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Question 1

Let X = (X}, ..., X;) be a random sample from a beta distribution with shape parameters a and
B.

The p.d.f.of X; is
flula,f) =2 xE. (1 - x)P, 0<x<l, @f> -1,
(a) Determine the likelihood function.
(5 Marks)
(b) Show that ([T, X;, [T.(1 — X;)) is a minimal sufficient statistic.
(15 Marks)

Question 2

a) Suppose that X;, Xy, ..., X, constitute a random sample from a distribution with
probability density f{x 10) , where 0 is a real parameter with prior density n(8) . The
loss when 0 is estimated by 8 (a function of Xy, X, ..., X,) is £(8:9 ) .

i,  Define the Bayes risk of § and the Bayes estimator of 6.
(4 Marks)
ii.  Show that the Bayes estimator can be found by minimising the posterior
expected loss for given (X1, X2, ..., Xn).

(6 Marks)
b) Let Xj,..., X5~ N(0,1). Let  be a N(0, 1) prior:
‘A 1 2 4
m(0) = —=c 12,
V2T

i.  Find the posterior distribution for 6.
(4 Marks)

ii.  Find the posterior mean 8.
(6 Marks)

Question 3

Suppose that X is a discrete random variable with P(X =1) =6 and P(X =2) = 1 — 0. Three
independent observations of X are made: x; =1, X, =2, X3 = 2.

(a) Find the method of moments estimate of 0.

(5 Marks)
(b) What is the maximum likelihood estimate of 87
(7 Marks)
(c) Compare the MLE and MME estimators by determining approximate standard errors
of each of the estimates.
(8 Marks)
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uestion 4

Suppose Y1, Y2,....,Y, is an iid sample of size n from a population with density function
— 1 —-(y-8,)/8
F(161,6,) = 5-e~00/0s > o,

Where 6; > 0 and -0 < 6, <. Find the likelihood ratio test for testing Ho: 8; = 614

versus H; : 8y > 0.
(20 Marks)

Question 5

Suppose Y is a random sample of size 1 from a population with a density function

f18) = 61—y, 0<y<1
Where 8 > 0,

(a) Derive the power function power(8), for the rejection region Y > 0.5.

( 8 Marks)
(b) Find the uniformly most powerful test of size a for testing Ho: Hy: 8 > 1.

(12 Marks)
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STATISTICAL
TABLES

Cumulative normal distribution

Critical values of the ¢ distribution

Critical values of the F distribution

Critical values of the chi-squared distribution
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STATISTICAL TABLES 1

TasLe A1

Cumulativs Standardized Normal Distribution

A(z) is the integral of the standardized normal
distribution from — oo to z (in other words, the
area under the curve to the left of z). 1t gives the
probability of a normal random variable not

AR) being more than z standard deviations above its
mean. Values of z of particular importance:

T g
1.645 09500 Lower limit of right 5% tail
1960 09750  Lower limit of right 2.5% tail
2326 09900 Lower limit of right 1% tail
2576 09950 Lower Limit of right 0.5% tail
3090 09990 Lower limit of right 0.1% il

3291  0.9995  Lower limit of right 0.05% tail

I 0.00 001 0.02 0.03 004 0,05 0.06 0.07 0.08 0.09

00 035000 05040 05080 0.5120 05160 05199 035239 03279 035319 05359
0.1 035398 05438 05478 03317 03357 0539 03636 03675 03714 0.479)
02 05793 03832 05871 03910 05948 03987 06026 06064 0.6103 0.6141
03 06179 06217 06255 06293 06331 06368 06406 06443 06480 06517
04 06554 06591 06628 06664 06700 06736 06772 06808 0.6844 06879
035 06915 069% 069835 07019 07034 07088 07123 07157 0719 0.7224
06 07257 0.7291 07324 07357 07389 07422 0.7454 0.7486 0.7317 0.7349
07 07580 07611 07642 07673 07704 07734 07764 0779 07823 0.7852
08 07881 07910 07939 079%7 07995 08023 08031 08078 08106 0.8133
0.9 08159 08186 08212 0.8238 08264 08289 08315 08340 08365 0.8389
1.0 03413 08438 08461 0.8485 08308 08531 08534 08577 0.8599 08621
L1 08643 08565 08686 08708 08729 08749 08770 08790 0.8810 08830
12 08849 038869 08888 0897 08925 08944 08962 08980 08997 09015
13 09032 09049 09066 09082 09099 09115 09131 09147 09162 09177
14 05192 09207 09222 09236 09251 09265 09279 09292 09306 0919
1.5 09332 09345 09357 09370 09382 09394 09406 0.9418 09429 0.5441
6 09452 05463 09474 09484 05495 09305 09515 09525 09535 09545
7 09534 09364 05573 09582 09591 09599 09608 0.9616 0.9625 0.9633
8 09641 09649 0965 09664 09671 09678 09686 0.9693 09699 09706
9
0

09713 09719 09726 09732 09738 09744 097% 0975 09761 0.9767
09772 09778 09783 09788 09793 09798 09803 09808 09812 09817
09821 09826 09830 09834 09838 09842 09846 09850 09854 09857
22 09861 09864 09868 0987t 09875 09878 09881 09884 0.9887 0.989%0
23 09893 0989% 09898 0991 09954 09%6 09%9 09911 09913 09916
24 09918 09920 09922 09925 09927 09929 09931 09932 0.9934 0.9936
25 09938 0950 0.9941 0.9543 0.9%5 09946 09948 09949 09951 09952
26 09953 09955 09956 09957 09959 09960 09961 09962 09963 0.994

28 09974 099735 09976 0.9977 09977 09978 09979 09979 0.9980 0.9981
29 09981 09982 09982 09983 09984 09984 09985 09983 09986 0.9986
30 09987 09987 09987 09988 09988 09989 09989 09989 0.99% 09990
31 09990 09991 09991 09991 09992 09992 09992 09992 09993 09993
32 09993 09993 09994 09994 09994 09994 09994 09995 09995 09993
33 09995 099935 09995 09996 09996 09996 0.9996 0996 0.999% 0.9997
34 09997 09997 09997 09997 09997 09997 09997 09397 09997 09998
35 09998 09998 09998 09998 09998 09998 09998 09998 09998 09998
36 09998 09998 0.9999




STATISTICAL TABLES 2 STATISTICAL TABLES
Tane A2 Traz A3
¢ Distribution: Critical Values of ¢ FDistribution: Crivieal Values of F (8% signiiicance Jevel}
Significance level w 131 3 4 5 6 71 8 9 W 7 K4 15 18 2
Degreescf Twodalledues, W% 3% 1% % % % u
: ’ : oi% 00 | 16145 199,90 21571 224,58 23016 233.95 236.77 238.88 240.54 741,88 243,91 245,36 246.46 247,32 U801
Focdom  Oneidliedns % LW 1N 0.5% % % 2 1851 1900 1906 1525 1930 193 1935 1937 1938 1940 1941 1942 1943 1944 1945
1 6316 12706 3LAN  &657 MBS 636619 31013 935 928 912 901 83 88 885 881 879 874 871 B0 867 866
2 190 4303 6965 ems  1am 3L 4 TT 6M 639 635 626 616 609 604 600 595 591 5§ SM 582 380
3 29w 4 sw ol o 5 661 879 541 519 505 495 ASE 4R A7 AT AGE ASA 460 458 456
! Ma M Ve wm m te 6 599 814 476 450 439 A28 421 415 410 406 400 19 192 3% 18
7 8539 AT 435 412 397 387 279 A1 68 34 387 353 248 147 34
6 13 240 L3 3707 528 398 8 537 446 407 384 269 358 3% A4 339 335 328 324 30 1P LIS
7 1894 2365 2998 4 4785 5408 9 512 426 386 363 48 321 319 31 L8 14 107 303 299 296 29
H (B0 236 2w 4% el 10 496 410 371 348 333 I} 304 307 202 298 291 286 283 280 17
M et A - S A 1 484 398 339 136 120 309 301 295 290 288 1 M 1M 167 265
: : 12475 385 349 326 211 300 291 285 280 275 189 264 260 157 134
1 179 2201 278 3.06 4025 44 13 467 181 341 318 303 292 I8 271 171 267 160 235 251 248 246
1 1782 117 2681 3055 1530 4318 14 460 374 334 301 196 285 276 270 155 260 133 248 244 241 139
1 L7t e e don  m  4m IS5 436 368 129 106 250 279 271 264 299 28 248 242 238 235 2%
7 14 X ; X
u D Ma XM M 16 449 361 324 301 285 274 266 239 25 249 247 237 233 230 228
- 17 443 3355 320 296 281 270 261 235 249 248 238 233 129 236 171
16 46 210 2583 291 3686 4018 18 441 35S 116 293 2177 266 158 251 246 241 134 225 125 2m 11
17 1140 LN6 1567 2898 3646 1963 19 438 382 113 290 274 261 234 248 247 238 231 226 221 218 16
18 L4 il a8 aem g0 30 435 349 0 287 271 260 251 245 239 235 228 222 118 218 n
1 1 M e e 343 147 307 28 268 25T 249 242 237 233 238 230 LI 212 210
: 31 430 144 308 2 266 255 346 240 23 230 223 217 13 200 207
2 1721 208 2518 283 337 3R1 3428 342 103 280 264 15 244 237 23 227 220 215 21 208 208
Py 17 L4 258 2Ry 1MS 3 U 426 340 201 278 252 251 242 236 2390 223 218 213 209 1205 10
23 I e s s s e 3 426 139 299 276 260 249 240 234 228 224 206 211 207 204 201
2’; :;},; ;:oeo ::43 w14 a7 16 422 337 298 274 239 247 239 232 227 1 215 209 105 1M 199
’ 37 421 338 196 27 287 146 237 231 225 220 213 208 204 200 197
1% 1906 20% 147 LB 3438 1707 A2 134 295 271 256 245 236 229 224 219 212 1206 202 199 19
n 100 20 14T 11 d4n 3% 29 418 3 23 270 285 143 235 228 22 208 210 205 201 197 194
28 ol 3o 246 a7 4 364 ® 417 331 192 269 28 242 21 227 221 216 209 204 199 1% 19
29 1 Y
35 412 327 287 264 249 237 229 223 216 241 206 199 184 191 188
» 1697 204 143 2750 3385 3646 40 408 323 T84 L6l 245 234 225 218 202 208 200 199 150 18 184
o 169 20 2449 2mE 3365 3sm S0 403 A8 279 236 240 229 220 213 207 203 195 189 183 LBl L78
% 1691 2091 344 M8 33 g0l @ 400 318 276 283 337 225 217 210 204 199 1% 18 18 I 178
3 < T T W 398 A1) 27 2% 235 223 LM 207 103 197 18 1M LY 178 im
by Lo A m MR b e B0 296 201 272 245 233 221 213 206 200 195 L8 18 LY 1T LM
%0 195 300 271 247 1233 220 11 204 19 1S4 186 18 L7 1T 169
p 1682 20018 2418 26 1296 1538 100 334 305 270 246 231 419 210 203 197 193 185 179 175 17 188
“ 1680 2005 1414 269 1286 3526 120 332 307 268 245 239 I8 205 200 196 191 181 178 1T 16 166
p 6% 200 34l0 e dam o s 190 330 106 265 243 237 116 207 200 134 189 L& 176 171 167 164
4 16 ! y 62
200 38 304 265 242 126 214 206 198 191 188 180 LT 189 16 14
so 167 2009 1403 2678 2261 34%6 25 388 303 264 241 225 213 205 198 192 187 L7 17 Ls8 165 1Sl
0 1671 2000 2390 2660 3232 3460 300 387 303 261 240 224 213 204 197 191 186 L7 1M LsE 164 16l
» 1667  L9%4 1381 1648 211 3438 A0 286 02 26 239 2124 212 203 19 190 188 17 1M L6 16 160
" Lo Lo 2 aes m o ke 30 386 301 26 239 223 212 283 1% 1% 185 L7 17l 166 162 1%
» 1662 1981 68 2.
€0 386 301 262 239 223 11 202 195 1% 18 L7 1N 166 162 139
100 1660 198 2364 2626 3% 33%0 750 388 301 262 238 223 21 202 195 189 184 L7 170 166 Lz 198
120 1658 190 238 261 60 am 1000 385 300 261 238 232 11 202 155 180 184 17 170 165 161 138
1% 1658 L% 2351 2609 L43  3387
00 1653 LSm 28 2601 A3 3340
39 16% 158 239 282 318 13n
“w 1649 U%6 236 1% A1 3318
P 1648 1965 2334 256 I 3310
s 1647 1966 13M  1sss 14 1307
® 1845 190 1326 28%  20% 3381
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TanLe A3 (continued)
F Distribution: Critleal Values of F (% significsnce level)
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4}

1

2

TasLe A3 (continued)

F Distribution: Critical Values of F (1% significance level)
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4

6

7

9
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138
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n
1 405218 4999.50 340335 363438 576165 SRINSD SOIRIS I9R1.07 602247 603588 610631 6142.67 61M.10 619153 60873
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2.57
256
255

254
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99.39
27.35
14,66
10.16
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391
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7.0
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3.26
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3.59
331
343
337

3
3.26
321
w7
.

3.09
3.06
3.0
3.00
298

2.88

270
263
2.59

2355
252

247
244

241
239

237
236

235
234
234

99.42
27.03
1437
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17
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.12

1
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26.83
14.15

9.68

7.5
6.28

99.44
26,78
14.08
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6.21
341
4.8
445

99.45
26.69
1402

9.55

740
6.16
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TanLe A.3 {oontinued)
F Distribution: Critioal Values of F {1% significance level)
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99.48 994
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8 994

99.49
26.18
13,5

9.08

693
570
491
436
396

166
341
n
3.06
292

281
271
262

143
139

135
132
131

130
129
128

STATISTICAL TABLES

"
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1

Sovomuer aaw

F Distribution:

3

4

]

405003 3.00005 SA0WDS 362005 5.%6e03
2 998.50 999.00 999.17 995.25 999.30
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T4.14
47.18

35.51
29.25
2541
286
21.04

19.69
18.64
17.82
17.14
16.59

16.12
1572
1538
15.08
1482

14.59
14.38
14.20
14.03
1388

13.74
1361
13.50
13.39
13.29

1290
1261
12.22
1197
11.80

11.67
11.57
11.50
11.38
1127

1115
11.09
11.04
10.99
10.96

10.94
1091
10.89

6125 56

nn

27.00
2169
1849
16.39
1491

13.81
1297
1231
11718
1134

1097
10.66
10.39
10.16

9.95

"
961
947
9.34
922

9.12
902
893
885
8N

847
825
7.96
177
764

7.54
147
741
132
1.4

7.1
7.10

7.03
700

6.99
697
6.96

33.20

2170
181
1583
13.90
12.55

LX)
563
5.59
5.56
551
349

546

18 5.4

3109

2192
17.20

2973

20.80
16.21
13.48
1171
10.48

9.58
8.89
838
1.92
157

127
7.02
6.81
6.62
6.46

632
6.19
6.08
598
589

580
373
566
5.59
5353

530
513

476
4.66

4.58

453

448
442
435

429
425
422
4.19
4.18

416
4.15
414

TasLe A {oontinued)

Critical Values of F (0.1% significance level)
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Tastz A3 (oontinued)
Tase A4
F Distribution; Critical Values of F (0.1% significance level)

w25 M 35 0 30 6 75 W0 150 300 2 {Chi-Bquared) Distribution: Critical Vatues of 7
"

1 634005 SJ605 G2005 SA0S 63005 631003 633005 &II0S A3%0Y 63%03 Stgnificance level

2 999,46 999,47 995.47 99947 999,48 999,48 999.49 999.49 299,43 99949

3 12584 12545 125.17 124.96 124.66 12447 124.27 134,07 1387 13,17 Degreesof 3% % o.1%
§OAST0 4343 4323 4505 4438 475 451 44T 4433 4436 Freedom

S 308 A7 472 W60 444 2433 2421 2412 2401 2395 1 3841 6.633 10828
6 1685 1667 1654 1644 1631 1621 1612 1603 1593 18589 1 3991 9.210 13816
7 1269 1233 1241 1233 1220 1212 1204 1193 1187 1182 3 1815 L343 16.266
B 1026 1041 1000 932 980 973 565 957 949 943

9 869 8355 846 837 826 819 811 84 796 19 4 9488 1321 18.467.
10760 747 737 130 19 12 105 698 691 687 5 11am 15.086 20518
11 631 668 6% 6352 642 635 628 62 614 610 6 12.392 16.812 22438
EEEE R 1 owe owe
I 538 525 517 510 300 454 487 481 A% 47 LI 2009 .14
18 507 495 486 430 470 464 437 451 44 44) s 16919 21866 27877
16 431 470 461 434 445 439 4321 426 419 416 1o wwr 23309 29,588

17 460 448 440 433 424 418 411 405 398 398
18 442 430 422 415 406 400 39 387 380 377
19 426 414 406 199 390 3¢ 378 37 365 361
20 412 400 392 336 37 170 364 358 1M 348

21 400 388 380 374 364 158 38 346 339 336
21 389 378 370 363 154 348 341 335 328 328
23 379 368 360 35) 344 338 332 3325 319 A6
371 359 331 345 336 129 3 Al1T 300 A7
363 352 343 337 328 322 318 309 303 299

356 344 336 330 321 315 308 302 295 292
349 338 130 323 304 J0B 302 29 289 186
343 332 324 318 309 302 19 25 183 280
338 327 318 311 303 297 191 284 278 1M
333 322 213 307 198 192 186 379 173 249

313 362 293 287 178 171 266 159 231 149
158 287 279 2173 264 257 1M1 A4 238 1M
179 268 1260 153 244 238 2131 135 218 24
287 135 147 241 231 235 119 212 208 261
238 247 239 232 123 L6 110 103 19 ;2
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