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Question 1

A Personal Identification Number (PIN) consists of four digits in order, each of which
may be any one of 0, 1, 2, ..., 9.

a)

b)

Find the number of PINs satisfying each of the following requirements.
(i) All four digits are different.
(ii) There are exactly three different digits.
(iii)There are two different digits, each of which occurs twice.
(iv)There are exactly three digits the same.

(9 Marks)
Two PINs are chosen independently and at random, and you are given that each PIN
consists of four different digits. Let X be the random variable denoting the number of
digits that the two PINs have in common.

4\(6
. . k)\4-k :
(1) Explain clearly why P(X =k) =~—~4>—= fork=0, 1,2, 3, 4.

10
4 .
(4 Marks)
(ii) Hence write down the values of the probability mass function of X, and find its mean

and variance.
(7 Marks)

Question 2

The continuous random variable X has probability density function given by

Fel)=cli-x?). —1=x =1,

where c¢ is a suitable constant.

a) Show that ¢ = % and plot the graph of £(x) against x.

(6 Marks)
b) Show that the cumulative distribution function of X is given by
0 ,x<~1,
3
F=122 e,
i ,x=1.
Also find P(-1/2 <X £1/2)

(6 Marks)

c) Obtain the mean and variance of X, giving your answer correct to 3 significant

figures.
(8 Marks)



b)

b)

Question 3

Consider the sample space

{{a.b.c).{a,e,b), (b.a.c). (bc a),(c.ab)(c.ba) (a aa)(bbbd)(ccc)}
Assign the probability of 1/9 to each sample point. Let A; be the event that the i®
place in a sample point is occupied by the letter a. Show that the events A, Ay, Ajare
pairwise independent but not completely independent.

(8 Marks)
Suppose a rare disease occurs by chance in 1 per 10,000 people. Suppose there
is a diagnostic test with the following properties : if a person has the disease, the test
will diagnose this correctly with probability 0.95; if a person does not have the
disease, the test will diagnose this correctly with probability 0.995.

If the test says that a person has the disease, calculate the probébility that
this is a correct diagnosis.

- (12 Marks)

Question 4

Consider a study in which scientists are interested in finding out the number of
children with side effects after a vaccine, out of 200 children. Assume that the
probability of having side effect is 5%. Suppose that scientists consider the vaccine
“successful" if the number of children affected by side effects is no more than 15.
What is the (approximate) probability that the vaccine will be successful?

(4 Marks)

Researchers in Great Britain studied the incidence of childhood leukaemia over a 16-
year period and determined that the rate was (approximately) 1.50 children per square
mile area and that the numbers followed an approximate Poisson process. What is the
probability that more than 3 leukaemia cases will be observed?

(4 Marks)

A firm that produces certain toys and has a demand represented by the function
X=al/P,
where P is the unit price, a is a preference parameter equal to 0.5, and I stands for the

consumer's income which is uniformly distributed between E1,000 and E2,000 per
week.

i) If total costs (TC) are fixed and equal to E1,000, find the expected profits of this
firm.

(5 Marks)
ii) Find the standard deviation of the Firm's profits.

(7 Marks)



b)

Question 5

The continuous random variable X has probability density function
exp<{~£i. x =0
27X | 2]

Jx(x)=
Show that X has moment generéting function (mgf)
1
Mo(r)= re

—\/(1_‘:——5;-)-‘ R

Hence find the expected value and variance of X.

(10 Marks)
Suppose that the discrete random variable X has the probability function
PY=x)=(1-6)"#6 . =12 ..
Show that X has moment generating function (mgf) -
L]
M= ~In(1-8).
M.(n e 18) r<~In(1-8)
Hence find the expected value and variance of X.
(10 Marks)

Question 6

Suppose the random variables X and Y are independent and are Gamma

distributed with parameters {a, A} and (3, A) respectively

Ao Lexp(—Ax)
I'{a)

Le. fx(o) = x>0 a A>0,

with a similar expression for fy(y).

By calculating the joint probability density function of X +Y and X/Y. show
that these random variables are independent and that X + Y has the Gamma
{a + 3. A) distribution, Find the probability deusity function of X/Y. Why
are X +Y and Y/X independent 7 What is the probability density function
of ¥/X 7

(20 marks)



Question 7

The continuous random variables X and Y have the joint probability density function
Na+B+y) e
P (BT(y)

(I=x—-3)"". O=zxy=l 0yl 0ax+y<l,

where 0.> 0, >0,y>0and I' () is the gamma function.

a) Let r and s be non-negative integers. Show that the expected value of XY~ is
Ta+r)y T(B+s) Na+p+7y)
Moy  T(B) T(a+B+y+r+s)

E(Y'YS) =

(8 Marks)
b}  Hence determine the expected value and variance of X..
(6 Marks)
¢) Find the correlation between X and Y.
- (6 Marks)
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Normal Distribution

Table C-A. Cumulative Probabilities of the Standard Normal Distribution.

Entry is area A under the standard normal curve from - 10 2(4)

z 00 o1 02 0¥ o4 05 06 0T .08 .09
0| 5000 .5040 5080 5120 .5160 5199 5239 5279 .53I9  .535%
| 53908 5438 .5478 .SS17 .S457 .5596 5636 .S675 SH4 5753

21 5791 5832 5BY1 5910 5948 5987 6026 6064 6103 .Gl4t
30 61 6217 6255 6293 6331 6368 6406 .6443 G480 6517
4 6554 6391 6AIR8 6664 6700 6716 6772 6808 6844 6BTS

6915 6950 6985 7019 \F0S4  FOBR .T#23 TEST .MI90 224
3287 7281 T34 T3SY 0 3B® 1422 7454 MB6 IS1T (7549
JISBG 7611 JT642 7673 LFTO4 TT34 7764 TT9d 1823 7es2
BRI THHO U39 T9RT UT99S 8023 8051 BOY8 BI06  LE133
LBI59 5186 .B212 B23W 8264 B289  .B315 B340 E16S B3G9

»

B413 8438 B461 L8485 3508 8531 8554 8577 B399 8621
8643  BG65  BEBS6 8708 8Y29  B749 8770 8790 BXIC 8830
8849  B%60  BHEE 8OOT7 8925  ¥o44 962 E980 8997 9015
S032 9049 9066 9082 %099 9115 913t %147 %i62 w77
9192 9207 8222 9236 9251 9265 9279 9292 9306 9319

2w BulMed VRGP bkl Vewbia

2 e Pew Bt P
&

.

9332 9345  SA57 9370 9382 9394 9406 H418 9429 9441
9452 9463 %474 9484 9455 9305 9515 85X 9535 9345
9554 9564 9573 9582 9591 9599 9608 9616 9625 9633
5641 649 9656 9664 9671 9678 9686 9693 9699 9706
ST SNe 9126 9732 9738 9744 9750 97156 9761 9767

.

ST 9TIR 9TBY 9TEE 9793 9798 9803 S808 9812 981V
982 HE26 9830 9834 9838 9842 9846 9850 9854 9857
5861 9864 986R 9BTE 987§ 9878  .98¥1 9884 9837 9890
9893 9B9G  98%F 9901 9904 9906 9909 9911 9913 9916
OS5I 9920 9922 9925 9927 9529 9931 9932 9934 6936

9938 9940 L9841 93 95 9946 9948 9949 W95 9952
H953 9955 9936 9957 9959 99A0 9961 9962 9963 9964
2.7 | 9965 9966 9967 9968 9969 9970 9971 9972 9973 9974
2.8 | 9974 9975 9976 9977 9077 9UIR 9T 9979 9980  9UK)
29 | 9981 H982 9982 9983 9984 9984 9985 9985 9986 9986

NN MNNNN

5

2.0 997 99RT 9987 9U8R 9988 99RO 9989 99R9 9990 .999Q
1 H950 9991 9891 9931 9992 9952 9992 9992 9993 9943
2] .9993 9993 9994 9004 9904 9984 0904 9998 9995 9998

3] 9995 9998 9995 9996 9996 9996 9996 9996 9996 9997
4 | 9997 9997 9997 9997 9097 9997 9997 9997 (9997 9UP8
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ChiSquare Distribution

Table C-2. Percentiles of the xz Distribution

Entry is x%(A; v) where PL(e} = y4: v} = A

XA

A

005 010 025 0% 100 900 950 975 990 995

~

I {00193 0.0°157 0.0'092 0.07393 Q0ISK 271 384 502 663 TER
2 | 60100 00201 00806 0103 0211 461 59 138 92 1060
3 10072 Q815 026 0352 0388 A5 7KL 935 1134 1284
4 10207 0297 0484 O7I1 1084 7TB 94F 114 1328 1486
5 {0412 03554 08% L1451l 924 1LO7 283 1508 1675
6 10476 O0RT) 124 164 220 064 1259 1445 168L 1858
7 0098 124 16 217 2B} 202 407 160 1348 2028
§ (L34 165 2I8 LT3 349 1336 1SSl IS 2009 2196
3 ILI3 208 270 333 417 1468 1692 1902 20.67 2339

16 216 2156 325 34 457 1599 1831 248 2321 2509
I 260 305 38 457 558 1128 1968 2192 2473 26.76
12 1307 A5Y 440 52} 6% 155 2103 2334 2622 2830
13 337 41l 50t 589 Y& 941 2R3 2474 2769 2082
14 1407 466 561 637 1MW o6 2368 2602 2304 3132

15 460 523 626 136 855 223 3500 2749 58 R0
16 (514 381 69 1% 93 13 2630 2885 3100 M7
17 (570 Ss41 756 E67 1049 %77 789 3019 341 B2
18 1626 700 823 939 1086 2599 2887 MS53 MEY 36
9 (684 THF B9 1012 1145 27.20 3014 3285 3609 3858

20 | 743 B26 5% (085 1244 284 M4l 3437 3151 U0
2t (863 890 1028 il 13M 2862 3267 3548 M3 4140
22 1864 835 109% 123 1404 0.8 3392 I6TR 4029 4280
2y (926 1020 1.6 1303 [48s 2061 3517 BOE 444 448
4|48 1086 1240 13BS 1546 BM 642 D36 4298 4856

25 11052 1152 1L12 1460 547 3438 3765 4065 431 4693
% j1nie 1220 1384 1538 1729 3556 3RB% 4192 4564 4829
27 J1A 1288 1457 1615 18U 1674 4011 4319 4656 4964
28 1246 1356 1531 1691 1AM 3792 ArHM 4446 4828 3099
I O1312 1426 1605 1T BT 3908 4256 4572 4959 5L

3 13T 1495 1679 R4S 2080 46.26 ALTT 4658  S0.89 5167
40 ROTT 2216 2443 2651 2905 31.8F 5576 5934 6189 6677
50 2199 IMTE R M6 3168 63.17 6750 7142 7615 7949
&) 3553 3748 4048 4319 4646 7440 0B K330 BR3R G198

B KL 4344 4876 3178 5533 8553 W05} 9507 1004 M2
8 5117 3384 LIS 6039 GAld 9,58 1019 1066 1123 4160
90 13920 6175 65.65 6513 7129 1076 113 BIRY 1M 1283
00 F?.&B o6 M 7TR93 BLM 1185 1243 1296 1358 MO
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Table C-4 (Continued) Percentiles of the t Distribution
Student’s Distribution (t Distribution)

Table C-4 Percentiles of the t Distribution

Entry is £(A; ¥) where P{1(») < ((A; #)} = A A
" " 985 % 9923 995 9915 9995
1 15.895 21,205 31821 42434 61.657 127322 636,590
2 4.849 5643 6.963 30713 9.925 i4.089 31,598
3 3.482 3.896 4,541 5.047 5.841 7.453 12,04
4 2.999 31298 3.747 4,088 4.604 5.598 £.610
s 2,757 3.003 3.365 3.634 4012 4773 6569
4 6 2.612 2.829 3.143 2372 3,07 4317 5.959
7 2.517 2.718 2.998 3.203 1,499 4.029 5.408
o . Py 50 . 75 . ;
¥ ™ e o8 o7 8 | 249 264 28% 308 3355 3.8%3 5.041
1 0.325 0.727 1.376 1.963 3.0om £.314 12,706 9 2,398 2.574 2.821 2.998 3250 3.690 4.781
2 0.289 0607 1,061 1.;% :.s;g %gzg 4.303 10 2.359 2.527 2.7164 2912 3169 3.581 4,587
3 0.277 0.584 0.978 1. s .38 3.182
4 0.271 G568 0.943 1.190 1.533 2,132 2.776 1 2.38 2.491 N8 281 1,106 3.497 4.437
s 0.267 0.550 0.920 1.136 1.476 2.015 2. 2 ;”303 2,461 2.681 2836 3.05% 3.428 4318
13 282 2.4% 2.650 2.801 3.012 EX 773 4.2
6 0.265 0.553 0.906 1.134 1.440 1.943 2.447
7 0.263 0.549 0.596 1119 1.41% 1.898 3.365 {4 2 2.415 2.624 m 2971 3.33% 4,190
B 0.262 0.546 0.889 1108 i 1.360 2.306 15 2.249 239 2502 2.746 2.947 3.286 4.073
o | 0h% S 0¥ Yewm  iam wanz 12 16 | 2z 23 2583 24 2eMm d2m A0
0260 0,840 0.8 52 2 2 v} 2.234 2.368 2.567 2706 2898 3 2,963
I o0 fepoed iy ey 1ae 1758 b " 2234 2.356 2582 2.689 2878 1397 3902
3 0259 o337 o870 perd 1130 e 2160 19 2.205 2.346 1539 2674 2.861 3174 3.883
4 0.258 0.537 0.858 3076 1.343 1.761 2.145 % 2.9 2336 2.528 2.661 2843 3153 3849
i: :ﬁ ::;: : x :z‘: ::; ::f: ::; 21 2189 2.328 2.518 2.649 2831 3135 3.819
: . : X . ; . z 2,183 2320 2.508 2.639 2.819 3419 3.792
Toom o L e i Im z1e 3| 2m M3 250 269 180 3.104 3.768
1o 0.257 0,533 0,861 1.006 1,328 119 2.093 2.1m2 2.307 2.492 2.620 2.197 3.0 1.745
20 0.257 0.533 0.860 1.063 1.325 1.728 2.086 pal 2.167 2.904 2.485 2.642 2.787 3008 1.7925
21 0.257 0332 0.899 1.063 1.323 1.721 2.080 2% 2162 2,29 7479 2.605 271 3.067 W
2”2 gﬁ gg;% g: ggg 1 % : gﬂ : ; :z §$; 7 2.158 2.2891 2.473 2.598 2,717 3.057 3.690
.. . [ R . . 3
24 0.256 0,531 0.857 1059 1.318 L7t Z.004 %g %’:ssg ;g:g ;ﬁ giﬁ ;zgz 2'8;; :;‘g;;
25 0.25 0.531 0.856 1.058 1.316 1.708 2.060 % | 219 PP Jas7 3381 275 300 3646
% 0.256 0.531 0.856 1.05% 1.318 1.706 2.056 ) ) iy : . . .
27 0.256 0.531 0.85% 1.057 1.314 1,703 2,082 40 2.123 2,250 2423 2.542 2104 2.9 3.551
28 0.25 0.530 g.gaﬁi Lg;g : 313 l.m ggzg 60 2.099 FR73 2.390 2.5 2660 2915 3.460
e 0,256 0.530 : X i ¥ : 120 24076 2196 2.358 2.468 2617 21860 330
% 0236 0.530 0.354 1.055 1.310 1.687 2.042 - 7o Y 7376 2432 2576 2807 3391
0 0.258 0.529 0.851 1.050 1.303 1.684 2,021
40 02854 0.577 0.84K 1.045 1.296 167 2.000
120 0.254 6.526 0.8458 1.041 1.289 1.658 1.980
o 0.233 0.524 0,542 1.036 1.282 1.645 1960
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Table C.5 Percentiles of the F Distribution

Entry is F(A; v, w) where P{F(», ») < F(A; », m)} = A

F21 1-¥yb

1

FA: v:‘Vz)wm
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Table C-5 {Continued) Percentiles of the F Distribution

Numenior df
Dem.
o 4 t 2 3 4 3 6 7 8 L)

1 .50 1.00 1.50 1.7 . 1.59 1.94 1.498 2400 .08
30 99 495 536 SSE SN2 5K.2 389 394 39.9
B 161 200 26 225 230 234 37 239 241
975 648 00 922 937 948 957 953
99 4,052 3,000 3403 5625 5,764 5,359 S928 3981 6002
995 16,211 20,000 20,615 22,500 23,036 23437 2375 23925 24,000
999 | 405,280 500,000 340,380 362,300 576,400 583,940 392,870 598,140 602,250

2 .50 0.607 +.00 13 1.21 1,28 1.28 1.30 1.32 1.33
S0 353 $.00 .06 924 9,29 2.3 9,38 937 9.38
93 18.5 9.0 9.2 19.2 19.3 19,3 194 19.4 1924
978 38.5 .0 w2 8.2 39.3 9.3 9.4 94 394
K 985 90 2 992 993 9.3 984 994 994
998 199 199 19% 199 199 199 199 199 199
999 YIRS O900 R 9992 W93 9093 9994 094 9994

3 50 0,585 O8R4 1.00 1.06 140 L3 144 116 147
50 5.54 546 539 50 53 3,28 5.27 825 524
93 10.1 255 6% 912 900 894 B89 835 881
575 17.4 16.0 154 s 4.9 4.7 14.6 14.5 M5
k] 4.1 308 08 W7 M2 229 217 235
953 558 45.8 47.3 46.2 454 4.8 44.4 A4.1 439
e 1570 1483 141 37 M6 138 I1M6 1306 1299

4 50 0349 0828 0947 1,00 504 106 1.08 08 130
R 434 432 417 4u 405 4 X 9% R
93 n 6,94 6, 6.39 $.26 516 500 604 00
875 12.2 106 994 V60 9 B 9.07 898 890
k] 262 150 7 16.0 155 15.2 5.0 %) 14.7
995 3.3 263 13 232 225 20 216 214 218
595 4.1 a2 . 334 517 305 49.7 49.0 485

s .50 G528 0 0907 0963 100 1.02 104 1.0% 1.06
90 4 .06 3,78 3.62 b 3.7 348 1.40 3y kS 3.2
a5 6.61 279 541 .19 s.08% 4.93 4.83 4,82 477
875 10.0 w43 .76 ™ 718 6.98 £.8% 6.76 6.68
99 16,3 13,3 124 e noe Wy 103 w0302

998 228 18.3 1.5 15.6 4.9 4.3 142 140 128
999 AT1.2 .4 A2 Mna 298 288 8.2 27.6 212

6 .50y 0515 QIR0 086 O.M2 0977 1.00 1,02 1.03 104
90 178 346 329 A1 s.H .05 3.0 298 29
95 599 5.4 4.76 4,53 4,39 428 4.21 4,15 4.0
M5 8.81 1.26 6.60 65,23 590 3.82 3.1 5,60 532
99 137 109 878 23 4.7% 8.47 8.26 210 o
995 18.6 14.5 129 120 .S 1.4 10,4 10.6 (04
99 388 M0 BT 9 0.8 20.0 193 190 187

7 %0 [J 0767 DRI 0926 05960 0943 1.00 101 1.02
50 339 126 o 296 288 2.83 2,78 218 1m
85 5.59 4.%4 4.35 412 397 387 3.7% 1713 388 .
97% 807 654 5.89 552 529 512 499 AW 482
99 122 .55 #4% 7.85 7.46 749 699 .34 632
995 16.2 124 0.9 0.3 9.52 .16 BR®  BAE RS
999 29.2 207 18.8 2.2 8.2 185 13.0 14.6 4.3
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Table C-5 (Continued) Percentlles of the F Distribution

Numemtor df

Den.
o A 10 12 15 20 24 30 60 120 P
1 .50 2.04 .07 2.09 212 213 215 2.17 2,18 2.20
.90 60.2 60.7 61.2 61.7 62.0 623 62.8 63.1 633
98 242 244 246 248 24y 250 252 25X 254
973 969 977 985 993 %97 1,00 1010 1014 1,018
99 6,056 6,106 6.1%7 6,209 6,235 6,261 6313 6,339 6,366
995 24224 2442 24,630 23,836 24940 25044 25,253 25,359 25464
999 | 605,620 610,670 €15,760 620,910 623,500 626,100 631,340 633,970 636,620
2 .50 134 1.36 .38 .39 1.40 141 1.43 1.43 1.44
90 9.9 9.41 9.42 9244 9.4% 9.46 9.47 9.48 9.49
95 19.4 19.4 19.4 194 19.5 19.5 19.5 19.5 19.5
275 394 4 o4 194 39.5 393 39.5 39.5 m.s
99 994 394 99.4 9.4 9.5 vo.s 99.5 99 s 99.5
995 199 199 199 199 199 199 19% 199 200
999 Y994 Y994 9994 9994 9995 9995 999.5 9995 9.5
3 .50 1.18 1.20 1.21 1.23 1.23 1.24 1.28 1.26 1.27
90 5.23 5.2 5.20 518 514 57 513 5.14 513
95 B79 R.74 870 8.66 8.64 3.62 .57 .35 8.53
975 14.4 4.3 14.3 14.2 141 14.1 14.0 139 139
99 27.2 27.1 26.9 26.7 26.6 26.5 26,3 26.2 26.1
995 437 43.4 411 42.8 42.6 415 42.1 420 4.8
999 129.2 128.3 1274 126.4 1259 1254 1243 1249 123.3
4 50 111 1.3 L14 118 1.]6 1.6 L1& 1.18 1.19
.90 92 3.90 a7 3.84 3.83 382 i 178 3.76
95 5.96 5.91 3.86 3.40 5.77 3.8 5.09 5.66 5.63
97 B.84 8.75 8.66 8.56 8.51 B8.46 8.36 an 8.26
.99 14.5 144 14,2 14.0 3.9 13.8 13.7 13.6 1.5
J995 pIEY 20.7 20.4 20.2 200 19.9 19.6 19.5 19.3
999 Aa8.1 414 46,8 40.1 454 45.4 “u7 44.4 44.1
3 .50 L7 1.09 1.10 1.5l 112 112 114 1.4 s
S0 J.30 321 3.24 2 a9 a7 314 3a2 n
93 4.74 4.68 4.62 4.56 4.53 4.50 443 4.40 4.37
915 6.62 6.52 6431 6.33 6.28 6.23 6.12 6.07 6.02
99 10.1 .89 9.72 9.55 9.47 Y38 9.20 9.1l 9.02
993 13.6 134 131 12,9 12.8 12.7 124 §2.3 12,1
999 269 264 25.9 234 25.1 249 24.3 24,1 238
6 50 1.05 1.06 1.07 1.08 1.09 110 11 N2 112
.90 294 2.90 2.87 284 2.82 2.80 2.76 2,78 272
95 4.06 4.00 3.94 3.87 384 3.B1 J.74 .70 3.67
978 546 5.37 527 5.47 312 5.07 4,96 4.90 485
.99 7.87 7.72 2.56 740 7.31 2.23 2.06 6.97 6.88
995 10.2 10.0 2.81 9.59 9.47 9.36 9.12 9.00 8.88
999 18.4 13.0 176 171 16.9 26.7 16.2 16.0 13.7
7 .50 £.03 1.04 1.05 1.07 1.07 1.08 1.09 1.10 1.10
N 7 2.67 2,63 2.59 2.38 2.356 2,51 249 247
95 164 57 3.5t 344 A4 338 .30 127 3z
973 4.76 4.67 4.57 4.47 4,42 4.26 425 4.20 414
.99 6.62 6.47 6.31 6.16 6.07 3,99 5.82 3.74 5.65
995 8.38 8.18 7.87 7.75 7.65 7.53 7.31 712 7.08
999 4.1 13.7 13.3 12.9 2.7 125 124 11.9 11.7
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Table C-5 (Continued) Percentiles of the F Distribution

Numenator af
Den.
ar 4 1 2 3 4 5 6 7 8 [
8 .50 0499 0.757 0860 095 043 0971 0.988 1.0 101
90 146 3.1 2.92 2.31 2.73 2,67 2,62 2.59 2.56
9% 5.32 4.46 4.97 3.84 169 3.58 As0 144 3.9
975 7.57 6.06 342 5.05 4.82 4.65 4.33 4.4) 4.26
99 i3 865 259 70! 663 637 618 603 59
938 4.7 110 9.60 8,64 8.30 793 1.9 7.50 7.34
999 25.4 i3 15.8 144 13.8 129 124 120 118
9 50 04 074% 0852 0906 0939 0962 09578 099 1.00
90 3136 30 2.8 2.69 2.61 2.55 2.5) 2.47 44
95 512 4.26 3.86 3.6 148 3.37 3.29 32 .18
975 1.2 5N 5,08 4.12 448 4,32 4.20 4190 4.0
Rod 10.6 8.02 6.9% 6.42 $.06 5.80 5.64 5.47 5.35
993 1.6 10.) 8.72 7.96 747 713 6.88 6.69 6.54
999 229 164 139 12,6 1.7 Vi3 10.7 10.4 09
10 .50 0,490 0743 03845 0499 06932 0954 097 0.983 0992
50 329 2.9 2713 2,61 2.52 246 24 2.33 2.35
93 4.56 4.10 3N 348 33 3.22 34 3J.o? 3.02
973 6.94 346 4.83 447 424 4.07 3.95 1.85 3.78
99 10.0 7.56 6.55 599 31.64 5.9 520 5.06 4,54
995 12.8 9.43 8.08 7.33 6.87 6.54 6.30 6,12 5.97
999 2i0 14.9 12,6 13 10.5 293 9.52 9.20 8.96
12 .50 0484 0735 0.835 0.888 0,921 0,543 0939 0972 0981
50 218 2.8¢ 2,61 2.48 2.39 233 2.28 2.24 221
95 4.7% 389 .49 3.26 an .00 2.9 .85 2.0
975 635 5.0 4.97 4.2 1.89 373 3.60 asi 144
59 9.3} 6.9 5.95 341 $.06 4,82 4.64 4,30 4.19
995 1).8 8.51 7.2) §.52 6.07 5.76 .52 5.35 5.20
999 18.6 13.0 1.3 2.63 B.89 4,38 8.00 n 7.48
15 .50 0478 0726 0826 0878 0911 0933 0939 0950 09570
R 3.07 2.70 249 2.36 2,27 2.2} 2.16 232 2.09
93 4.54 3.68 3.29 .06 2.50 2,79 2m 2,64 2.39
975 6.20 4.17 4.13 3.80 3158 3.41 329 320 3412
99 8.68 6.36 5.42 4.89 4.56 4.32 4,14 4.00 3.49
995 10.8 7.70 6,48 5.30 3,37 50 4.83 4.67 4.54
.99% 16.6 1.3 9.4 B.25 1.5 7.9 674 6.47 6,26
20 .50 0472 0718 0K16 0868 0900 0922 0938 0950 0.959
90 2.97 2.59 2.38 223 2.16 2.09 204 2.00 1.96
85 4,33 3.49 .10 2.87 2.71 2,60 231 245 2.39
975 5.87 4.46 1.86 1.5 .29 3.43 3.0t 29 2.84
49 8.10 5.85 4.9 4.43 410 h 2.3 .70 356 3.46
.995 9.9 6.99 5.82 317 4.76 447 4.26 4.09 3.96
999 14.8 92.95 8,10 7.10 6.46 6.02 5.6% 544 5.24
24 50 0469 0714 0812 0863 0.898 0917 0932 0944 0953
.90 293 2.5 2.33 219 2.10 2 1.98 1.94 1.91
95 4.6 340 a0 2.78 2.62 2.51 242 2.36 2.3
9758 572 ‘4.32 3.2 3 s 299 2.87 278 2.70
99 7.82 5.61 4.72 4.2 90 167 3.50 3.6 326
995 9.53 6.66 5.52 489 4.49 4.20 399 3.8} 365
999 140 9.34 7.5 6.39 5.98 3.55 5.23 4.99 480
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Table C-6 {Continued) Percentiles of the F Distribution Table C-§ (Continued) Percentiles of the F Distribution

Numenntor &1
Den.
af 10 12 13 20 24 30 0 120 = De Numerator df
n.
8 102 103 104 LOS Lo 107 10 1 109
‘ 254 236 248 242 240 z.gg 234 232 229 a4 ! 2 3 4 5 6 ? 3 3
335 328 322 315 3 M 301 297 293
4.30 420 4.10 4.00 3.95 389 3.8 A7 3.67 30 .50 0466 0.709 0807 0.858 08% 0912 0927 0939 OME
5.%1 567 5.52 5.36 5.28 5.20 3.03 4.95 4.36 .90 288 249 228 214 2408 £.9% 1.93 1.88 1.85
721 701 68 &8I 6350 640 &I 65 595 95 417 332 292 249 253 242 233 227 2
J3o2 108 19S 103 100 9T 833 833 975 1 ss7 418 359 123 303 287 275 265 . 157
1.01 192 103 104 105 10S 17T 107 108 99 756 539 451 402 30 347 AN 31T 307
2.42 2.38 234 2.30 228 225 2.2 218 216 995 9.18 635 $.24 462 4.23 195 3.74 3.58 345
34 07 o 294 290 286 279 218 2T R 133 R.77 703 6.12 5.53 5.42 4.82 4.58 4,39
i L T T S A
536 511 4 ) : .63 . . 4.3
60 .30 0461 0,70] 0798 (849 088G 0901 0917 0828 0917
y Y X 73 5 548 . 3
ga2 em oo MR NS i i Gm S0 279 133 218 208 195 187 182 17! 174
95 4.00 3.5 2.7 2.5 2.37 2.2 217 210 2.04
; (1,(2‘ ’» (2)18 ‘1* .gz ; _93 ; .(llg ; .?Z ; (:? ng ; .g; 975 529 393 3.34 o 2,79 28 251 2.41 2.33
- o b ¢ " : - : o 99 7.08 498 4.13 3.6% 3.34 342 2495 2.82 mn
ER SO O S LR S A SR S A 4 995 | 848 580 473 44 376 149 328 303 3o
4485 4 4.56 4.41 4,33 4.2 5.08 4.00 3191 .99% 120 .77 617 531 4.76 4,37 4.09 .86 169
585 566 54T 827 &I7 507 A 475 464
875 8.45 8.13 1.80 7.64 7.47 112 6.94 6.76 120 .50 0458 04697 0793 0844 0875 089 0912 0923 09312
2,43 b A E 37 R .
osE o0 lol 102 103 103 Los o3 106 N O1In 3 dm o2e am 2w 20 vor 196
M e LS IS IS Do 2w 2m 2w 575 545 380 323 289 267 2% 13 230 2n
3137 3,28 348 3.07 102 2.96 2.85 2.79 272 59 6.85 4.79 195 348 37 296 279 2,66 2.56
: £ :f)f :‘7); zgg j-zg ::g’ :f; :-8]5 -::g 995 8.18 558 4.30 192 335 328 3.09 93 2.81
b 700 PR o et 6.09 576 S50 a2 999 14 7.2 578 4.95 442 4.4 n 355 3138
09717 0989 1.00 101 1.02 1.02 1.03 1.04 1.05 a 50 0.455 €693 0789 0339 080 0891 097 0918 0927
206 202 1.97 LY 1.50 1.47 1.82 1,79 1.76 90 bl 2.30 2,08 .94 1.85 1.7 1,22 1.67 1.63
gz: ;M %40 .33 ﬁ; gﬁ ; ; g § L;, 2-9“7) 95 3.8 300 260 237 2 240 201 194 188
3 36 86 276 . ¢ y - 2 975 502 369 Alz 2% 287 24 219 249 2H
MM IR IR O 3 . iN in 59 | 663 461 178 332 302 280 264 251 24l
608 581 554 5.25 540 485 464 448 43 995 7.B8 5.5 4,28 3.2 3.3 3.09 290 2174 2.62
.9%9 10.8 691 342 4.62 410 i 347 327 kR34
0966 0977 U9 100 1O Lot 102 103 103
194 LB L84 179 177 LIS 188 Lo EM
35 228 220 242 208 204 195 L90 184
277 168 2857 246 241 X33 222 246 209
337 133 g9 584 186 LI 261 252 242
385 368 330 33} 322 B42 0 292 281 169
S08 482 456 429 415 400  3I0 1M 338
0561 0972 05% 09% 100 10r 182 192 103
1.5 1,83 178 173 170 16T bl 157 153
2.25 2.8 Zn 2.03 1.98 1.94 1gd .79 .73
264 234 244 233 221 221 08 g 1.94
397 301 389 24 166 258 240 23 221
359 342 3325 06 297 287 L 235 143
464 439 414 IET 3T 359 329 34 297
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Table C.5 (Continued) Percentiles of the F Distribution

Numerator df

Den.

4 4 i0 12 i5 » 24 30 &0 20 o

30 .50 0955 0866 09578 0989 0994 100 1.0} a2 102
90 {82 177 1.92 1.67 1.64 .61 1.54 1.50 1.46
95 2.16 209 2.0 193 .. f.44 .74 168 1.62
575 2.51 241 2.3 2.20 2.14 2.097 1.94 1.87 1.7%
9 298 28 270 255 2.47 239 221 A3 2.0
995 33 3.18 3.01 282 233 .63 242 230 2.18
599 4.24 4.00 375 349 336 a2 .92 2.76 2.59

o .50 0945 0936 09367 0978 0.983 0989 .00 1.0§ 1.01
S0 Ln 1.66 1.60 1.54 1,51 148 140 135 129
95 1.99 1.92 1.84 1.78 1.70 1.65 1.53 1.47 1.3%
975 227 2417 2.06 1.94 1.88 1.82 1.67 1.58 1.48
99 263 .50 235 2.20 212 203 1.84 173 1,60
995 290 274 2.57 2.3% .29 219 1.96 183 1.69
999 354 332 308 283 2,69 2,55 225 2.08 1.8%

120 .50 6533 09% 0961 0972 0978 G933 0.9 100 .01
0 1.65 .60 1.5% 148 145 1.41 1.32 1.26 119
95 161 1.83 1.75 1.60 1,61 1.55 1,43 135 1.25
975 2,16 205 195 1.82 1.76 1.69 1.53 1.43 1.2
59 247 2.34 19 203 1.95 1.86 1.66 1.53 1.38
895 P3| 2,54 2.37 219 2.0 1.98 1.7% 1.61 1.43
.99% 324 3.02 218 23 240 226 1.9% 1.27 1.54

w .50 094 0545 08% 0967 0972 0578 0989 099 1.00
90 1.60 .55 149 1.42 .38 134 t.24 117 1.00
95 1.83 1.78 1.67 1.57 i.82 146 1.32 122 1.00
975 2.05 1.94 1.83 1.1 1.64 .57 139 1.27 1,00
kL 23 2,18 104 .88 [ ] L70 1.4) 132 1.00
295 2.52 2,36 219 200 190 1719 1.93 1.36 1.00
299 2.96 2.74 2.5t 227 213 1.99 1.66 1.45 1.00
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