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Question 1

The wholesale price paid for oranges in large shipments is based on the sugar content of
the load. The exact sugar content cannot be determined ptior to the purchase and extraction
of the juice from the entire load. You may assume that (a) the sugar content of an individual

orange, ¥ is closely related to its weight, X; and (b) the ratio of the total sugar content T, to
the total weight of the truckload T, is equal to the ratio of the mean sugar content per
orange, [, to the mean weight, L, .

2) How can the total sugar content of the load be estimated from a random sample »
oranges from the load
1) if the total number of oranges, N in the load is known?

i) if only the total weight of the oranges, T, in the truck is known?

In each case, what measurements must be made on the sample of n oranges?

b) Varates y; and X; are measured on each unit of a simple random sample of size n,

assumed large. Show that the vanance of p» = }_% is

N 2
V@) = Z Rr )
”:Ll,\ 1=1

where R = / My is the ratio of the population means and f= n/N.

c) Hence derive an approximate expression for the vatiance of your estimator in (i) of
part (a) above. State the condition under which the use of your estimator is better
than the use of the estimator in (i) of part (a).

d) Roughly how many oranges must be sampled from a very large truckload of
oranges weighing 818 Kgs in order for the standard error of the estimator in (ji) of
part (a) to be about 1.36 Kgs, where

3 iRy, )2
oty N -1

You may assume that the mean weight of an orange is 0.18 Kgs.

= (0.0030)?

(20 Marks)
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Question 2

(a) Define the term stratified random sampling. Explamm what is meant by the
expressions stratification with proportional allocation and stratification with
optimal allocation.

(b) A population of size N is divided into L strata, the stratum /» being of size N, .
The mean of the elements in the 4™ stratum is Y, and the variance is S;°. The
population mean is ¥ and the variance is $°. A sample of size 1 is selected by
taking independent random samples of size »; from stratum 4.

The population mean ¥ is to be estimated, either using a stratified random sample
with proportional allocation or using a simple random sample of the same size.
Let ¥rop and ¥, be the variances of the two estimators. Show that

N-n

L = = 1L )
——— [ZN(5n-Y) - 5 Z(N=-N})S#
NOV=D) [ZNn(Th=Y) - 32 N

Vi = I/;;'rap +

(c) The following data show the stratification of all fanns in a country by fann size
showing summary information about the area devoted to corn (maize) per farm in

each stramm.
Number of Average Standard
Farm Size Farms Corn Acres Deviation
(acres) N, Y, S,
< 40 394 54 83
41- 80 461 16.3 13.3
81- 120 391 243 15.1
121- 160 334 345 19.8
161- 200 169 42.1 24.5
201- 240 113 50.1 26.0
> 241 148 63.83 352
Overall 2010 26.3

T

L L
X W,Si =343.2788: X W, S,=17.0183, where W;,—‘-% for h=12,..,L

For a sample of 100 farms. compute the sample sizes in each stratum under:
(i)  Optimum allocation

(1) Proportional allocation.

Compare the precisions of these methods with that of simple random sampling.
(20 Marks)
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Question 3

At an experimental station 100 fields (each of area one hectare) were sown with wheat.
Each field was divided into sixteen equal plots. A simple random sample of 10 fields was
selected, and from each of these fields a simple random sample of 4 plots was selected.
The yields in kg/plot are given below:

Plot within field

Field 1 2 3 4

1 4.28 4.36 3.00 3.52
2 420 4.66 3.64 5.00
3 4.40 4.72 4.04 3.98
4 5.16 4.24 4.96 3.84
5 4.08 3.96 3.42 3.08
6 4.12 4.68 3.46 4.02
7 4.00 4.84 432 3.72
8 3.06 4.24 4.76 3.12
9 4.16 4.36 3.50 5.00
10 432 4.84 3.96 4.04

a) Estimate the wheat yield per hectare for the experimental station and its standard
erTor.

(8 Matks)

b) Estimate the relative efficiency of this estimator to that obtained from a simple
random sample of 40 plots.

(4 Marks)

c) If the cost of including a field in the sample is four times the cost of including an
extra plot, and total cost (excluding overheads) must not exceed 100 units, use the
method of Lagrange multipliers to derive the optimum number of fields and the
optimum number of plots per field for the sample.

(8 Marks)
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Question 4

A simple random sample of 10 hospitals was selected from a population of 33 hospitals
that had received state funding to upgrade their emergency medical services. Within each
of the selected hospitals, the records of all patients hospitalised in the past 12 months for
traumatic injuries (i.e. accidents, poisonings, violence, burns, etc) were examined. The
numbers of patients hospitalised for trauma conditions and the numbers discharged dead
for the selected hospitals are given below.

Number of patients | Number with trauma
Hospital hospitalised conditions discharged
for trauma conditions dead
1 560 4
2 190 4
3 260 2
4 370 4
5 190 4
6 130 0
7 170 9
8 170 2
9 60 0
10 110 1

a) Explain why this design may be considered as a cluster sample. What are the first-
stage and second-stage units?
(2 Marks)
b)

i) Obtain a point estimate and an approximate 95% confidence interval
for the total number of persons hospitalised for trauma conditions for
the 33 hospitals. State the properties of your estimator.

ii) Obtain a point estimate of the proportion of persons discharged dead
among those hospitalised for trauma conditions for the 33 hospitals,
using the cluster totals. Hence calculate an approximate 95%
confidence interval for this proportion, and comment on the validity of
the assumptions necessary for this calculation.
(12 marks)
¢) Give reasons why, for this survey, cluster sampling might be preferred to
stratified random sampling. What might be the drawbacks of cluster sampling?
Discuss, with reasons, any improvements you might make if another survey was
being planned on the same topic.

(6 Marks)
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