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uestion 1

Let X, X3, ..., X;be a random sample from a population with probability mass function

a)

b)

d)

a)

b)

p(x)=6(1-8), x=0,1,2. ..,

where (0 <6 < 1 is an unknown parameter,

Obtain the maximum likelihood estimator of 6 and show that it is the same as the method
of momenis estimator of 0. -

[You are given that Z xa* =(1-a)”? when0<a<1]
x=1

(6 Marks)
Show that the Cramér-Rao lower bound for the variance of unbiased estimators of 9 is

o0-9)|

n
(5 Marks)
Obtain a large sample approximate 95% confidence interval for 0.
(5 Marks)
A researcher comments that such an interval is unhelpful because the confidence interval
may extend below the value 0. Show that, in this example, such a comment has no
validity, provided the sample size is at keast four.

(4 Marks)
OQuestion 2
Explain how in Bayesian inference the posterior distribution of a parameter 6 can be used
to give
@ a point estimate of 6,
(ii) an interval estimate for 0.
(6 Marks)

Let X, X3, ..., X, be a random sample from a Bernoulli distribution with success
probability @, so that P(X = 1) = 8 and P(X =0} = 1 — 0. Suppose that 0 has the following
prior probability density function (pdf):

g@=68(1-6), 0<@<]l.
i} You are given that the beta distribution with positive parameters a and b has Pdf

N Ta+d)
f(») T@r®) 3

AAA-, 0<y<l.

Show that the posterior distribution for 8 is beta with parameters 2+ Z X, and

i=]

n+2—zu:X,.

i=i
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{8 Marks)

243 %,

ii) Using a squared error loss function, show that the Bayes estimator of 0 is —1—‘?1-—
+n

{6 Marks)
nestion 3

A random sample of size n is taken from a population with probability density function fx,
0) with unknown parameter 6.

(a) A sufficient statistic T is available. What can be said about the distribution of the data
given T? State the Neyman-Fisher factorisation theorem.
(5 Marks)

(b)  Show that the maximum likelihood estimator of 0 is a function of T.
(5 Marks)
(¢) Give an example where the method of moments estimator of @ is not a function of a
sufficient statistic, stating clearly any standard distributional results you have used.
(4 Marks)
(d) Suppose now that

f(x.8)= ;elﬁexp{—(log x)’/26%), x>0,

where 0 > 0. Use the factorisation theorem to obtain a sufficient statistic for 6.
(6 Marks)

uestion 4

Let X, X3, ..., X, be a random sample from a Poisson distribution with mean 6. The null
hypothesis Hp: 6 = 1 is to be tested against the alternative hypothesis Hy: 6 =2.

(a) Show that the Neyman-Pearson approach leads to rejection of Hy in favour of H; when

Z /Yj >k

=]
for some suitable k.
(6 Marks)

(b} Itisrequired that the Type I and Type I error probabilities should each be no more than
0.01. By using the Normal approximation to the Poisson distribution, estimate the
smallest value of n that will satisfy this requirement. :

(8 Marks)

(c)  Suppose now that Hy is to be tested against the composite alternative hypothesis H;: 6 >
1. Deduce the uniformly most powerful test with size approximately 0.01. Draw a rough
sketch of the power function of this test when n is as specified in part (b).

(6 Marks)
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STATISTICAL TABLES 1

Tasie A
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Tass A (oontinuad)
Taare Ad
F Distribution: Crithsal Vajuss of F{0.1% signitiaancs javel}
v W 3 4w S 6 M e s 109 2 (Ghi-Bquared) Distrfbution: Critical Values of
L]
T GIw0s SIwel GIM) 63003 G0WI G3INCY ADdelS A1) 63%0H IS Stgnificance tevel
2 940,46 09947 99947 999.47 19948 90540 998,49 29949 99949 96949
3 125,04 12545 125,17 124.96 124,66 12447 12427 124.07 12387 12377 Dagreasof 3% % 0.I%
4 4570 4543 4323 4509 MBS 4478 461 4447 4033 4426 Frosdose
S 2508 AT I 60 M4+ M M2 M12 MU DY i R 6.633 10.820
6 1685 1657 163 1644 1631 3621 1611 1603 1393 1388 H 5991 2210 13816
7 1269 1253 1241 1233 1230 1212 1204 1:95 1187 1142 3 7813 11,343 16.266
51026 1001 1000 991 980 973 068 937 949 945
? E6Y BS3 Bd6 RIT RI6 B9 BRI 04 79 193 4 9488 13177 18.467
10760 74T TIT 730 119 LI} 103 G%E 631 647 5 11070 15.086 20518
11 61 G6E 639 632 642 633 &M 621 6I4 L0 ‘ 12592 6812 22458
B am e on i on e s i ;e am o wm
MO338 525 81T 500 500 AN 487 481 4M AN LI EE ) 20,080 %124
13 507 495 dB6 430 470 484 457 431 444 441 s 16919 21.666 2787
16 4B ATD 461 434 445 435 41X 426 419 406 10 18.307 1£.209 19.528

FT 460 448 440 433 424 408 411 405 398 393
18 442 430 4322 413 406 400 25 IAT 130 IM
19 426 414 406 399 390 384 I ATE 363 36l
I 402 400 391 386 37T A A6 338 3N M

21 400 388 3B0 3N 364 238 352 A 239 LM
11 38% 378 AT0 363 3M 343 341 333 328 3
I3 17 368 160 333 344 33 332 128 349 M6
¥ 371 33% 351 343 3136 A1 A1 117 300 aeT
I 363 3352 343 337 33 222 318 )09 103 219

6 336 344 336 330 321 315 208 302 295 1M
27 349 338 13 113 314 308 302 19 189 46
W 343 A2 32 113 309 )02 2% 130 283 1m0
19 338 31T IR 312 30) 197 1M 1m 1T8 LM

333 322 A1 30 MR 282 1M 2T 2M 289

k.

3 31 302 293 187 178 17 166 159 252 149
A0 256 187 179 273 164 257 151 244 230 1M
S 179 258 260 153 244 238 131 115 28 LM
60 267 138 147 241 2132 225 119 212 205 201
0 138 147 13% 232 133 Li6 200 203 193 192
g
e.

51 241 137 116 216 210 203 196 1BY 1aS
147 136 227 LA 11 105 198 191 1B3 L9
0 243 232 234 217 208 101 LW 187 LW LIS
120 237 1% s 211 202 195 LB3 141 173 168
156 12 3121 202 06 196 L&% 182 1M 166 162

236 215 207 200 150 18} L7 168 L0 158
/0 223 211 103 197 187 1M LT 165 156 131
11 200 301 1M 135 LM LW 162 153 E4E
18 207 198 191 132 L7 167 LM LD 14}
17 208 197 1% 180 173 163 LST 148 143

216 24 19 189 179 172 164 1% 146 141
15 200 195 18 L
4 202 LS4 187 LT7T 169 162 133 144 13%
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