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uestion 1

A Personal Identification Number (PIN) consists of four digits in order, each of which
may be any one of 0, 1, 2, ..., 9.
a)  Find the number of PINs satisfying each of the following requirements.
(i) All four digits are different.
(ii) There are exactly three different digits.
(iii) There are two different digits, each of which occurs twice.
(iv) There are exactly three digits the same.
(9 Marks)
b) Two PINs are chosen independently and at random, and you are given that each PIN

consists of four different digits. Let X be the random variable deroting the number of

digits that the two PINs have in common.

(4}(6 ]
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(i) Explain clearly why P(X =k) -:-——-(TO—— ,fork=0,1,2,3,4.
4 )

(4 Marks)

(i1} Hence write down the values of the probability mass function of X, and find its mean

and variance.
(7 Marks)

uestion 2
The continuous random variable X has probability density function given by
Sel)=cll-¥?), -1=x=1.
where c is a suitable constant.

a) Show that ¢ = 3% and plot the graph of fx(x) against x.

(6 Marks)
b) Show that the cumulative distribution function of X is given by
0 ,x<=1,
3
F (0= 23511 ~1<x<l,
1 ,xz1.
Also find P(-1/2 < X <1/2)

(6 Marks)

¢} Obtain the mean and variance of X, giving your answer correct to 3 significant

figures,
(8 Marks)



b)

b)

Question 3

Consider the sample space
{(a.b,c),(a,c,b},(b,a,c). {bca) (ca,b)(cba)(a a0a)(bbb)(ccre)}

Assign the probability of 1/9 to each sample point. Let A; be the event that the i
place in a sample point is occupied by the letter a. Show that the events A;, A;, Azare
pairwise independent but not completely independent.

(8 Marks)
Suppose a rare disease occurs by chance in 1 per 10,000 people. Suppose there
is a diagnostic test with the following properties : if a person has the disease, the test
will diagnose this correctly with probability 0.95; if a person does not have the
disease, the test will diagnose this correctly with probability 0.995.

If the test says that a person has the disease, calculate the probability that
this is a correct diagnosis.
(12 Marks)

nestion 4

Consider a study in which scientists are interested in finding out the number of
children with side effects after a vaccine, out of 200 children. Assume that the
probability of having side effect is 5%. Suppose that scientists consider the vaccine
“successful” if the number of children affected by side effects is no more than 15.
‘What is the (approximate) probability that the vaccine will be successful?

(4 Marks)

Researchers in Great Britain studied the incidence of childhood leukaemia over a 16-
year period and determined that the rate was (approximately) 1.50 children per square
mile area and that the numbers followed an approximate Poisson process. What is the
probability that more than 3 lenkaemia cases will be observed?

(4 Marks)

A firm that produces certain toys and has a demand represenied by the function
X=al/P,

where P is the unit price, @ is a preference parameter equal to 0.5, and I stands for the

consumer’s income which is uniformly distributed between E1,000 and E2,000 per

week.

i) If total costs (TC) are fixed and equal to E1,000, find the expected profits of this
firm.
(5 Marks)
ii) Find the standard deviation of the Firm's profits.
(7 Marks)



a)

b)

uestion 35
The continuous random variable X has probability density function

fx(.\'):\/_z.l;;exp{—;;-}. x>0,

Show that X has moment generating function (mgf)
M ¥ ( H ) =

1
F< 5.

1
J=2)° ;

Hence find the expected value and variance of X.

(10 Marks)

Suppose that the discrete random variable X has the probability function

PX=x)=(1-8)"8 | x=12 ...
Show that X has moment generating function (mgf)
e'o
(=—7 ~In{1-9).
M) —iae) f<—n(1-6)

Hence find the expected value and variance of X.

(10 Marks)

Question 6

Suppose the random variables X and Y are independent and are Gamma
distributed with parameters (o, A) and (3, A} respectively

L a—1 —\r
ie. fx(x) = &Z‘i( 2D eso. a. A >0,

with a similar expression for fy(y).

By calculating the joint probability density function of X +Y and X/Y, show
that these random variables are independent and that X + Y has the Gamnma
(a + 3, A) distribution. Find the probability density function of X/Y. Why
are X + Y and Y/X independent ? What is the probability density function
of Y/X 7

(20 marks)



estion 7

The continuous random variables X and Y have the joint probability density function
[a+p+y) LRI
Te)(Bry) -

(A-x=-3)" 0<x<1,0<p<l0<x+y<l,

where a >0, >0,y>0and I () is the gamma function.

a) Let rand s be non-negative integers. Show that the expected value of X'Y" is
[Na+r) F(B+s) Flo+B+7)

E(XY)= M) T(B) T@+B+y+r+s)

(8 Marks)
b} Hence determine the expected value and variance of X..

(6 Marks)
¢}  Find the comelation between X and Y.

(6 Marks)



STATISTICAL TABLES 1

Tane A

Cumulative Standardized Normal Distribution

A{z2) is the integral of the standardized normal
distribution from - to z (in other words, the
area under the curve to the left of z). It gives the
probability of a normal random varigble not
Ag) being more than 1 standard deviations above its
e mean. Values of z of particular importance:

H Afz)
Le4s 09300  Lower limit of right 9% il
1960 09750  Lower limif of right 2, 5% tail
2326 09900  Lower limit of right 1% wail

1576 09930  Lower limit of right . 5% iait

3000 0.9990  Lower Hmit of right 0.1% tall
3291 09998 Lower limif of 1 A
4 3 2 a 0 1z 2 3 4
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Q1 08398 03433 078 03517 03357 03396 03636 D367 O34 08783

Cumuiative normal distribution 33 Do ABN 0a G oom oae oo oat sam deul
Critical values of the ¢ distribution 03 08s 0D 06oat OT0I Odss oacee ooin oo oM e

0.6 07257 0.7291 0.7314 07357  0.738% 0. 7412 07454 07485 0.717 07549
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03554 0334 09570 09382 09591 09399 0908 09616 09623  0.9633
09641 09649 09636 0.9664 0.971 08678 09686 09693 09699 09706
09713 05719 0978 0912 09730 0974 090 0916 0971 09767
05772 09778 09781 097E 04793 05798 09803 09808 09B12  0.9817
059821 09826 09830 09834 09338 09R4I 09846 09BN 09044  0.9357
O5H4l 09864 O9RGE 05571 09875  09N72  O09BEL 09884 D.9EET 09490
09893 09890 09898 09901 05904 09906 09909 0991 093 09916
059918 09900 09922 03N 09NT 059 09931 09932 099 09936
Q.99  09M0 09941 04943 09MS  05ME 094 05M9 0993 09982
09953 0993 09%36 09957 09959 09960 0991 09%2 09963 0.9%64
: . 09967 05968 09969 09970 0TI 08971 0T 0.9
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STATISTICAL TABLES 2 STATISTICAL TABLES

Tamz A2 Tase A3
1Distribution: Oritlas] Values ot ¢t F Distribution: Critical Values of F (5% aignificance level)
Signtfcnce level w 1 3 3 4 5 & 1T % & 1 1N 4 ¥ W N
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. laeo 230 My A s 1045 400 171 348 231 321 214 107 30 291 251 286 143 280 1%
_" _“w 2228 169 444 bt I 484 398 299 336 330 309 301 295 290 18F 27% 1M 1M 267 163
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Tance A3 (continued)
F Distributlon: Critl

I Vduss of 7 {§% significance level}
3 W 33 40 N 0 7R 100 180 208

249,36 250.10 250.69 231,14 231,77 250,20 192.61 133.04 25146 23388
1946 1946 1947 1947 1948 [948 1945 1949 1949 1949
563 862 860 BIF RIR 037 436 B3 M A%
377 475 873 57 A0 369 568 188 345 565
432 450 448 445 A4 443 447 44l 439 439

383 1m1 379 37T 3% 3 A7 AMm 1M 18
340 338 336 23 331 330 129 327 A 128
331 308 386 A4 302 301 299 297 136 195
289 236 284 283 280 179 1T L 1M 1T
A7 170 g 266 1484 2462 260 239 M 1%

230 249 247 146 244 243
240 238 231 23 133 132
231 23 228 226 1M 1N
23 222 231 119 11T a6
318 116 104 202 LD 110

11 il 09 267 205 14
208 206 20¢ 201 100 139
14 200 200 198 196 195
100 198 1% 14 151 191

BE5% BEERE Semue vaonu’y

30 197 194 191 191 1 188
n 154 192 190 138 186 184
12 191 1ss 187 188 188 1m
1 180 186 LM 182 18 L7
u 18 184 182 180 17 L7
13 184 182 180 1M L7 LIS
26 182 180 17 L76 174 17
7 181 179 17 1 111 171
18 19 L7 175 173 1M 189
E ) 17747 A 1 1e8 167

18 134 180 179 176 L LT 10 167 166

k.

35 182 17 1% LM L70 160 166 163 161 160
0 178 1M 177 169 166 164 161 LIS 136 138
M 173 169 166 163 1460 138 138 151 150 148
60 163 163 162 139 156 183 131 148 145 Q44
WO166 162 139 LT 153 LS50 148 143 142 140
8

164 160 137 134 131 148 145 143 139 138

90 163 139 143 (53 149 146 14 141 LIS 136
We 162 15T L34 1R 148 14y 142 139 136 134
120 ted 135 182 130 146 143 14D 137 133 132
13¢ 138 134 150 145 44 141 138 134 131 129

0 156 1352 148 146 141 139 135 131 12 116
W 155 130 147 b4 140 137 13 L3 11?7 135
W 134 130 146 14 139 136 13 L0 126 133
400 153 [49 143 142 138 13y 132 1 LM L2
200 133 148 145 142 138 133 131 128 BB 1A

600 132 148 L4414l 137 134 131 127 123 LM
780 15 147 L4 14l 137 134 130 126 121 130
1000 1352 147 143 141 136 133 130 116 122 119
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5 EEEEE BUTse dousy wuNyy uy

g

i1

44 VU B4
168 2675 26,68

14.13
5.64

7.8%
628
548
492
4.52

421
£yl
17
162
345

337
a
i
11z
3.08

14.08
961

143
8.1l
541
4.86
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4.13
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29
168

143
.60

150
241

213
i

7
PR L)
211
209
206

1.03
0
1.99
198
197

1,9
1.9

4.0
9,58

740
6.16
338
4.8
441

410
186
3.66
pE |
kS 1

326
118
3,08
300
2.9

248
wm
27
LM
170

2.68
2683
160

1138
112
109
20
.00
197
193
1.92
192
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Tance A.S (oontinusd)
F Distribution: Grislsal Valuaa of F (1% significanos level)
1 F F] 4 5 [ ? ] 9 1 172
40I118 499950 F03.A3 HASE MI63 JENAR IR JHNILG? METAT DI A10633 S14ET WINLI0 A18013 SIOLTY
9830 9900 9507 9923 9930 9933 9936 99.37 9939 9940 9942 594
M.12 3082 2946 2871 2824 2791 2087 2749 2709 213 2700 %92
2020 1500 1669 1398 1582 1521 1498 1480 1466 WA 14D 1428
1626 1327 1208 1L39 1097 1047 1046 1029 1016 1045 989 977
1375 1052 97 901 078 47 436 10 798 87 11 180
1225 935 843 185 46 TP 699 684 672 663 647 636
1626 868 799 701 661 637 618 603 591 S0 467 1%
1046 802 6% 641 606 380 S6L 347 533 326 Sh A0l
1004 736 633 599 464 539 230 506 AWM 485 4T 460
963 T2l 621 467 531 307 480 AT 453 454 440 4
931 693 595 A4f 506 482 466 430 439 430 406 408
90T 670 574 A2l 4B6 462 44 430 K19 41D 396 386
886 6351 336 404 469 446 4B 4) 403 354 IW A0
BEE 636 41 489 456 432 414 400 38 IR0 267 186
83 623 12 AT 444 420 400 188 ATE A6P 135 248
BAO 61 330 457 434 410 A9 170 3eh 389 46 333
B2¥ 601 309 43 425 401 38 AN 360 331 33 137
18 393 301 430 417 384 377 163 132 343 13 A1
810 3BY 4M 443 400 187 370 336 46 337 11 AN
402 578 48T 437 404 331 364 33 40 AWM 217 AW
788 ST} 481 431 399 176 5% 343 333 336 212 202
786 566 476 426 384 371 AN 14l 3130 A2 00 297
THL A6l 471 A2 390 367 3N 336 326 347 303 29
TIT ST 468 418 383 36D 346 332 321 113 199 19
732 0585 464 404 381 339 342 229 318 209 29 186
768 549 460 411 378 385 339 326 313 106 193 28
764 545 487 40T 373 331 336 323 12 303 180 2479
760 342 43 404 373 230 3133 320 309 A0 287 207
786 339 ASL 40 370 347 X 217 307 298 184 M
741 327 440 391 38 337 220 307 19 288 14 164
731 418 431 3B 131 339 A2 199 239 1M 166 136
717 506 420 3T A1 349 202 K9 278 LN 236 146
708 498 443 363 3 LIt 29 18 172 163 150 239
700 492 407 260 329 207 291 78 167 139 241 135
698 485 404 )36 326 04 18T 1M 164 2335 141 233
691 435 401 333 32) Il 28 271 26! 137 139 129
690 48% 39 34 33 18% A2 269 139 150 237 127
G5 47% 395 348 317 256 279 266 136 247 234 210
681 478 3% 343 A4 292 276 263 1M 244 23 120
676 471 18 41 AN 29 :M 160 150 241 12T AN
674 469 85 240 304 247 AT A 4w 239 2% 233
671 468 385 338 108 286 270 237 247 138 LM 1n4
670 466 3B} 337 106 ZB1 268 256 243 237 11 113
669 463 382 336 303 2B4 268 255 144 236 2R 212
668 464 38 235 305 283 247 254 244 233 22) Al
667 463 A8l 334 304 283 266 243 243 23 121 241
666 4563 380 3M 104 2B 266 233 243 234 230 10

193

150
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Tancs A3 (comilnuad)
FOtstrtbution: Gritieal Valuas of F (1% sigriificance leval)
v 23 ] 33 40 30 "] ™ W 1% 100
"
162191 4360.63 617437 £18476 6XO.13 &30 QLIS £3041) ddMEI DBYT
1 5946 9947 9947 9947 HRAB 9043 9949 9940 S949 9949
3 1638 1630 2643 2641 1635 2632 2620 1624 2620 2618
4 1391 1384 1379 1375 1269 13.6% 1341 1338 1354 1392
5 943 938 933 929 S 920 91T %13 900 908
& 7230 123 7u8 114 109 06 TO? 69% 693 6M
T 606 399 394 191 286 582 579 ATS A AW
¥ 326 520 213 332 507 03 A00 4% 491 491
9 AT 463 480 437 AS2 A4E 443 441 430 436
10 431 425 430 417 402 40B 405 401 398 39
11 481 394 289 386 361 3T M AT1 367 266
13 376 370 365 62 38 134 1M 347 243 A4
13 357 351 346 242 3138 334 331 327 34 3aa
14 341 335 330 3127 32 38 318 3l J08 306
1§ A2 121 317 313 308 305 301 15 254 1w
16 316 310 305 .02 297 493 250 286 1B} 18!
17 307 300 29 292 287 19y 1m0 2176 T3 ATl
18 258 292 247 @ 1M AT3 LM 168 264 262
19 191 28 20 176 271 267 264 260 237 23
W B4 176 273 2189 264 261 257 25 230 148
21 279 271 167 264 M 233 18 248 244 242
12 273 167 162 238 213 A5 246 242 238 236
33 269 261 147 234 148 243 241 237 234 1M
24 264 258 233 249 244 240 237 133 229 227
3% 260 134 249 245 240 236 233 1229 221% 223
¥ 257 230 248 142 236 233 239 22 221 209
3T 234 247 242 138 233 229 116 131 2R 216
¥ 251 244 229 233 230 226 223 119 245 1R
1 248 241 236 233 237 113 2020 136 :i: 210
W 245 239 2M 230 223 131 217 13 109 207
a8 235 12 I 219 114 210 106 202 198 19
40 237 120 213 204 206 202 1% 134 L% 187
50 217 216 205 20F 19% 191 137 182 17T L%
0 210 203 198 159 148 18 L7TF L7 LW 168
W 205 198 193 189 183 178 1M L7 163 1462
# 101 1% 139 LB} 1% 175 1% 143 181 1M
0 19 192 186 132 L7 L7l 167 142 137 133
100 197 189 184 130 1M 169 163 1& [I3 1R
126 193 186 181 176 170 166 161 136 151 148
150 190 183 177 LT3 166 16 147 19F las 143
W0 187 119 LM 169 163 138 133 148 142 139
150 183 17T LT2 167 161 156 LM 148 td40 136
N0 LB 176 170 166 139 151 1% 14 13 133
406 182 175 169 184 1B 133 14 L42 136 132
300 181 174 168 163 157 131 147 L4l 134 13
600 180 173 16T 163 % 151 146 M40 13 130
M0 LB0 172 166 162 1355 150 145 139 133 129
W00 LTY 172 166 16F 154 130 L4 138 132 128
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Tasux A3 foontimuad)

F Ditribution: Critical Valuas of £ {0.1% sipnificancs level)
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7.5%
743

7.34
17
7.1%
712
.08

6.7
4.9
6.34
617
6.06

397
R3]

38
an

$.63
359
156
38
331

148
S48
546

N
169

31,92
i7.30
1429
12.36
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27
121
680
647

619
3.96
1%
39
14é

349

8
340
138
333
n

322
331
330

e
M

1968
14.33
nn
101t

896

b2

4843
%.92

1841

a4
2641

179
137
119
9.57
[X-]

46.593
26.06

17.08
13,43
10.94
931
822

741
679
@31
ELT
s.62

53
ERE)
494
43
44

451
440
430
L3+
413
406
359
193
in
n
3412
347

46,60
pik |

17.43
[ENE}
10.75
9.13
803

724
6.63
6.16
3T
146

il
4.59
480

2718

187

161
2.58

19
15

5
149
248

4532
437

1127
13.06
10.60
901
18

Eab
631
602
566
333

L04
LX 1)
+.64
433
438

4.26
415
4.0%
396
188
EX)
38
1.69
3.63
3

in
in
3.04
1.51
i

17
b ]
1.66
262
2.5

15
14
148
143
18

140
3%
138

46.10
Fok

1112
12.9
10.48
150
15

10
640
39
336
115

499
478
4.3
443
429

417
4,06
1%
a8
379
an
166
1.60
31354
349
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Tama A.3 {oontinuaed)
Tane A4
F Disttibution: Critical Vaiuss of F {0.1% significance lsvel)
WiS 36 3 48 M s T 16 15 208 2 (Chi-8quared) Distribution: Critical Vatues of 7
n
1 62403 620003 KT KI5 430003 SINeD) K32603 ANJe0Y 43se0) 63N Stymificance level
1 999.46 99947 99947 999,47 999.4E 99948 95949 099.49 K99A4Y 999 49 -~ = " 01%
3 125,04 12548 178,17 124.96 124.66 124.47 124.27 124,07 123.87 120,77 n.ﬂnﬁ -
4 ALTO 4543 4323 4309 4488 4473 4461 4447 4933 4426 . Fren:
5 2508 2487 472 24.60 24.44 33 A1 2442 1401 2393 i 1 1841 6.633 10823
6 l683 16467 1654 1644 1631 1621 1611 1603 1593 1389 2 3.991 9.21¢ [EEJTJ
AT R R R R A R
9 869 B35 B4 437 826 BAY ALl 804 736 193 ‘ b8 13177 18.467
10 760 747 13T 730 709 702 105 698 69 647 5 11070 15.085 20.513
11 681 668 439 651 642 631 68 621 414 410 s 12592 14,812 24318
13 622 60% &00 333 383 57 A7 563 33 5M2 ¥ 14.067 18475 14322
13475 563 334 47 337 836 52 A17 510 407
14338 523 517 400 500 A% AT 4Bl 474 a7l 8 15.501 W49 26.124
15 307 493 4B6 480 AT0 464 437 451 444 44l [] 16919 21.666 27.877
16 482 470 481 A4 443 439 431 426 AIF AIE w 18,507 29 29.58%
17 460 448 440 433 424 418 411 403 390 29
18 442 430 421 413 406 400 383 287 380 1M

19 436 414 406 299 350 A8 378 ML 163 36)
20 412 400 332 386 ATT 270 164 358 31 348

31 400 381 3180 1M 364 130 152 46 339 136
a1 289 3TR 370 340 38 340 G40 333 328 A
13 379 268 360 383 344 338 332 325 349 A6
4 371 339 331 343 136 229 33 307 e WY
33 363 352 343 337 A 33 a3 09 203 249

16 136 344 336 230 321 315 3108 302 295 192
2T 349 328 330 11 a4 308 302 29 289 186
I8 343 332 324 30 309 302 136 290 283 24D
39 338 327 18 312 303 197 191 284 278 214
W 333 3N 313 107 198 291 1836 79 171 16%

a5 343 2300 293 247 278 17F 266 239 181 149
40 398 287 179 27 164 1T 151 244 238 214
30 270 268 160 283 244 238 131 11y 14 LI4
60 267 233 147 241 232 223 119 10z 203 101
70 138 14T 139 131 13 216 10 203 193 192

a0 242 4l 231 116 ii6 110 203 1% 1AY 188
9 247 136 217 421 k11 205 19 191 183 LW
180 243 3232 124 207 200 181 194 187 L7 174
120 237 226 218 11 302 19% 188 181 173 1468
%0 231 121 212 106 1% 18F 1482 14 1466 162

236 215 07 200 19 1A} L% 168 160 158
213 212 03 197 187 180 L7 163 1% 151
221 210 L0l 184 LES 178 1M 162 143 148
216 207 19 191 182 LT3 L6Y L3y 130 148
117 203 197 190 180 LT3 163 137 143 143

116 204 196 183 179 L71 164 L¥ 146 L4
115 203 193 1B 178 171 163 133 143 140
24 202 1% 187 L7 169 161 153 144 138
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