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QUESTION ONE. [10+ 10+ 5 marks] 

1.1 	 Discuss factor analysis and principal component analysis with respect to their properties. 

1.2 	 Discuss the methods ofprincipal component factor analysis to obtain the factors. 

1.3 	 Write the unrotated factor model using the following table. 

Component i Eigenvalue i Xl I X2 

Eigenvectors 

I X3 I ~ I Xs 

I 2.616 0.452 0.462 0.451 0.471 0.398 
2 1.532 -0.051 0.300 0.325 0.185 -0.377 
3 0.386 0.691 0.341 -0.455 -0.411 -0.179 
4 0.302 -0.420 0.548 -0.606 0.388 0.069 
5 0.165 0.374 -0.530 -0.343 0.652 -0.192 

QUESTION TWO. 	 [ 15 + 10 marks ] 

2.1 	 Suppose we have two groups, with 10 subjects in each group. The means for the two 
variables (Xl and X2) measures in group A are 10 and 7.5, while the means in group Bare 9 
and 9.5. The respective pooled sample variances are 9 and 4 for variables Xl and X2, while 
the pooled covariance is 4.2. Perform Hotellings' Tl test and also perform univariate t tests 
for each of these two variables at 5% level of significance. Compare the results. 

2.2 	 Suppose we have three variables in each of the 3 groups with sample sizes nA=3, nB=4 and 
nc=5. Let the sum of squares matrices are as follows: 

48.9230 25 17] 	 -15.1721.75] 
W = 25 24 17 , & T= -15.17 111.67 8.50 

[[ 17 17 14 	 21.75 8.50 16.25 

Compute Wilk's A statistics and use -l approximation to test the equality of population 
mean vectors. 

QUESTION THREE. 	 [10+4+3 +8marks] 

3.1 	 What is Principal component analysis (PCA) and states all important properties of PCA. 

3.2 	 State the four steps of the procedure for a principal component ,analysis. 

3.3 	 Consider the table given in Q1.3: 

a. How many components will you choose? Explain why. 

b. List those selected components and interpret those in terms oforiginal variables, Xi's. 

http:15.1721.75
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QUESTION FOUR. [4+5+5 +11 marks] 

The following tables are part of the complete output running SPSS for a set of multivariate 
variables; not necessarily from the same set of variables. Tables 1-5 are obtained running Factor 

Analysis and Tables 6-8 are from Discriminant Function Analysis: 


Table 1: Table 2: 


Component Matrix8 

Component Eigenvalues 
1 3.624 
2 1.657 
3 0.863 
4 0.491 
5 0.293 
6 0.044 
7 0.000 

Comconent 
1 2 3 4 5 6 

X1 .114 .902 .060 -.246 -.332 -.010 
X2 -.059 .912 .036 .232 .331 .022 
X3 .763 -.063 .349 -.489 .228 .009 
X4 .958 -.006 -.241 .003 -.023 .114 
X5 .973 .035 .043 .147 .009 -.165 
X6 .752 -.079 .533 .341 -.141 .060 
X7 .772 .041 -.626 .017 .003 .001 

ExtractIon Method: PrinCIpal Component Analysis. 
a. 6 components extracted. 

Table 3: Table 4: 

Rotated Component MatrlkComponent Matrix· 

Comoonent 
1 2 

X1 .114 .902 
X2 -.059 .912 
X3 .763 -.063 
X4 .958 -.006 
X5 .973 .035 
X6 .752 -.079 
X7 .772 .041 

Comconent 
1 2 

X1 .091 .904 
X2 -.083 .910 
X3 .764 -.044 
X4 .958 .018 
X5 .971 .060 
X6 .754 -.060 
X7 .770 .060 

Extraction Method: Principal Component Analysis. Extraction Method: Principal Component Analysis. 
a. 2 components extracted. Rotation Method: Varimax with Kaiser Normalizatio 

a. Rotation converged in 3 iterations. 

Table 5: 

Component Score Coefficient Matrix 

Component 

1 2 
X1 .017 .545 
X2 -.030 .550 
X3 .211 -.033 
X4 .264 .003 
X5 .268 .028 
X6 .209 -.043 
X7 .212 .030 

Extraction Method: Principal Component Analysis. 
Rotation Method: Varimax with Kaiser Normalization. 
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Table 6: 

Wilks' Lambda 

Test of Function(s) 
Wilks' 

Lambda Chi-square df Sig. 
1 through 3 

2 through 3 

3 

.031 

.483 

.799 

109.114 

22.894 

7.055 

21 

12 

5 

.000 

.029 

.217 

Table 7: 

Standardized Canonical Discriminant Function Coefficients 

Function 

1 2 3 
X1 1.061 .138 .026 
X2 -.165 -.215 -.153 

X3 -.161 .304 1.481 
X4 .036 -1.449 -1.390 
X5 .904 -2.608 -1.039 
X6 -.473 1.913 .510 
X7 -.371 2.190 1.599 

Table 8: 

Canonical Discriminant Function Coefficients 

Function 

1 2 3 
X1 .151 .020 .004 
X2 -.010 -.013 -.009 
X3 -.009 .017 .082 
X4 .003 -.131 -.125 
X5 .076 -.219 -.087 

X6 -.040 .161 .043 
X7 -.020 .116 .085 
(Constant) -5.498 .573 -.220 

Unstandardized coefficients 

4.1 	 How many factors will you choose if you wish to use factor analysis method? Explain your 
answer. 

4.2 	 How many factors will you get in your factor model from Table 2? List the last two 
equations of your model and compute their communalities. 

4.3 	 Suppose the same data were analyzed using with a restriction on the number of factors. 
How many factors were chosen in Table 3? List the first two equations of your model and 
compute their communalities. 

4.4 	 Write all the discriminant functions and test whether each of those are significant at 5% 
level of significance. 
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QUESTION FIVE. [ 1O+3+4+8marks] 

5.1 	 Defme the discriminant function analysis. Discuss the purpose of the discriminant function 

analysis. 

5.2 	 The following table shows the eigenvalues and corresponding eigenvectors OfWIB: 

Component Eigenvalue 
Xl I X2 

Eigenvectors 

I X3 I Xt 
1 
2 
3 

I 4 

0.437 
0.035 
0.015 
0.002 

-D.0107 
0.0031 

-D.0068 
0.0126 

0.0040 
0.0168 
0.0010 

-D.0001 

0.0119 
-D.0046 

0.0000 
0.0112 

-D.0068 
-D.0022 

0.0247 
0.0054 

a. 	 How many groups and variables were considered in this problem? 

b. 	 List all the canonical discriminant functions. 

c. 	 Assuming that the ith sample size, nj = 30 for all i = 1,2,3,4, 5; test whether each of these 
functions varies significantly from group to group. 
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TABLE A.l Percentiles of the I Distriblltion 

Bnlry is I(A; )I) where p{t(v) :Ii teA; vH ~ A 

teA; II) 

II 


.60 .70 .so .U .90 .91 .97j
" 

I 

2 

J 

4 

.5 


6 

7 

8 

9 


10 


II 

12 

13 

\4 

I:! 

16 

17 

18 

19 

20 


2\ 

22 

23 

201­
2S 

26 

27 

28 

29 
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40 

60 


120 


0.315 
0.289 
0.2TT 
0.271 
0.267 

0.26' 
0.263 
0.261 
0.261 
0.260 

0.260 
0.2.59 
0.159 
0.2.58 
0.2.58 

0.2.58 
0.2.57 
0.151 
0.2.57 
0.2.51 

0.2.57 
0.H6 
0.2.56 
0.2.56 
0.2l6 

0.2.56 
0.156 
0.156 
0.156 
a.H6 

O.H' 
0.H4 
0.2.54 
0.2.53 

0.727 
0.617 
0.514 
0.,569 
0 . .559 


0 . .553 

0.549 
0.546 
0 . .543 

0 . .542 


0."40 
0.5]9 
iU37 
0.537 
0.,536 

Q.ns 
0.S]4 
0."34 
0.533 
0."33 

0.'32 

0 • .532 

0.S31 

0.531 
0.531 

0.531 
O.Sll 
D.no 
0.S30 
0.530 

0.529 
0.n7 
0.526 
0.524. 

l.376 
1.061 
0.918 
0,941 
0.920 

0.906 
0.896 
0.889 
0.883 
0.879 

0.876 
0.873 
0.870 
0.868 
O.B66 

D.86S 
0.863 
0.862 
0.861 
0.860 

0.1.59 
0.8.58 
a.BS8 
0.8.51 
US6 

0.8.56 
0.8.5" 
0.853 
0.854 
0.SS4 

o.m 
0.848 
O.84S 
0.142 

1.963 
1.386 
1.2jO 
1.190 
1 • .,6 

LIJ4 
1.119 
1.108 
1.100 
1.093 

1.081 
LOll 
1.079 
1.076 
1.074 

1.071 
1.069 
1.067 
1.066 
1.064 

L063 
U161 
1.1'60 
1.039 
t,058 

1.05S 
1.0" 
1.056 
I.OS5 
1.055 

I.osa 
1.00S 
1.041 
1.036 

3.078 
\.B86 
I.till 
Llll 
1.476 

1.440 
1.411 
1.391 
1.383 
1.372 

1.J61 
1.356 
1.3l0 
1.345 
1.341 

1.337 
1.313 
1.310 
1.328 
1.3H 

I.JD 
1.321 
1.319 
1.318 
1.316 

1.31S 
1.314 
1.313 
Llil 
1.110 

1.303 
1.296 
1.289 
1.282 

6.314 
2.920 
2.3Sl 
2.1l2 
2.013 

1.943 
1.8" . 
1.860 
1.833 
1.&12 

1.796 
1.712 
1.711 
1.761 
1."3 

1.746 
1.740 
1.734 
1.729 
1.125 

1.721 
1.717 
1.714 
1.711 
1.708 

1.706 
1.703 
1.701 
1.699 
1.697 

1.684 
1.671 
1.6S8 
I.64S 

11.106 
4.)03 
3.182 
2.776 
2.'71 

2.447 
1.36' 
2.306 
2.262 
2.228 

2.201 
2.179 
1.160 
2.145 
2.111 

2.120 
2.110 
2.101 
2.093 
2.086 

2.0BO 
2.074 
2.069 
2.064 
2.060 

2.0~6 
2.0S2 
2.04' 
2.04S 
2.042 

2.02\ 
2.000 
1.980 
1.960 

1'.1' 

.;i~ 
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TABLE A.2 (conclud,d) Percentiles of the I Dislribution 
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18 
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23 
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40 
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120 


1:I.89S 
4.849 
3.482 
2.999 
2.1,51 

2.612 
UI7 
2.449 
2.398 
2.J59 

2.328 
2.101 
2.282 
2.264 
2.249 

2.23:1 
2.224 
2.214 
2.20l 
2.197 

2.189 
2.183. 
2.177 
2.112 
2.161 

2.t62 
2.1S1 
2.1.54' 
2.150· 
2.147 

2.123 
2.099 
1.076 
2.054 

21.20S 
S.643 
3.896 
3.298 
3.001 

2.829 
2.715 
2.634 
2.S74 
1';27 

2.491 
2.461 
2.436 
2AU 
2.]97 

2.]82 
2.368 
2.3.56 
2.346 
2.]]6 

2.328 
2.320 
2.113 
2.307 
2.]01 

2.296 
2.291 
2.286 
2.212 
2.278 

2.250 
2.22] . 
2.196 
2.170 

11.821 
6.965 
4.541 
3.147 
3.365 

3.143 
2.998 
2.896 
2.821 
2.764 

2.118 
2.681 
2.650 
2.624 
2.602 

2 . .581 

2.567 
US2 
2.D9 
2.S28 

2.S18 
2.S08 
2,SOO 
2.492 
2.48S 

1,419 
2,413 
2.467 
2.462 
2.4p 

V12] 
2.390 
2.3" 
2.326 

42.4]4 
8.013 
5.047 
4.088 
3.634 

3.]12 
3.201 
M8S 
2.998 
2.932 

2.879 
2.B36 
2.801 
2.771 
2.746 

2.724 
2.1!l6 
2.689 
2.614 
2.661 

2.649 
2.639 
2.629 
2.620 
2.612 

2.605 
2.598 
2.S92 
2.586 
2.SRI 

2.542 
2.504 
2.468 
1.4]2 

63.651 
9.925 

5.841 

40604 

4.012 


].707 
3.499 
3.US 
1.2S0 
3.169 

3.106 
J.05S 
3.012 
2.977 
2.947 

2.921 
2.898 
2.818 
2.861 
2.845 

2.8] I 

2.819 
2.807 
2.191 
2.781 

2.779 
2.771 
2.163 
2.756 
2.750 

2.704 
2.660 
2.617 
2.n6 

I27.ll2 
14.089 
l.4S] 
5.:198 
4.773 

4.]11 
4.029 
].8]) 

1.690 
].581 

1.491 
3.428 
].312 
].Jl6 
3.286 

].152 
1.222 
].191 
].114 
].U] 

3.13.5 
3.119 
3.104 
3.091 
3.078 

].061 
3.057 
J.047 
3.038 
J.O)O 

2.~71 
2.91.1 
2.860 
2.807 

616.S9O 
]U98 
12.924 
8.610 
6.869 

5.959 
5.408 
S.041 
•.781 

4.587 

4.431 
4.]18 
4.221 
4.140 
4.01] 

4.0U 
1.96:1 
1.922 
].883 
3.849 

].BI9 
3.792 
3.768 
1.74S 
].12S 

1.707 
3.690 
3.674 
3.659 
3.646 

3.SSI 
3.400 
3.37] 
3.291 
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TABLE A.3 	 Percentiles of the X' Distribution 

I' 

I 
2 
3 

, 4 

6 
7

•
9 

10 
II 
11 
Il 
14 

U 
16 
17 
II 

I' 

20 
21 
22 
21 
24 

21 
26 
27 
21 
29 

30 
40 
jO 
60 

70 
80 
90 

Entry is xl(A: v) whulS p{xl(V) S Xl(A: vH "" II. 

A 

.010 .100 .900 .930 •91' .990 .993.00' .02' .0'0 

$Qoorre: II.cp<l.III<I. wllh pennl..IOII. (ro.. C. M. Thamp."". ''1IIbhl or P.......r. PollII' of !he CIt...S"" .... 
Oll";INdo.... BI_lrig 11 (1941). JIll. III-a,. 

0.0'391 0.01 1~7 0.0'981 0.0'19J 0.0138 
0.0100 0.0201 0.0.506 0.101 0.211 
0.072 0.11.5 0.216 0.]'2 0.S84 
0.207 0.291 0.484 0.711 1.064 

0.412 0.SS4 0.831 1.14' 1.61 
0.676 0.872 1.24 1.64 :Z.20 
0.989 1.24 1.69 l.17 l.8J 
1.]4 l.6.5 l.18 2.11 1.49 
1.13 2.09 2.70 1.33 4.11 

2.16 2.l6 J.2S l.94 4.87 
2.60 1.Ol 1.82 4 . .n .U8 
].07 1.'7 4.40 Ul 6.30 
3.l7 4.11 .5.01 5.119 1.04 
4.07 4.66 M3 6.l1 7.19 

4.60 U3 6.26 7.26 ••5j 
..5.14 5.81 6.91 7.96 9.31 
l.70 6.41 1 • .56 ••61 10.09 
6.26 1.01 8.23 !I.19 IU6 
6.84 7.61 8.9\ 10.12 11.61 

7.41 B.26 9.$9 10.n 12.44 
B.01 8.90 10.28 11..59 11.24 
8.64 9.$4 10.98 12.14 14.04 
9.26 10.20 11.69 11.09 14.81 
'-89 10.86 12.40 !l.Bl 1$.66 

10.l2 11.12 !l.11 14.61 16.47 
11.16 12.10 11.84 1$.18 11.29 
11.81 12.U 14.17 l6.ll 18.11 
12.46 13•.56 !!I.11 16.93 18.94 
1l.11 14.26 IUS 17.71 19.77 

B.79 14.91 16.79­ 18.49 20.60 
20.11 22.16 24.41 26 • .51 29.0l 
27.99 29.71 32.36 34.16 37.69 
Ull 37.48 40.41 43.19' 46.46 

3.18 
1.11 

4'.44 
,J.j4 

48.76 
17." 

'1.74 
60.19 

'U1 
64.28 

S9.20 61.7l 6U5 69.11 73.29 
7.11 70.06 74.22 17.93 82.36 
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TABLE A.4 	 Percentiles of the F Distribution 

Enlry is F(II.; "'. I'J) when: P{F(lIh I'J) S F.(A; "'. I-'J)} ... A 

11 If ••,....t 

II Fl."": Vh v.)_FlI-Aa...." .. .-~ 

1 L 

H:' , 

'}\'1.;dil;.. 

2.71 
UI 
6.2.5 
1.78 

9.24 
10.64 
12.02 
1l.36 
14.61 

1$.99 
17.28 .."" 
19.81 
21.06 

22.31 
23.l4 
24.77 
2U9 
27.20 

28.41 
29.61 
10.81 
12.01 
n.20 

34.18 
]'.'6
36.74 
11.92 
39.09 

40.26 
~t.81 
63.17 
74.40 

US3 
96.11 

IOU 
118.~ 

3.84 
5.99 
7.81 
9.49 

11.01 
12..59 
14.01 
tUI 
16.92­

llI.ll 
19,68 
21.0] 
22.36 
n.68 

U.OO 
26.10 
lUg 
28.81 
30.14 

31.41 
32.67 
ll.92 
3'-17 
16.42 

31.6..5 
lB.89 
40.11 
41.34 
42..56 

43.77 
U.16 
67•.50 
79.08 

9O.l] 
101.9 
Ill.1 
124.3 

.5.02 
1.38 
9.1l 

11.14 

12.11 
IUl 
16.01 
11..53 
19.02 

20.48 
21.92 
23.]4 
24.74 
26.12 

27.49 
28." 
30.19 
31.l] 
1l.U 

14.17 
lUI 
16.71 
18.08 
39.16 

40.65 
41.92 
43.19 
44.46 
4.5.72 

46.98 
.$9.34 
71.42 
83.30 

9'.02 
106.6 
IIB.1 
129.6 

6.63 
9.21 

ILl4 
Il.lS 

U.09 
16.81 
11.48 
20.09 
:Z1.61 

21.21 
24.73 
26.21 
27.69 
29.14 

30..58 
32.00 
31.41 
34.81 
16.19 

lU1 
lUl 
40.29 
41.64 
42.98 

44.31 
4l.64 
46.96 
48.28 
49.'9 

jO.89 
6J.69 
76.11 
88.38 

100.4 
112.3 
124.1 
11U 

7.88 
10.60 
12.84 
14.86 

16.7, 
IB.n 
20.28 
21.96 
13.59 

2'.19 
26.76 
28.30 
29.B2 
31.32 

\ 
32.80 
]4.21 
3.5.12 
31.16 
18.n 

40.00 
41.40 
42.80 
44.1S 
4U6 

46.93 
48.29 
49.64 
JO.99 
n.14 

U61 
66.77 
79.49 
91.9l 

104.1 
116.1 
12B.3 
140.1 100 
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Nu ........ lat df 
 NUl1U!rator dr 
Den.OlIn. 

2 3 4 5 6 7 8 9 d( ,4
1 
 10 12 Jj 20 24 JO
d( A 60 120 a:: 


2.04 2.07 1.09 2.111.00 I.,ID 1.71 1.82 1.89 1.94 1.98 2.00 2.03 1 .50
I .,ID 2.11 2.15 2.17 2.18 2.20 
39.9 49.' 51.6 UB ".2 58.2 '8.9 '9.4 '9.9 .90 
 60.2 60.1 61.2 61.7 62.0.90 
 62.1 61.8 61.1 63.3 
161 200 216 230 234 231 139 241 .95 
 242 244 246 248 249 250 251
.9' 21' 253 214


969 917 985 993 997
64. 800 864 900 922 937 948 9'7 96) .971
.911 
 1.001 1.010 1,014 I.OIB 
4,0'2 '.000 l,4OJ ',625 '.764 5.859 5.928 1,9BI 6,022 .99
.99 
 6.056 6.106 6.1$7 6,109 6,nS 6,261 6.1/3 6.)}9 6.366 

16,211 20,000 21,61l 22.'00 23,0'6 23,437 23,715 23.92' 24,09\ 24.224 ~4,426 24.630 24,836 24,940.99'.9" H,044 2'.2'1 25.Jj9 1',464
.999
4Ol,280 lOO,ooo .540,380 $62.,00 $76,400 18',940 .591,870 598,140 602.2BO.999 
 60'.620 610,610 615,160 620,910 613.'00 616,100 611,140 6)3,970 616,610 

0.661 1.00 1.1l 1.21 1.2' 1.28 1.10 1.32 l.l3 2 .50 
 1.l41 .'0 1.36 1.1H t.J9 1.40 1.41 1.4) 1.43 1.44
.90
8.53 9.00 9.16 9.24 9.29 9.33 9.J' 9.31 9.18 9.39 9.41 9.44.90 
 9.42 'lAS 9.46 9.47 'l.48 9.49 

18.' 19J1 19.2 19,2 19.3 19.] 19.4 19.4 19.4 19.4 19.4 19.4 19.4.9' /9.' 19.5 19..1 19.5 19.5."
18.' 39.0 J9.2 39.2 39.3 n.) 39.4 39.4 3904 
 .975 
 39.4 311.4 39.4.97' 39.4 39.' 39•.5 39.' 39 • .1 )9.5

98.' 99.0 99.2 99.2 !l9.3 99.3 99.4 99.4 99.4.99 
 .99 
 99.4 99.4 99.4 99.4 9!U 99.5 99 . .1 99.5 99 . ..1
199 .
199 199 199 199 199 199 199 199 
 ,995 199 199 199 199 199 199 199
.99' 199 200


998.' 999.0 99U 999.2 999.3 999.3 999.4 999.4 999.4 .999
.999 
 999.4 999.4 999.4 . 999.4 999 . .1 999.5 999.5 999.' 999.' 

0.38' 0.881 1.00 • 1.06 1,10 I.ll I.U 1.16 1.17 1 .,03 .50 
 I. 18 1.20 1.21 1.13 1.23 1.24 1.2.! 1.26 1.21
.90
.90 
 '.54 '.46 '.39 l.l4 .:J.ll '.28 '.27 '.2' '.24 5.U 5.22 UO '.IS 5.18 .1.11 '.14 5.13'.U10.1 9.H 9.28 9.12 9.01 8.94 B.89 S.U B.81.9l .95 
 8.79 8.74 8.10 8.66 8.64 U2 8.51 I . .!l8.." 17.4 16.0 IJA l.1.1 14.9 14.7 14.6 14.' 14.' .975
.975 
 14.4 14.1 14.3 14.2 /4.1 14.1 14,0 13.9 1).9

34.1 10.8 29.' 28.7 28.2 27.9 27.1 27,J 27.3 .99
.99 
 17.2 27.1 26.9 26.7 26.6 26,126.' 26.2 26.1
H.6 49.8 47.' 46.2 4$.4 44.S 44.4 44.1 43.9 .9'1'.99' 41.1 43.4 43.1 42.8 42,6 41.5 42.1 42.0 41.8

167.0 14B.' 141 •.1 1l7.1 134.6 132.8 131.6. 1)0.6 129.9 .999
.999 
 /29.,2 12U 127.4 126.4 12'.9 lilA 124.' 124.0 123.5 

0.'49 0.828 0.94\ 1.00 1.04 1.06 1.08 1.09 1.104 .'0 .t .'0 1.11 1.ll 1.14 I.U 1.16 1.16 1.18 1.18 1.19 
4.'4 4.n 4.19 4.11 4.0J 4.01 3.98 J.9' 1.94 .90 
 3.92 1.90 l.Sl.90 
 3.84 1.83 3.82 3.79 1.78

'.77 3.16
,911.71 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00.95 
 .!.96 5.91 ..1.86 .1.80 l.7S '-69 5.66 -'.63

12.2 10.6 9.98 9.60 9.36 9.20 9.07 B.98 B.90 .915
.97l U4 8.75 8.66 1.'6 8 .. '1 8.46 8.36 8.11 8.26
'.9921.2 18.0 16.7 16.0 U., 13.2 15.0 14.8 14.7 14.5 14.4 14.2 14,0 Il.9 1l.8 Il.l 13.6.99 
 n.5

ll.J 26.3" 24.1 23.2 22.' 22.0 21.6 21.4 21.1 .995 
 2/,0 20.7.993 
 20.4 20.2 20.0 19.9 19.6 19.' 19.3
74.1 61.2 56.2 51.4 lI.7 lO.oS 49.7 49.0 48.' .999
.999 
 48.1 47.4 46.8 46.1 45.8 45.4 44.7 44.4 44.1 

0.l2B 0.799 0.907 0.96' 1.00 1.02 1.04 1.05 1.065 .50 
 5 .lO 1.07 1.09 LID 1.11 1.12 1.12 1.14 1.14 1.15
4.06 1.78 l.n l.n lA1 lAO 3.17 3,34 3.)2 .90 
 J.3O 1.27 3.24.90 
 3.21 l.19 1./1 3.14 1.12 ).11
6.61 '.79 5,41 '.19 5.0' 4.93 4,88 4.B2 4.77 .9J.95 
 4.74 4.68 4.62 4.'6 4.53 4.'0 4.43 4.40 4.J7
10.0 8.43 7.76 7.39 7.15 6.9B 6.85 6.76 6.68.975 
 .97S UZ 6.52 6043 6.33 6.28 6.21 6./2 6.07 6.02
16.3 Il.l 12.1 11.4 11.0 10.1 10-' 10.3 10.2.99 
 .99 
 10.1 9.89 9.12 9.55 9.41 9.38 9.20 9.1 I 9.02
22.8 11.1 16.' 15.6 14.9 14.' 14.1 14.0 Il.8 .99J 1l.6 11.4 Il.l 12.9 12.8.99' 12.7 12.4 12.3 12.1
47.2 31.1 l3.2 31.1 29.8 28.8 28.2 27.6 27.2.999 
 .999 
 26.9 2604 25.9 25.4 25.1 24.~ 24.3 24.1 23.8 

0.180 0.886 0.942 0.977 1.00 1.02 1.0l 1.04 '1.0,6 .50 
 6 .50
0.'1' 1.06 1.07 1.08 1.09 1.10 1.11 1.12 1.12 
~ .90
1.78 1.46 3.29 3.18 l.1I 3.05 1.01 2.98 2.96.90 
 2.94 2.90 2.87 2.84 2.82 2.80 2.16 2.74 2.725.99 l.14 4.76 4.n 4.39 4.2S 4.21 4.1' 4.10.95 
 .95 
 4.06 4.00 1.94 3.87 3.84 3.81 3.14 3.70 3.67

8.81 7.26 6.60 6.21 l.99 '.82 1.70 UO 5.52.915 
 .975 
 5.46 '.31 '.27 5.17 S.12 :f.Ol 4.96 4.90 4.85
13.7 10.9 9.18 .9 • ., 8.75 8.47 B.16 8.10 7.98.99 
 .99 
 7.87 7.12 7.56 'l 7.40 1.31 7.21 7.06 6.97 6.8818.6 14.' 12.9 12.0 11-' 11.1 10.8 10.6 10.4.99l .995 
 10.2 /0.0 9.BI 9.l9 9.47 9.36 9.12 9.00 8.88 
1'.' 27.0 2).7 21.9 20.8 20.0 19.' 19.0 18.7.999 
 ,999 18.4 18.0 17.6 17.1 16.716.9 16.2 16.0 15.7 

0.'06 0.767 0.811 0.926 0.960 0.983 1.00 1.01 1.02 1.01 1.04 LOJ7 .'0 7 .'0 1.07 1.07 1.08 1.09 LID 1.10
U9 3.26 1.07 2.96 2.88 2.83 2.78 l.7, 2.12 ,90.90 
 2.10 2.61 2.63 2.'9 2.n 2.56 2,,. 2.49 2.47

4.74 4.1' 4.12 1.97 1.87 3.79 1.1l 3.68.95 
 .95 
 3.64 1.17 3.51 3.44 1.41 1.38 J.3O 3.27 1.23,."
8,07 6.J4 l.89 U2 '.29 '.12 4.99 4.90 4.82.9n ,975 4.76 4.67 4.51 4.47 4.42 4.36 4.2' 4.20 4.14
12.2 9 • .5' 8.4' 7.8.5 1.46 7.19 6.99 6.84 6.12.99 
 .99 
 6.62 6.47 6.3/ 6.16 6.01 5.99 5.82 '.74 M'16.2 12.4 10.9 10.1 9.n 9.16 8.89 8.68 8.".995 
 .995 
 8.J8 8.11 7.97 7.75 1.6J 7.'3 1.31 7.19 7.08
29.2 21.7 IU 17.2 16.2 1.l..:J Jj.O 14.6 14.3.999 
 .999 
 14.1 fl.7 13.3 12.9 12.7 12" 12.1 11.9 11.1 

II]] 

iffi1i 
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TABLE A.4 (iCllIlJiIlUlld) Pereentiles of tbe F Distribulion TABLE A.4 (continued) Percentiles of tbe F Distribution 

Dcn. 
d( 4 

HumeraLor di 

2 4 6 7 9 

8 .50 
.90 
.9.:1 
.91' 
.99 
.99J 
.999 

l! .'0 
.90 
.9S 
.975 
.99 
.99' 
.999 

10 •.so 
.90 
.95 
.91S 
.99 
.99' 
.999 

12 .50 
.90 
.9.5 
.91' 
.99 
.99.5 
.999 

U ..so 
,90 
.9S 
.975 
.99 
.995 
.999 

20 .SO 
.90 
,9S 
.97S 
.99 
.99S 
.999 

24 .SO 
.90 
.95 
.915 
.99 
.99S 
.999 

0,499 
3.46 
5.31 
7:57 
11.1 
14.1 
25.4 

0.494 
1.16 
'.12 
7.21 
10.6 
13.6 
22.9 

0.490 
3.29 
4.96 
6.94 
10.0 
12.8 
21.0 

0.484 
1.t8 
4.75 
6.SS 
9.11 
11.8 
18.6 

0.478 
3.07 
4.54 
6.20 
8.68 
10.8 
16.6 

0,472 
2.97 
4.H 
l.1I1 
8.10 
9.94 
14.8 

0.469 
2.93 
4.26 
S.72 
7.12 
9.55 
14.0 

0.1S7 
1.11 
4.46 
6.06 
8.6S 
11,0 
II.S 

0.149 
1.01 
4.26 
5.71 
8.02 
10.1 
16.4 

0.743 
2.92 
4.10 
M6 
7.56 
9.43 
14.9 

0.7H 
2.81 
1.89 
S.IO 
6.91 
UI 
!l.0 

0.726 
2.70 
3.68 
4.77 
6.36 
7.10 
11.1 

0.718 
U9 
3.49 
4.46 
l.U 
6.99 
9.95 

0.714 
2.S4 
1.40 
4.32 
S.61 
6.66 
9.34 

0.860 
2.92 
4.07 
5.42 
7.S9 
9.60 
U.8 

0.U2 
2.81 
3.86 
5.08 
6.99 
8.72 
11.9 

0.8fS 
2.71 
1.71 
4.83 
6 • .s.s 
8.08 
12.6 

0.8H 
2.61 
3.49 
4.47 
S.9S 
1.13 
10.8 

0.826 
2.49 
3.29 
4.1' 
5.42 
6,48 
9.14 

0.816 
2.l8 
3.10 
l.86 
4.94 
3.82 
11.10 

0.812 
2.]3 
3.01 
J.72 
4.72 
l.n 
7.S' 

0.91$ 0.948 
2.11 2.71 
1.84 3.69 
J.05 4.12 
7.01 6.63 
8.81 •• 30 
14.4 13.' 

0.906 0.919 
2.69 2.61 
1.63 1.48 
4.72 4.48 
6.42 6.06 
7.96 7.47 
12.6 11.7 

0.899 0.932 
2.61 2..,2 
1.48 l.ll 
4.47 4.24 
'.lIP 3.64 
1.]4 6.87 
11.1 10.' 

0.888 0.921 
2.48 2.19 
3.26 1.11 
4.12 3.89 
MI 5.06 
6.n 6.07 
9.63 8.89 

0.878 0.911 
2,l6 2.27 
3.06 2,90 
l.80 l.'8 
4.89 4.'6 
S.!O S.17 
8.2l 7.37 

0.868 0.900 
2.2S 2.16 
2.117 2.71 
1." 3.29 
4.43 4.10 
S.17 4,76 
7.10 6.46 

0.863 0.89S 
2.19 2.10 
2.78 2.62 
3.n l.ll 
4.22 J.90 
4.89 4.49 
6." l.98 

0.971 
2.67 
l.S8 
4,65 
6.37 
1.95 
12.9 

0.96'­
2.53 
1.37 
4.11 
5.80 
1.11 
11.1 

0.954 
2.46 
1.22 
4.07 
'-39 
6.S4 
9.91 

0.943 
2.11 
3.00 
1.7l 
4.82 
'.76 
8.38 

o.m 
2,21 
2.79 
1.41 
4.32 
'.07 
7.09 

0.922 
2.09 
2.60 
3.13 
3.87 
4,47 
6.02 

0.917 
2.04 
2.51 
2.99 
3.67 
4.20,." 

0.988 
2.62 
3 . .:10 
4.H 
6.18 
1.69 
12.4 

0.978 
2.S1 
1.29 
4.20 
S.61 
6.88 
10.7 

p.911 
2.41 
1.14 
1.95 
DO 
6.]0 
9.S2 

0.9'9 
2.28 
2.91 
1.61 
4.64 
S.52 
8.00 

0.949 
2.16 
2.71 
3.29 
4.14 
4.8S 
6.74 

0.918 
2.04 
2.s! 
1.01 
3.70 
4.26 
S.69 

0.932 
1.98 
2.42 
2.87 
1.50 
1.99 
S.23 

1.00 
1.$9 
3.44 
4.41 
6.01 
1.S0 
12.0 

Q.1I9O 
2.47 
3.21 
4.10 
'.47 
6.69 
lOA 

M81 
2.18 
3.07 
1.U 
.s.o6 
6.12 
9.20 

0.972 
2.24 
2.8S 
J..s1 
4 • .s0 
5.H 
7.11 

Q.960 
2.12 
2.64 
3.20 
4.00 
4.67 
6.47 

0.9S0 
2.00 
2.4S 
2.91 
3..56 
4.09 
l.44 

0.944 
1.94 
2.36 
2.78 
3.36 
3.U 
4.99 

1.01 
2.S6 
3.39 
4.16 
UI 
1.34 
11.8 

1.00 
2.44 
1.18 
4.01 
S.l' 
6.'4 
10.1 

0.992 
U, 
J.02 
1.71 
4.94 
$.97 
8.96 

0.981 
2.21 
2.80 
1.44 
4.39 
5.20 
7.48 

0.970 
2.09 
2.59 
3.12 
3.89 
4."4 
6.26 

0.9"9 
1.96 
2,19 
2.84 
3.46 
3.96 
l.24 

0.953 
1.91 
2.30 
2.70 
3.26 
3.69 
4.80 

Ocn. 
df .1 

Numeralor df 

10 12 IS 20 24 JO 60 120 00 

8 .SO 1.02 1.01 1.04 1.0.'1 1.06 1.07 1.08 1.08 1.09 
.90 2.54 2.50 2.46 2.42 2.40 U8 2.14 2.ll 2.29 
.9S U5 1.28 3.22 1.1S 3.12 1.08 1.01 2.97 2.93 
.97$ 4.10 4.20 4.10 4.00 1.95 1.89 1.78 3.n 1.67 
.99 5.81 $.67 U2 S.16 US .1.20 S.03 4.9S 4.86 
.99S 1.21 1.01 6.81 6.61 6.50 6.40 6.18 6.06 5.9S 
.999 11.$ 11.2 10.8 10•.'1 10.1 10.1 !I.n 9.'3 9.J3 

9 .SO 1.01 1.02 1.03 1.04 1.05 I.OS 1.07 1.07 1.08 
.90 2.42 2.38 2.34 2.l0 2.28 2.25 2.21 2.18 2.16 
.95 1.14 3.07 3.01 2.94 2.90 2.86 2.79 2.H 2.71 
.97$ 
.99' 

3.96 
'.26 

3.87 
.s.1I 

J.77 
4.96 

3.61 3.61 
4.81 4.73 

3.$6 
4.6' 

J.4, 
4.48 

1.39 
4.40 

1.11 
4.11 

.99S 6.42 6.23 • 6.03 l.81 5.73 .s.ti2 S.41 S.lO '.19 

.999 9.89 9.j7 9.24 8,90 8.72 8.SS •. 19 8.00 7.81 

10 .$0 1.00 1.01 1.02 1.01 1.04 I.OS 1.06 1.06 1.07 
.90 2.ll 2.28 2.24 2.20 2.18 2.16 2.11 2.08 2.01i 
,9' 2.98 2.91 2.84 2.77 2.74 2.10 2.62 :US 2.S4 
.915 1.72 1.62 1.$2 3.42 3.17 1.11 Ull 3.14 1.08 
.99 4.8' 4.71 4.56 4.41 4.33 4,2$ 4.08 4.00 3.91 
.995 $.8S 5.66 '.47 S.27 S.17 l.D7 4.86 4.75 4.64 
.999 8.7, • 8.4S 8.11 7.80 7.64 7.47 7.12 6.94 6.76 

12 .SO 0.989 1.00 1.01 1.02 1.03 1.01 LOS 1.0' 1.06 
.90 2.19 2.1S 2.10 2.06 2.04 2.01 1.96 1.93 1.90 
.!U 2.7S 2.69 2.62 2.54 2." 2.47 2.18 2.34 2.30 
.97S 3.37 3.28 3.U 3.07 3.02 2.96 2.SS 2.19 2.72 
.119 4.10 4.16 4.01 3.S6 3.78 1.70 1.l4 l.4S 1.16 
.99l $.09 4.91 4.72 4.S] 4.41 4.33 4.12 4.01 3.90 
.999 7.29 7.00 6.71 6.40 6.25 6.09 .s.76 5.$9 S.42 

IS .'0 0.977 0.989 1.00 1.01 1.02 1.02 1.03 1.04 LOS 
.!l0 2.06 1.01 1.97 1.92 1.90 1.87 1.82 1.79 1.76 
.9S 2.S4 2.48 2.40 l.ll 2.29 2.2S 2.16 '2.11 2.01 
.1I7S 3.06 2.96 2.86 2.76 2.70 2.64 2.52 2.46 2.40 
.99 1.80 J.67 3.51 J.l7 1.29 3.21 1.OS 2.96 2.87 
.99' 4.42 4.25 4.07 U8 1.79 1.69 1.48 3.31 3.26 
.999 6.08 HI S.S4 S.25 S.IO 4.9S 4.64 4.48 4.11 

20 .'0 0.966 0.1117 0.9811 1.00 1.01 1.01 1.02 1.03 1.01 
.90 1.94 1.89 I.B4 1.79 1.17 1.74 1.68 1.64 I.fil 
.95 2.3S ,2.28 2.20 2.12 2.08 2.04 1.95 1.90 1.84 
.97S 2.71 2.68 ·2.n 2.46 2.41 2.U 2.22 2.16 2.09 
.99 J.37 1.21 3.09 2.94 2.86 2.78 2.61 2,j2 2.42 
.995 1.85 1.68 3:,0 1.32 3.22 1.12 2.92 2.81 2.69 
.9911 S.OS 4.82 4.56 4.29 4.15 4.00 3.70 3.54 US 

24 .SO 0.961 0.972 0.983 0.994 1.00 1.01 1.02 1.02 1.01 
.90 1.88 1.83 1.78 1.73 1.70 1.67 1.61 1.57 U3 
.95 2.15 1.IS 2.11 2.0] 1.98 1.94 1.84 1.79 1.71 
.97S 2.64 1.S4 2.44 2.11 2.27 2.21 2.08 2.01 1.94 
.\)9 3.17 1.03 1.89 2.14 2.66 2.'8 2.40 2.11 2.21 
.995 l.S9 3.42 J.2S 1.06 2.97 2.87 2.66 2." 2.41 
.999 4.64 4.J9 4.14 1.87 1.74 1.'9 1.29 3.14 2.97 

113.5 
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TABLE A.it (continu/!Id) PIlTCenlilCll of [he F Distribution 

8 9 

0.939 0.948 
1.88 I.SS 
2.27 2.21 
2.65 2.57 
3.17 1.07 
3.58 1.45 

4.$1 4.39 


0.928 0.931 
1.11 1.14 
2.10 2.04 
2.41 2.33 
2.82 2.72 

].J3 ].01 

).86 3.69 


0.923 0.932 
1.12 1.68 
2.02 1.96 
2.30 2.22 I
2.66 2.56 
2.93 2.81 

3.5' 3.18 


0.918 0.921 
1.67 1.63 
1.94 1.88 
2.19 2.11 

2 • .11 2.41 

2.14 2.62 
3.21 3.10 

Appendix A Tables 1131 

TABLE A.4 (cont1/Udld) Percentiles of the F Distribution 

l'(umeralord( 

Den. 


10 60 120 ttl

10 12 15 20 24d( ·1 

0.955 0.966 0.918 0.989 0.994 I.IlO 1.01 /.02 1.02
30 	 .SO 

1.12 1.67 1.64 1.61 1.54 1.50 1.461.112 1.77.90 
1.14 1.622.16 2.09 2.01 J.!l1 1.89 1.84 1.68

.9' 


.915 
 1.$1 2.41 2.1I 2.20 2.14 2.07 1.94 1.81 1.19 

2.10 2.47 2.]9 2.21 2.11 2.012.98 2.84 2.5S 


.995 


.99 
3.34 3.18 3.01 2.82 1.7] 2.61 2.42 2.30 2.18 

3.49 3.]6 2.92 2.76 2 . .194.24 4.00 1.75 3.ll,999 

0.961 0.978 0.983 0.989 1.00 1.01 1,01
0.945 0.91660 	 .50 

1.66 1.60 1.54 f.51 1.48 lAO US 1.291.71 	
1.10 1.6$ U] 1.41 Ll9.90 

1.99 1.92 1.14 (.n.95 
2.06 1.94 • 1.88 1.81 1.67 1.58 1.481.27 1.11 


.99 


.91S 
2.6] UO 2.JS' 2.20 2.12 2.03 1.14 1.13 1.60 

2.)9 2.29 2.19 1.96 1.83 1.69
.99j 2.90 2.74 2.51 

3.08 2.n 2.69 2SS 2.ll 2.08 1.893.54 3.32.999 

).00 1.010.939 0.9.10 0.961 0.972 0.978 0.983 0.994120.50 
1.41 1.32 1.26 1.19I.U 1.60 U, 1.48 1.45.90 

1.91 1.83 L7S 1.66 1.61 US L41 US I.2S
.95 

1.16 1.69 loS] 1.41 1.312.16 2,~5 1.93 1.82.915 U]2.0] 1.95 1.86 1.66 1.38
2.47 2.34 2.19.99 

2.11 2.19 2.09 1.98 1.7S 1.61 1.432.71 2.54.99.1 
2.26 1.9S 1.17 1.543.24 3.02 2.18 1.n 2.40,999 

0.918 0.989 0.994 1.000.934 0.945 0.956 0.961 0.972co 	 .50 
1.]8 J.J4 1.24 1.17 1.001.60 1.55 1.49 1.42.90 

1.83 • I.1S 1.61 1.57 1.S2 1.46 1.32 1.22 1.00
.95 

2.0J 1.94 1.8] 1.11 1.64 1 • .71 1.l9 1.27 1.00
.975 

1.79 1.47 1.32 1.002.12 2.18 2.04 1.88 1.70.99 
2.,n 2.36 1.19 1.00 1.90 1.19 1.53 1.36 1.00

.99$ 
2.1l 1.99 1.66 1.4.1 1.002.96 2.14 2.51 2.27.999 

SQU""': Reprin'ed'fram rlbl• .1 of '.anDO and Harlley. 81"",.,,11:4 Tab/up .1,,"1''''''41<1. VoluIM 2. 1971. pub­
Ibhed bJ the C.mhrid,c Uoi••niIY P,m. on behalf o(Tbo Biomelrlka 5"",;"IY. by pormlulon ollhe ••,hor. and pub­

rllhcn. 

'1 

DctI. 

d( A 


30 	 .10 
.90 
.95 
.915 
.99 

,.995 
.999 

60 	 .50 
.90 
.95 
.911 
.99 
.995 
.999 

120.50 
.90 
.9$ 
.915 
.99 
.99' 
.999 

\XI .'0 
.90 
.95 
.915 
.99 
.995 
.999 

I 

0.466 
2.88 
4.17 
5..S7 
7.16 
9.18 
13.3 

0,461 
2.79 
•.00 
j.29 
7.08 
8,49 
12.0 

0.458 
2.75 
3.92 
5.15 
6.85 
1.111 
11.4 

0.4H 
2.11 
3.84 
5.01 
6.63 
7.88 
10.8 

0.109 
2.49 
3.32 
4./1 
5.39 
6.35 
8.77 

0.101 
2.39 
3.15 
3.93 
4.98 
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