098
;g: 202 1.97 lg 1.90 1.87 !.:2 ; 75 1.76 90 241 2.30 2.08 1,94 1.85 n i 1.67
z4s  Z40 . 229 225 248 24t 207 95 384 300 260 237 221 210 201 194
Joh 26 28 2% 2 N e im i S75 | 502 w9 RI2 279 287 241 229 2
B0 367 Asr 337 32 A2 365 246 2R7 % 33 a2 264 2sl
442 4285 407 3ES 319 ey 348 337 18 9 663 461 37 32 : 80 : -
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