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Question 1 

The times in seconds T h T2, ... , Tn between messages arriving at a node in a 
telecommunications system constitute a random sample from an exponential distribution with 
probability density function f (t) = fl.-Ie-till (t> 0), where fl. (> 0) is an unknown parameter. 

(a) Show that I:f=1 Ti is a sufficient statistic for fl.. 
(3Marks) 

(b) Show that Pn = (lIn) I:f=1 Ti is an unbiased estimator of fl. and fmd its variance. 
(5Marks) 

(c) Is Pn a consistent estimator of fl.? Justify your answer. 
(2Marks) 

(d) Show that EC/t;J = ~...j1ff.l and hence show that ji = ;..jT1T2 is an unbiased 

estimator of fl.. 
(6Marks) 

(e) Find the relative efficiency of ji compared to P2. 
(4Marks) 

Solutions 

Question 2 

(a) Explain what is meant by the likelihoodfunction, and why it may be useful in estimating 
the value of a parameter. 

(5Marks) 
(b) The continuous random variable X has probability density function 

fix 2e- 8x 


f(x)= (x>O)

2 

where e>0 is an unknown parameter. A random sample ofvalues XI. X2, ... , Xn is 
available from this distribution. 

i). Show that the maximum likelihood estimator of eis {j = ~ where X is the sample x 

(5 Marks) 

ii). Find the approximate distribution of {j when n is large, and use this result to find an 
approximate 95% confidence interval for ewhen n =200 andX = 6.0. 

(5 Marks) 

iii). Show that {jis a biased estimator ofewhen n = 1. 
(5 Marks) 
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Question 3 

(a) Explain what is meant by a conjugate family ofdistributions in Bayesian inference. 
(2 Marks) 

(b) The numbers ofaccidents in a mine for the last n years are Xl, X2, ... , Xn, where 
accidents in different years are independent and Xi has the Poisson distribution, mean A, 
for i = I, ... , n. The prior distribution ofAis gamma, parameters k and v, both known 
positive constants. This g_amma distribution has probability density function of : 

v k vk-1e-vy 

f(y) = "'r(k) 

for y > 0, mean !:. and variance !;v v 
i). Find the posterior distribution ofA. 

(5 Marks) 
ii). Show how a Normal approximation can be used to find an approximate 95% 

Bayesian interval estimate for A. 
(3 Marks) 

iii). Let Xn+ I be the number ofaccidents in the mine next year. Find the predictive 
distribution ofXn+1• 

(6 Marks) 
iv). Suppose now that a different prior distribution has been judged appropriate, 

and for this prior there is no simple formula for the posterior distribution ofA. 
However, a computer program is available to simulate values Lh L2, L3, ... 
which behave as if they are a random sample from the posterior distribution. 
Explain how these simulated values may be used to find an approximate 95% 
Bayesian interval for A and the predictive distribution ofXn+I . 

(4 Marks) 
Question 4 

(a) Explain what is meant by: the size ofa statistical test, a test statistic and a confidence set. 
(4 Marks) 

(b) Observations XI, X2, ... , Xn constitute a random sample from a distribution with 
unknown parameter 9, and it is required to test the hypothesis Ho:9 =90 against H I :9:j:. 90. 
A test statistic h(Xh ... .,Xn; 90) is available which can be used to fmd a test for any 90. 
Show how a 95% confidence interval for 9 can be constructed based on this test statistic. 

(3 Marks) 
(c) Waiting times Yt, Y2, ..., Yn constitute a random sample from the gamma distribution 

with probability density function of: 

yke-r/i. 
I(y) - (y>O),- k!A.- k+1 • 

where k is a known non-negative integer and A> 0 is an unknown parameter. You are 
given that the moment generating function ofthis distribution is (1- Atrk

-
I and that the 

above distribution is X ~k+2when A =2. 
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i). Show that 2~ is a pivotal quantity for A.. 
(8 Marks) 

ii). Use your answer to part (i) to fmd a 95% confidence interval for A. when n = 

5,Lf=l Yi and k= 1. 
(5 Marks) 

Question 5 

Let X}, X2, ••• , Xn be a random sample from a Normal distribution with unknown mean J.1 and 
known variance rl (> 0). 

(a) Use the Neyman-Pearson method to find the uniformly most powerful level a test of the 
null hypothesis J.L = J.lo against the alternative J.L > J.lo, where ~ is known and 0 < a < 1. 

(8 Marks) 
(b) Draw a graph of the operating characteristic ofthe test for the hypotheses in part (a) in 

the case J.lo = 50, a = 0.05, rl 4.0 and n = 1O. You should show the calculation of at 
least three points on your graph. 

(6 Marks) 
(c) In the case J.lo = 50, a = 0.05, (12 = 4.0, calculate the minimum sample size required for 

the power at J.L= 50.5 to be at least 0.90. 
(6 Marks) 
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Normal Distribution 

Table C-1. Cumulative Probabilities ofthe Standard Normal Distribution. 

Entry is al'C". A under the standard norma' curve from -00 to z(A) 
• 

z .00 .oi .02 .03 .04 .os .06 .07 .08 .09 

.0 .SOOO .S040 .S080 .5120 .5160 .51~ .S2.J9 5279 .5319 .5359 

.1 .5398 .5438 .5478 .5517 .5557 .sS96 .S636 .5675 .5714 .57S3 

.2 .5793 .§32 sstl .5910 .5948 .5987 .6026 .6064 .6103 .6141 

.3 .6179 .6217 .W5 .6293 .633J .6368 .6406 .6443 .6480 .6517 

.4 .6554 .(54)J .6628 .6664 .6700 .6736 .6772 .6808 .6844 .6879 

.S .6915 .69SO .6985 .70J9 .7054 :708a .7123 .7157 .7196 .7224 

.6 .7257 .7291 .7324 .7357 .7389 .1422 .7454 .7486 .7517 .7549 

.7 .7580 .7611 .7642 .7673 .7704 .7734 .7764 .7794 .7823 .71$2 

.a .7881 .7910 .7939 .7967 .7995 .8023 .80S1 .8078 .8106 .8133 

.9 .8159 .•186 .8212 .8238 .8264 .8289 .8315 .8340 .8365 .8389 

1.0 .3413 .8431 "8461 .8485 .8~ ..B53J .85S4 .8577 .8599 .8621 
1.1 .8643 .8665 .8686 .8108 .tt7Z9 .8749 .87'70 .8790­ .8810 .8830 
1.2 .8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 ,8997 .9015 
1.3 .9032 .9049 .9066 .9082 .9099 .9115 .913J .9147 .9162 .9177 
1.4 .9192 .9207 .9222 .9236 .9251 .9265 .9279 .9292 .9lO6 .93J9 

I,S .9332 .9345 .9357 .9370 .9382 .9394 ;9406 .9418 .9429 .944] 
, .6 .94S2 .~3 .9474 .9484 .9495· .9505 ."J5 .9525 .9535 .9545 
1.7 
'.8 

.9554 

.964' 
.9.564­
.9649 

.9573 

.9656 
.9S82 
.9664 

.9591 

.9671 
.9~ 
.96711 

.9008 

.9686 
.9616 
.9693 

.9625 

.9699 
.9633 
.9706 

1~9 .9713 .~719 .972.6 .9732 .9138 .97.44 .9750 .97S6 .9761 .9767 

2.0 .9772 .977& .9783 .97U .9793 .9798 .9103 .9808 .9812 .9817 
2.1 .98%1 .9826 .9830 .9834 .9838 .9842 .9846 .9850 .9854 .9857 
2.2 .9861 .9864 .9868 .9871 .987S .9878 .9881 .9884 .9887 .9890 
2.3 .9893 .9896 .9898 .990J .9904­ .9906 .9909 .9911 .9913 .9916 
2.4 .99J8 .9920 .9922 .9925 .9927 .9929 .99l1 .9932 .9934 .9936 

2..5 .9938 .9940 .9M1 .9943 .9945 .9946 .9948 .9949 .9951 .9952 
2.6 .99S1 .995S .99S6 .9957 .9954) .9960 .9961 .9962 .9963 .9%4 
2.7 .9965 .9966 .9967 .9968 .9969 .9970 .9971 .9972 .9973 .9974 
2.8 .997-4 :9975 .9976 .9977 .91977 .99711 .9979 .9979 .9980 .9981 
2.9 .9981 .9982 .9982 .9983 .9984 .9984 .9985 .998$ .9986 .9986 

3.0 .9987 .9987 .9987 .9988 .9988 .9989 .9989 .9989 .9990 .9990 
3.J .9990 .999] .9991 .999J .9992 .9992 .9992 .9992 .9993 .9993 
l~ .9993 .9993 .9994 .9994 .9994 .9994 .99M .9995 .9995 .9995 
3.3 .9995 .999.5 .999.5 .9996 .9996 .9996 .9996 .~ .9996 .~997 
3." .9997 .9997 ,9997 .9997 .9997 .9997 .9997 .9997 .9997 .9998 



Chi-Square Distribution 

Table C-2. Percentiles of the ·l Distribution 

• 


Entry is XZ(A; v) where P{x~(I1) s: X~(A; J/)} = A 

A 

.005 .010 .025 .050 .100 .900 .9SO .975 .990 .995.. 
0.0"393 0.0'157 O.Ol9S2 0.O~393 O.O.Si 2.71 3.84 5.02 6.63 7.Bi 

2• 0.0100 0.0201 O.Oj06 0.103 0.211 4.61 5.99 7.38 9.21 10.60 
0.072 O.IIS 0.216 0.352 O.S84 6.25 7.8) 9.15 11.14 12.84J 
0.207 0.297 0.484 0.71l 1.064 7.78 9.49 11.14 13.28 14.864. 

~ 

,5 o.4l! O.SS4 0.831 1.I4S 1.61 9.24 11.07 12.83 JS.09 16.75 
6 0.616 o.an 1.1A U4 2.20 10.64 12.59 14AS l6.&t ttl-55 
7 0.989 1.24 1.69 %.17 2.83 12.02 14.07 16.01 18.48 20.28 
8 2..,1.34 1.65 2.73 3.49 13.36 15.51 .7.53 20.09 Zf .96 
9 1.73 2.09 2.70 3.33 4.17 14.68 16.92 19.02 21.67 23.S9 

2.16 256 3.25 3.94 4.S7 15.99 18.31 20.48 23.21 25.1910 
2.60 l.OS 3.82 4•.57 5.58 17.28 19.68 21.92 24.73 26.76 

12 
II 

1.07 3.57 4.40 5.23 6.30 IS.SS 21.03 23.34 26.22 28.30 
13 3.57 4.11 5.01 .5.89 7.04 19.8] 22.36 24.74 27.69 29.82 
14 4.07 4.66 5.63 6.57 7.79 21.06 23.68 26.12 29.14 11.32 

4.(,0 .5.23 6.26 7.26 8.55 22.31 25.00 27.49 JO.S8 32.80 
16 
15 

5.14 5.81 6.91 7.96 9.31 23.54 26.30 28.85 32.00 34.27 
17 5.70 6.41 7.S6 1.67 10.09 24.n 27.59 30.19 33.41 35.72 
18 6.26 7.01 8.23 9.39 10.86 25.99 28.87 11.53 34.8) 17.16 
19 6.84 7.63 8.91 10.12 11.65 27.20 30.14 32.85 36.19 3&.51 

1.43 8.26 9.59 10.15 12.44 28.41 31.41 34.17 37.51 40.00 
21 
20 

8.03 8.90 10.18 11.59 13.24 29.62 32.67 35.41 JUJ 41.40 
22 &.64 9.54 10.98 12.)4 14.04 30.81 33.92 36.78 40:29 42.80 
2l 9.26 10.20 n.69 13.09 14.85 12.01 35.17 38.08 4Ui4 44.18 

9,89 10.86 12.40 13.8S U.66 33.20 36.42 39.36 42.98 45.5624 

10.52 11.52 13.12 )4.61 16.47 34.38 37.65 40.65 44.31 46.93 
26 
25 

11.16 12.20 11.84 15.38 17.29 15.56 3&.89 41.92 45.64 48.29 
12.a 14.57 16.15 11.\1 36,i4 40.11 43.19 ~.96 49.61. 

28 
n 'U\ 

12.46 13S6 15.31 .6.93 18.94 37.92 4.,34 44.-" 4B..28 50.99 
29 13.12 14.26 I6.OS 17.71 19.71 39.09 42.56 45.12 49..59 52.34 

13.79 14.95 16.'79 .JUg 20.60 40.2li 43.77 46.91 50.89 53.67 
40 ~.71 22.16 24.43 26.SI 29.05 SUI SS.76 59.34 63.69 66.71 
50 in.99 29.71 32.36 34.76 37.69 63.17 67.SO 71A2 76.15 79.49 
60 ~S.S3 37.41 «).41 43.19 46.46 74.40 79.08 &3.30 &8.38 91.95 

30 

70 ~3.28 45.44 48.76 51.74 5'.33 ".53 90.53 95.02 )00.4 104.2 
80 ~1.17 53.54 57.IS 60.39 64.28 96.58 )01.9 106.6 112.3 1J6.3 
90 ~.lO 61.7.5 65.65 69.13 73.29 107.6 111.1 118.1 124.1 1211.3 

100 ~7.33 10.06 74.22 77-93 82.36 Ua.5 124.1 129.6 135.8 140.2 



Student's Distribution (t Distribution) 

Table C-4 Percentiles of the t Distribution 

Entry is I(A; v) 'Where p{t(v) s teA; JI)} == A 

• 


I(A; v) 

A 

III .60 .70 .80 .85 .'00 .95 .975 

I 
2. 
3 
4 
.5 

0.325 
0.289 
O:Tn 
0:2.'71 
0.267 

0.727 
0.617 
0.584 
0.569 
0 • .559 

1.376 
1.061 

0.978 
0.941 
0.920 

1.963 
1.386 
1.250 
1.\90 
1.156 

3.078 
1.886 
1.638 
1.533 
1.476 

6.314 
2.920 
2.353 
'1.132 
2..015 

12.706 
".303 
3.182 
2."116 
2.571 

6 
7 
8 
I} 

10 

O.lfO 
0.263 
0.26% 
0.261 
0.260 

O.S53 
0.549 
0.5046 
0.543 
0.S42 

0.906 
0.896 
0.889 
0.883 
0.879 

1.134 
1.110 
1.108 
1.100 
1.093 

1.440 
1.4)5 
1.397 
1.383­
1.372. 

L943 
1.89S 
1.860 
1.833 
).812 

2.447 
2.365 
2.306 
2.262 
2.221 

11 
12 
13 
14 
1.5 

0.260 
0.259 
O.2S9 
0.258 
0.258 

0..540 
OOS3P 
0.537 
0.537 
0..536 

0.&76 
0.873 
0.870 
0._ 
0.866 

1.08& 
1.083 
1.079 
1.076 
1.074 

1.363 
1~3S6 
1.»0 
1.345 
1.341 

1.796 
1.712 
1.771 
1.761 
1.753 

2.201 
2.179 
2.160 
2.145 
2.13. 

16, 
17 
18 
19 
20 

0.258 
0.257 
0.257 
0.251 
0.257 

0.535 
o..S3<4 
0.534 
0.533 
0.533 

0.865 
0.863 
0 . .&62 
0.861 
0.860 

1.071 
1.069 
1.067 
1.066 
1.064 

].337 
1.333 
1.330 
1.328 
1.325 

1.146 
1.740 
1.734 
],729 
1.72S 

2.llG 
2.110 
2.101 
2.093 
2.086 

2] 
22 
23 
24 
25 

0.257 
0.256 
0.256 
O.2!\6 
0 • .256 

0.53% 
0..532 
0.532 
0.:531 
0."1 

0.859 
O.8S8 
o.~ 
0.1S7 
0.856 

1.063 
1.061 
1.060 
1.059 
1.058 

1.323 
1.321 
1.319 
1.318 
1.3]6 

1.721 
1.717 
1.714 
1.711 
1.708 

2.080 
:un4 
2.069 
2.864 
2.060 

26­
'IT 
28 
29 
30 

0.256 
0.256 
0..256 
0.2:56 
0.256 

0...53' 
0.531 
0.530 
0.530 
0..530 

0.856 
O.85S 
O.SSS 
0.854 
0.854 

1.058 
I.OS7 
1.056 
1.055 
1.055 

1.315 
1.3]4 
1.313 
1.311 
1.310 

1.706 
1.703 
1.701 
J.~ 
1.697 

2.056 
2.052 
2.048 
2.J)4S 
2;042 

40 
60 

120 
00 

O.2.SS 
0.254 
0.254 
0.253 

0.529 
osn 
0.526 
0.524. 

O.85J 
0.848 
O.&4S 
0.&42 

1.050 
I.OU 
1.eMl 
1.036 

1.303 
1.296 
1.289 
1.282 

1.684 
1.671 
1.658 
1.645 

2.021 
2.000 
1.980 
1.960 



Table C-4 (Continued) Percentiles of the t Disbibution 

A 


v .98 .985 .99 .ms .995 .9975 .999S 

1 15.895 21.20S 31.121 42434 63.651 121.322 636.590 
2 4.849 5.643 6.965 &.073 9.925 1....089 31.598 
3 3.482 3.896 4.541 5.047 5.841 7.453 12.924 
4 2.999 3.'298 '3.741 4.088 4.6D4 S.• 8.610 
5 2.151 3.003 3.365 3.634­ 4.032 4.T13 6.869 
(, 2.612 2.829 3.'43 3.m 3.7(J7 4.311 5.959 
7 2.Sl1 . 2.115 2.998 3.203 3.499 4.029 5.408 
8 2.449 2.634 2.896 3.085 3.3SS 3.833 5.041 
9 2.398 2.574 2.811 2.998 3.250 3.690 4.781 

)0 2.359 2521 2.764 2.932 3.169 3.581 4.587 

JJ 2.328 2.491 2.1J8 2.m 3.(06 3.497 4.437 
J2 2.303 2.461 2.681 2.836 3.055 3.428 4.318 
)3 2.282 2.436 2.650 2.801 3.012 3.372 4.22.\ 
14 2.264 2.415 2.624 2.771 2.971 3.326 4.140 
IS 2.249 2:m 2.602 2.746 2.947 3.286 4.013 

16 2.235 2.332 2.583 2.724 2.921 3.252 4.015 
11 1.2l4 2.368 2.567 2.106 2.898 3.222 3.965 
18 2.214 2.356 2.5S2 2.689 2.878 3.197 3.922 
J9 2.205 2.346 2539 2.674 2.861 3.114 3.883 
20 2.197 2.336 2.528 2.661 2.845 3.tS3 3.849 

21 2.189 2.318 2.518 2.649 2.831 3.135 3.819 
22 2.183 2.320 2.508 2.639 2.&19 3.119 3.192­
23 2.171 2.313 2.soo 2.~ 2.801 3.104 3.768 
24 2.172 2..300 2.492 2.620 2.797 '3.(9\ 3.745 
25 2.167 2.301 2.485 2.612 2.717 3.011 3.725 

26 2.162 2.296 2.419 2.605 2.719 3.067 3.700 
27 2.1S8 1.291 2.473 2598 2.711 3.057 3.690 
21 2.154 1.2'86 2.467 2.592 2.163 3.047 3.674 
29 2.150 2282 2.462 2.586 2.756 3.03& 3.659 
30 2.147 2278 2.451 2.581 2.750 3.030 3.646 

40 2.123 2.250 2.423 2.S42 2.104 2.971 3.551 
60 2.099 2.m 2.390 2 . .504 2.660 2.915 3.460 

120 2.076 2.196 2.358 2.468 2617 2.860 3.373 
ao 2.054 2.70 2..326 2.432 2.576 2.807 3.291 


