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Question 1

Let A and Bbeeventsina ;Srobability space. The probability of event A is P(A) = 1/3 and
theconditional probability of B given A is P(BIA®) = 1/4. Find the probability that A or B
occurs.

(5 Marks)
Let E and F be two events for which the probability that at least one of them occurs is 3/4. Find
the probability that neither E nor F occurs.

(5 Marks) *
One tosses a fair coin twice. The two events of interest are: A = {first toss is a head} and B =
{secondtoss is a head}. Are A and B independent? And are they disjoint?

(5 Marks)
In a certain country it is established that 0.5% of the population suffers from a certain disease.
For this disease there exists a test that gives the correct diagnosis for 80% of healthy persons
and for 98% of sick persons. A person is tested and found sick. Find the pi'obabiiity that the
diagnosis is wrong, i.e. that the person is actually healthy.

»

(5 Marks)
Question 2

a) On January 28, 1986 the space shuttle Challenger exploded about one minute after the
launch. The cause of the disaster was explosion of the main fuel tank, caused by flames of
hot gas erupting from one of the solid rocket boosters. These rocket boosters are
manufactured in segments, joint together with O-rings. Each rocket booster has three O-rings
and per launch two rocket boosters are used, so in total six O-rings each time. Based on data
on the number of failed O-rings, available from previous launches, it was found that the
probability p that an individual O-ring fails depends on the launch temperature ¢ (in degrees
Fahrenheit) according to

exp(a + bt)

" 1+exp(a+ bt)
with @ = 5.085 and b = —0.1156. Hence, p increases with decreasing launch temperature.
At the time of the fatal launch of the Challenger, ¢+ was. extremely low: 31 degrees
Fahrenheit. Although the above formula is based on data for which ¢ > 50 degrees
Fahrenheit, let us use this formula also for ¢ = 31 degrees Fahrenheit.

Find the probability of at least one O-ring failing during the 1986 Challenger launch.
(8 Marks)

b) A machine fastens plastic screw-on caps onto containers of motor oil. If the machine applies
more torque than the cap can withstand, the cap will break. Both the applied torque and the
strength of the caps vary. The capping machine torque is a normally distributed random
variable with mean 0.79Nm and standard deviation 0.10Nm. The cap strength, being the
torque that would break the cap, is also a normally distributed random variable with mean
1.13Nm and standard deviation 0.14Nm. Assume that the cap strength and the applied torque
are independent.

Page 2 of 4



i.  What is the probability that a cap will break while being fastened by the capping
machine?
’ (5 Marks)

ii.  Let X be an exponentially distributed random variable with parameter A= 1/5. Find
the conditional probability P(x < 513 < x < 6).
(7 Marks)

Question 3

The random variable X is uniformly distributed on the interval (0, 1). Derive the PDF of the
random variable Y = —InX.Consider two independent random variables X,and X, , distributed
exponentially with A = 1. That is,

e *,x=0
0, otherwise

fr) ={

Calculate the PDF of X + X,.

(20 Marks)

Question 4

a) The random variable W is uniformly distributed on the interval (7, 2 ). What can you say
about E[sin(W)] and sin[E(W)]? Which one is bigger? And if they are equal, are they also
equal to zero?

A pulse of light has energy X that is a random variable with parameter 2, i.e., its PDF is

fx(x) = A2xe™**, for x> 0.
(8 Marks)
b) This pulse illuminates an ideal photon-counting detector whose output N is a Poisson-
distributed random variable with mean x when X = x, i.e., its conditional PMF is

n,—A4
Prix(nlx) = ——,forn=0,12, ...
Find E[N] and Var[N]
"~ (12 Marks)
Question S

(a) Suppose that the discrete random variable X has the probability function
P(X =x)=(1-6)1g, x=12,..

Show that X has moment generating function
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e'o
Mx(6) = 1=

'—'—eg‘(—m')‘, t<-I(1-8)

Hence show that the expected value of X is 1/8 and that the variance of X is (1 — )82

' (10 Marks)
(b) The random variable X has a Chi-squared distribution with k degrees of freedom
(k=1, 2, 3,...), which has moment generating function (mgf) m(t) = (1 -21)""ng fort< A,
4
i.  Using the m(t), find the mean and variance of X.
(5 Marks)
ii.  In the case k = 4, the probability density function is given by

1
f(x)-‘-zxe'l/z, x>0

Using integration, confirm that the mgf of the Chi-squared distribution with 4 degrees of
freedom is m(t) = (1 -21) for t < YA

L4

(5 Marks)
Question 6
Suppose two random variables X and Y have joint density function
fFxyv)=x+y)if0<x<1,0<y<1
a) Find the density function of X and the density function of Y.
(14 Marks)
'b) Are X and Y independent? Why or why not?
(6 Marks)

Question 7

X is a (continuous) uniform random variable on [0, 4]. Y is an exponential random variable,
independent from X, with parameter A = 2.

a) Find the mean and variance of X ~ 3Y.

(10 Marks)
b) Find the probability that Y > X.

(10 Marks)
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Table A-2 The cdf of the Z Distribution {the Z Table)
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Table A-2 (continued)

Numberin the
table represents
Pl
r OO0 O08F 602 UO3 O0OF Q06 006 067 QU8 on9
ob | 5000 5060 5080 5120 5180 519 §238 S8 538 5359
B | 586 538 578 B S 5588 5036 5675 5M4 583
62 | 578 532 58N S0 5548 5967 6026 6060 6103 6141
03 | BI78  EN7 G255 6203 331 B36E 6406 B3 6480 G517
04 | BS54 G55\ 8628 G664 670 7% 6172 BR0B 634 G679
05 | 5915 6850 5985 .19 0% 08 MBS N%W A
06 | 25 TR T3m 75T 7388 MDR2 54 486 517 549
€1 | 750 /I 7Bk 673 TV MK TR TR BB BS2
o8 | 7881 W10 7839 7967 795 8073 8051 8078 8106 M1
08 | M5 9188 212 8238 % 8289 6315 630 8385 g9
19 | 8413 3438 P45 8485 G508 6531 8SB4 &5 6599 882
11 | 8543 8965 M5B 6708 879 SM9 810 870 8810 880
12 | 8849 3859 BSB8  .0907 8625 4944 8962 .65R0 BIW 0I5
13| 8032 9049 9066 90X 0% M5 S ST N .M
14| ;@2 @07 S22 W% 95 865 S8 M 306 ;19
15 | o325 8357 Y0 B2 6334 406 9418 5425 ea4t
15 | 9452 083 MM 0Bl M 8805 @515 9525 953 8545
17 | 955¢ 9564 9573 9582 8501 9509  96DR 9616 9625 %
18 | 841 9549 56% 9664 9571 9678 9688 9603 9699 W06
18| 513 N8 WM 9B W S SN 6 9B 9I67
2| 9m S8 93 S8 OB 918 953 0B 9812 %17
21 | 821 .25 9830 9834 9838 9M47 9846 9850 9854  .98%)
22 | 8861 9664 9868 967V 9875 9878  .9BBY 9884 9887 .98
23 | 8393 .96% 9836 .90 8904 9906 .00 9911 8§13 9916
20 | S31B M0 . SIZ2 XS 987 86X 9931 GSW 9934 9936
25 | 8938 90 9941 9543 995 9546 5948 9349 W51 952
25 | 9953 9955 995 .9957 9955 9980 8961 9062 9963 9954
27 | 9965 9966 9957 9863 9960 9970 997 972 9973 9OM
28 | %97 995 8976 977 SR SR 9979 6979 - 9960 9381
31| 8990 801 8891 9981 9% 990 GO0 .99%2 8983  .99m
32 | 9963 .5993 9994 9954  99B¢ 9984 9994 9895 9995 9995
33 | 92995 9995 9995 999 9996 .99% 9996 9996  99% 9997
34| WY 9w 99W W97 99 9987 999 997 9997 9998
35 | 9% 9598 9998 9998 9998 9998 9938 9958 999 9998
36 | 99%5 9906 9999 9999  99%9 9999 9999 9999 9999  .9um
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t-distribution showing area to the right

e

dtp| 040 825 01e 045 8025 an 0.005 £.0005
1 | 0324920 | 1.000000 | 3.677684 | 6313752 | 1270620 | 31.82052| 63.65674 ] 636.6192
2 | 0288675 | 0.816497 | 1.885678 | 2919986 | 4.30265 | 6.96456 | 0992484 | 315981
3 | 0.276671 | 0.764892 | 1.637744 | 2353363 | 3.18245 | 454070 | 584091 12.9240
4 | 0270722 | 0740897 | 1.533206 | 2131847 | 277645 | 374685 | 460409 | 86103
5 | 0267181 | 0.726687 { 1.475884 | 2015048 | 2.57058 | 336483 | 403214 | 6.8688
6 | 0264835 | 0.777558 | 1.439756 | 1.943180 | 244691 314267 | 370743 | 5.9588
7 | 0263167 | 0711142 | 1414824 | 1894679 | 235462 | 299795 | 3.49948 | 54079
B | 0.251921 | 0.706387 | 1.396815 | 1.859548 | 230600 | 289646 | 335539 | 5.0413
9 | 0260855 | 0702722 | 1.383029 | 1833113 | 226216 | 2.82144 | 824584 | 4.7808
10 ; 0260185 | 0688812 | 1372184 | 1812481 | 222814 | 276377 | 3.16927 | 4.5868
11 | 0259556 | 0.697445 | 1.353430 | 1795885 | 220095 | 271808 | 3.10581 44370
12 | 0258033 | 0595483 | 1.356217 | 1.782288 | 2.17881 268100 | 3.05454 | 43178
13 | 0.258591 | 0593829 | 1.350171 | 1770833 | 216087 | 26503 301228 | 4.2208
¥4 | 0.258213 | 0692477 | 1345030 | 1761310 | 214479 | 262445 | 297684 | 4.1408
15 | 0.257885 | 0691197 | 1340606 ) 1753050 1 213145 | 260248 | 2.94671 40728
16 | 0257599 | 0630132 | 1336757 | 1745884 | 211991 258348 | 292078 | AR
17 ; 0.257347 | 0689195 | 1333378 | 1739607 | 210882 | 2.56693 | 2.89823 | 3.9651
18 | 0.257123 | 0588364 | 1.330391 | 1734084 | 210082 | 255238 | 287844 | 39216
19 | 0.256923 | 0567621 | 1327728 | 1.728133 | 208302 253948 | 2386083 | 3.88M4
20 | 0.756743 | 0586954 | 1325341 | 1724718 | 208596 | 252798 | 284534 | 3.8495
21 | 0.256580 | 0588352 | 1373188 | 1.720743 | 2.07961 251765 | 283136 | 38183
2z | 0256432 | 0685805 | 1321237 . 1717144 | 207387 | 250832 | 281876 | 3792
23 | 0286297 | 0.685306 | 1.319450 | 1.713872 | 2.06866 | 249987 | 280734 | 37678
24 | 0256173 | 0584850 | 1.317836 | 1.710882 | 206380 | 248216 | 279694 | 37454
25 | 0.256060 | 0.684430 | 1.316345 | 1708141 | 205354 | 248511 | 278744 | 3128
26 | 0.255855 | 0.684043 | 1314972 | 1705618 | 206553 | 247863 | 2778N 3.7066
27 | 0.255858 | G.683685 | 1.313703 | 1.703288 | 205183 | 247266 | 277068 | 36896
28 | 06255768 | 0.683353 | 1312827 | 1701131 | 204841 246714 | 276326 | 346739
25 | 0.255684 | 0.683044 | 1.311434 | 1699127 | 204523 | 246202 | 275639 | 3.6594
30 | 0.255805 | 0682756 | 1.310415 | 1587261 | 204227 | 245726 | 275000 | 36480
w0 | 0253347 | 0.674480 | 1.2B1552 | 1644854 | 135996 | 232635 | 257583 | 3.2908
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Table A-5 The F-Table
_ ]
d12/d0 1 2 ] 4 4 § 7 3 $ 1 7 ;] 2 % £ ] 60 120
1 | 1614476 1695000 ST 245827 T0AGIS 2309880 2367684 2308027 MOSAII 14817 2430050 2459499 2480131 MOOSIE 2500851 5L 2521987 2952
2 185128 160000 191843 192408 192954 1S326F 103532  IB3MG 153848 195958 WA4TIS 194281 1.AA5E  TR45H) 154624 1RAT07 1501 1049
3 01260 SBS2Y 428 IV 90i3s B840 BEBST  B0452 83123 R7BSS  97ME  BI029 86602  GEIE5  BAI6F 850 BN BS54
8 7086 85443 R59HE 63882 B25A1  SUA3Y BOBAZ  GOAI0 59888 BSBM SS117  BASM 58025 A1 SMSE SN AT LS
§ 65078  S786t 54085  S.0811  BO503 4503 4§75 ARYB3  AFIS ATIET  AGIIT 46188 4SEB1 45271 A4S A48 LB 43m
] SHETA SIS ATETY AS3I? AT 42%38 42087 L1488 40080  AS0F 38968 38381 A 38M5 2808 3AN 1MW 3I4
7 5514 4TI 43688 4123 38715 AS6K0 3780 AVST 36757 A635 3577 39107 3445 4105 1S 34 33082 3267
8 S3177 AAS0 40652 ABWS  A6E75  ASEOE 35005 2.438)  A38B1 3477 32839 22184 30503 3YI52 40784 2068 AB0S3 2966
8 G774 425 ABSW  AGIN 24817 AW . 3/Y A6 IR 31N 2079 20061 29308 20005 28897 28 LWMR2 W7
1% 49646 4I0ZB AV0R) 2470 A3/ 32172 A5 JOMT Q0208 24782 24130 28450 27780 27372 28996 25609 28211 2580
n 48443 39823 3sEM 33567 2030 30%48 20123 25480 28862 28535 27BME 27166 ZBAGK 268090  25M5 15M8 a0 2M8
7 47472 36863 34903 32687 AM0B5 29951 29134 28485 27064 275M  ZGB66 26169 2543 25085 24083 2488 2382 239
12 ASETZ 38056 54105 ALAIST B.0254 23153 2321 27668 27144 26710 28087 25331 24580 242 23803 23387 2236 2252
b1 46001 37389 23439 - AWz 29582 28477 27642 26867 26450 0 20022 25342 24530 23809 134 2@ 284 1
] AS431  ABE23 32874 30856 29013 ZT05 27086 26408 25876 1MW 24750 24034 232715 LZB8 22488 2a0A3 L1t 214
18 44340 36337 3238 L0083 28524 27413 26872 2551t 25377 24835 209 23521 L09% 22354 21338 29507 11688 2058
17 44513 35915 L1968 29G4 28100 26887 26143 25480 24843 24483 238307 2301 27304 2188 247 21080 20584 2010
® 48139 35548 20808 297 27128 AG813 25787 252 24563 2417 2D 2286 L1906 ZWET 2070 20628 20188 1988
1% 43007 3SN9 Q3204 28881 2MADY 26283 28435 24788 24227 L31T9 23080 22341 21555 201141 2EMZ 20264 19798 1.5%
20 43512 34828 30884 28661 209 25880 25140 24471 L3WR 23478 22775 22033 21247 10835 20391 18858 19444 1898
3] 43248  34GEF 30725 2841 26848 2572 2ABI8 24205 23060 2320 204 LIMT 20060 20540 20002 19685 1965 1,868
27 43009 34434 30491 28187 26613 25461 24838 23065 23419 22087 22258 108 20007 2071 19042 14380 1854 13:<.
5 42783 342 30280 27968 26400 25207 2Mn A 23201 2T 2203 27262 20476 0 20080 19805 19138 18848 1an2
| 42507 34028 30088 27783 2627 25082 24226 23551 23002 2247 2083 21077 20267 19838 18380  18W0  nM4M 1799
b2 2407 33852 29912 275H7 L6830 24904 24047 22371 22821 22365 20648 20889 20075 19643 1M192 1AM 1829 1768
% 4257 33890 29752 L7428 25958 24741 23883 23008 22655 2297 20478 20M6 18888 18456 19010 18531 1807 148
z 42100 33541 20604 27N 2570 245M0 23752 23058 22501 22040 21323 20558 18738 18299 1Esez 18381 7%t 1738
b ] 41960 33404 29487 1Y 25581 24453 22893 22413 22380 23900 21178 20411 19586 19M7 18687 15203 17889 113
29 41880 331 104 2TM4 15464 24334 20483 22783 2229 24768 21045 20075 1868 19005 18543 18055 1M 159
b 41708 33158 29223 26896 25008 24205 23383 22862 22 21846 208N 2018 1807 1887 18403 1JMB 176 1683
4 40847 3ZW7 28387 26060 285 23959 22490 21802 29240 207V 20635 19245 1RMS 1928 1244 16928 6373 157
) 40012 33504 27581 25252 23683 22841 21665 20970 20401 1993 114 18384 L7AS0 1001 16T 1543 153 1487
120 38201 0718 26807 24470 1NWH 24750 20868 20084 1S58 09005 1B 17505 18567 (608K LSMG MR 1A0 139




Table A-3 The Chi-Square Table
Numbers in the table represent Chi-syuare values whose area o the right equals
AR L T T Y
1| 271 384 502 664  7.88
2| 461 598 738 921 1060
3|62 782 935 135 1284
4| 778 843 114 1328 1486
5| 924 1107 1283 1508 1675
61065 1259 1445 1681 1855
701202 1407 1601 1848 2028
8133 1551 1754 2009 2196
91468 1692 1902 2167 2358
101588 1831 2048 BN 2518
111728 1968 2192 2473 2676
121855 2103 2338 2622 2830
13 1981 2236 2474 2763 29819
142106 2369 2612 2014 3132
15 | 2231 2500 2743 3058 3280
16 | 2354 2630 2885 3200 347
17 {2477 2759 3019 B4 k72
18 | 2599 2887 3153 3481 3116
192720 3014 3285 3619 3858
20 (2841 3141 3417 357 4000
21 | 2862 3267 3548 3693 4140
22 (3081 352 3678 4029 4280
733201 317 3808 4164 4418
24 (3320 3642 3936 4298 4556
25 (3438 3165 4065 4431 4693
2% | 3556 3889 4192 4554 4828
27 (3674 4011 4320 4696 4965
28 (3792 4134 4446 4828 5099
29 (3909 4256 4572 4959 5234
30 [4026 4377 4698 5089 5357
4 [5181 5576 5034 6380 6677
50 (6317 6751 7142 7615 7948
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