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Question 1

a) Describe and explain a linear model used for a one-way analysis of variance.
Explain clearly what each term in the model represents and state any assumptions
required for the analysis to be valid.

: (10 Marks)

b) A farmer is considering adding diet supplements to the food currently given to his
dairy cows in an attempt to increase milk yields. In order to assist his decision, he
sets up an experiment using a random sample of 24 of his cows who are assigned
randomly to one of the following 3 diet regimes: standard diet, standard diet plus
supplement A, standard diet plus supplement B. At the end of the three month
study period the average daily milk yield (in pints) is recorded for each cow with
the following results;

1: Standard 2: Standard diet 3 Standard diet

diet plus supplement A plus supplement B

16 24 25

18 20 21

19 29 23

21 25 19

24 27 24

21 26 22

25 23 26

17 21 20
Carry out an exhaustive analysis of these data, and write a report on your
findings for the farmer.

(25 Marks)
Question 2

An experiment was performed to determine the relative effects of three different soil
preparations on the first-year growth of pine seedlings. Each soil preparation was
randomly applied to one of three plots at each of four separate locations. On each plot
20 seedlings were planted and the following table shows the average first-year growth
(in cms) of the seedlings on each plot.

Soil preparation 1 2 3 4
A: no preparation 9 16 12 10
B: burning . 12 18 16 13
C: fertilisation 10 13 14 11

Carry out a suitable analysis of these data and explain clearly»your conclusions.

(20 Marks)
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estion

(a) Sixteen animals, four from each of four litters, were available for an experiment
to compare the effect on growth rate of four additives to a basic diet. The
following three different designs are suggested:

I Four pens each containing the four animals of one litter. One animal in each pen
is given one additive at random, all additives being used in each pen.

O  Each litter in a single pen, and given one additive (group feeding) chosen at
random.

I Four pens each containing one animal from each litter. Additives are allocated so
that each pen has one animal on each additive and also every litter has one animal
on each additive.

For each design write out an outline ANOVA table, listing the items and their
degrees of freedom.

(b) The followmng comments were made by statisticians consulted by the
experimenter. For each comiment, explain for which design it correctly applies
and why the comment is correct for that design and pot for the others. Give an
outline ANOVA table (items plus degrees of freedom) in each case.

(A) There is no true replication in this since a pen is your experimental unit;
(B) This design provides more residual degrees of freedom than the other two;

(C) If you cannot feed animals individually then I suppose you are forced to do
something like this. How about having one animal from each litter in each
pen; then if you can ignore the effects of pens you could analyse it as a
randomised block design with litters as blocks;

(D) You could analyse this as a Latin Square;

(E) You cannot distinguish the effects of litters and additives in this design;

(F) This is the only design which separates the effects of pens from that of
litters;

(G) You will only have six degrees of freedom for error if you do it this way.

(20 Marks)
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estion 4

There are many ways to bake cakes. The purpose of this experiment was to determine
how the pan material, the brand of cake mix and the stirring method affect the taste of
cakes. The factor levels were:

Factor Low (-) High (+)

A = pan material glass aluminitun
B = stirring method spoon mixer

C = brand mix expensive cheap

The response variable was taste, a subjective measure derived from a questionnaire
given to the subjects who sampled each batch of cakes. An eight-person test panel
sampled each batch and filled out the questionnaire. The complete set of data is
shown below.

Cake Test Panel Results Total

Batch A 8 c 1 2 3 4 5 6 7_ 8
1 - - - 11 g 10 10 11 10 8 9 78
2 + - 15 10 16 14 12 9 6§ 15 87
3 - + 9 12 1 11t 11 11 1 12 88
4 + + - 16 17 15 12 13 13 11 1 108
5 - - + 10 11 15 8 6 8 g 14 81
6 + - + 12 13 14 13 9 13 14 9 a7
7 - + + 10 12 13 10 7 7 17 13 89
8 + + + %% 12 15 13 12 12 9 14 102

Total g 98 96 109 91 81 83 85 97 740

Ix=740 Xx° =8988

a) Analyse the data from this experiment as if there were eight replicate blocks of a
2? factorial design. Comment briefly on the results.
(15 Marks)
b) Is the analysis in part (a) the correct approach? There are only eight batches. Do
we really have eight replicate blocks of a 2* factorial?

(5 Marks)
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604 APPENDIX
I. Cumulative Standard Normal Distribution®
— : 1 -u'n2
v D(z) J’ Y > e "du
b4 .00 .01 .02 .03 .04 z
.0 .50000 .50399 50798 51197 51595 0
A .53983 54379 .54776 55172 .55567 1
2 57926 58317 .58706 59095 .59483 2
3 61791 62172 62551 62930 .63307 3
4 65542 65910 .66276 .66640 .67003 4
S5 .69146 .69497 .69847 .70194 .70540 5
.6 72575 .72907 73237 73565 -,73891 .6
i .75803 76115 76424 76730 .77035 i
8 .78814 79103 .79389 79673 .79954 8
9 .81594 .81859 .82121 .82381 .82639 9
10 .84134 .84375 .84613 .84849 .85083 10
1.1 .86433 .86650 86864 .87076 87285 1.1
12 .88493 .88686 .88877 .89065 .89251 12
13 90320 .90490 .90658 90824 .90988 13
14 91924 92073 92219 .92364 .92506 14
15 93319 .93448 93574 .93699 .93822 15
1.6 .94520 .94630 .94738 .94845 94950 1.6
1.7 95543 95637 95728 95818 .95907 1.7
18 96407 | .96485 96562 96637 96711 1.8
1.9 97128 97193 97257 97320 .97381 19
20 97725 97178 97831 97882 .97932 20
2.1 .98214 98257 98300 98341 .93882 2.1
22 .98610 .98645 98679 98713 98745 22
23 .98928 98956 .98983 .99010 .99036 23
24 .99180 99202 .99224 99245 .99266 24
25 .99379 .99396 .99413 .99430 .99446 25
2.6 .99534 .99547 99560 99573 .99585 2.6
2.7 .99653 .99664 .99674 .99683 .99693 2.7
2.8 99744 99752 99760 .99767 99774 2.8
‘ 2.9 99813 99819 99825 .99831 99836 29
3.0 .99865 99869 99874 99878 .99882 3.0
31 99903 .99906 .99910 99913 .99916 3.1
32 99931 99934 99936 .99938 99940 32
33 99952 .99953 .99955 .99957 .99958 33
34 99966 99968 99969 .99970 99971 34
35 99977 99978 99978 99979 .99980 35
3.6 99984 .99985 .99985 99986 - .99986 3.6
37 99989 .99990 .99990 .99990 .99991 37
3.8 .99993 99993 .99993 .99994 99994 3.8
39 .99995 .99995 99996 .99996 .99996 39
*Reproduced with permission from Probability and Statistics in Engineering and Management Science, 3rd edition,
by W. W. Hines and D. C. Montgomery, Wiley, New York, 1990.




APPENDIX

1. Cumulative Standard Normal Distribution (continued)

tol

605

= -
fb(z) ey~ e du
z 05 .06 .07 .08 .09 z
.0 51994 52392 .52790 53188 53586 .0
1 55962 56356 56749 57142 57534 1
2 59871 60257 .60642 61026 61409 2
3 63683 .64058 64431 .64803 65173 3
4 67364 67724 68082 .68438 68793 4
S 70884 71226 71566 71904 72240 5
.6 74215 74537 74857 5175 .75490 .6
J 77337 11637 77935 78230 78523 7
8 80234 .80510 .80785 81057 81327 8
9 82894 83147 .83397 83646 .83891 9
1.0 85314 .85543 .85769 .85993 86214 1.0
1.1 .87493 87697 .87900 88100 .88297 1.1
1.2 89435 .89616 .89796 .89973 90147 1.2
13 91149 91308 91465 91621 91773 13
14 92647 92785 92922 93056 93189 14
1.5 93943 90462 94179 94295 .94408 15
1.6 95053 95154 95254 95352 .95448 1.6
1.7 95994 96080 96164 .96246 96327 1.7
1.8 96784 96856 96926 96995 97062 1.8
1.9 97441 97500 97558 97615 97670 1.9
2.0 97982 98030 98077 98124 98169 2.0
2.1 98422 98461 .98500 98537 98574 2.1
22 98778 98809 98840 98870 98899 2.2
2.3 .99061 99086 99111 99134 99158 23
24 99286 99305 99324 .99343 99361 24
2.5 99461 .99477 .99492 .99506 99520 2.5
2.6 .99598 99609 99621 99632 99643 2.6
2.7 99702 99711 99720 99728 99736 2.7
2.8 99781 99788 99795 .99801 99807 2.8
2.9 99841 99846 .99851 99856 99861 29
30 99886 299889 .99893 .99897 .99900 3.0
31 99918 99921 99924 99926 99929 31
32 99942 .99944 99946 99943 99950 32
33 .99960 99961 .99962 99964 99965 33
34 .99972 99973 .99974 99975 99976 14
s 99981 99981 99982 .99983 .99983 35
16 99987 99987 99988 99988 .99989 36
37 .99991 99992 .99992 99992 99992 37
38 .99994 .99994 .99995 99995 99995 3.8
39 .99996 .99996 .99996 99997 99997 39
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Percentage Points of the t Distribution®

IL.
N\ |

v 40 25 10 .05 025 .01 005 ~.0025 .001 .0005

1 .325 1.000 3.078 6314 12706 31.821 63.657 12732 31831 636.62
2 2890 816 1.886 12920 4303 6965 9.925 14.089 23326 31.598
3 277 765 1.638 2353 3182 4541 5841 7.453 10213 12.924
4 271 741 1533 2132 2776 3747  4.604 5.598 7.173 8.610
5 267 727 1476 2015 2571 3365  4.032 4.773 5.893 6.869
6 265 727 1440 1943 2447 3143 3.707 4.317 5.208 5.959
7 263 711 1415 1895 2365 2998  3.499 4.019 4.785 5.408
8 262 706 1397 1860 2306 2.896  3.355 3.833 4501 5.041
9 261 703 1383 1.833 2262  2.821 3.250 3.690 4.297 4.781
10 260 700 1372 1.812 2228 2764 3.169 3.581 4.144 4.587
11 260 697 1363 1.796 2.201 2718  3.106 3.497 4,025 4.437
12 259 695 1356 1782 2179  2.681 3.055 3.428 3.930 4.318
13 259 694 1350 1.771 2160 2650  3.012 3.372 3.852 4221
14 258 692 1345 1.761 2145 2624 2977 3.326 3,787 4.140
15 258 691 1341 1753 2131  2.602  2.947 3.286 3.733 4.073
16 258 690 1337 1746 2120 2583 2921 3.252 3.686 4.015
17 257 689 1333 1740 2.110 2.567  2.898 3.222 3.646 3.965
18 257 688 1330 1.734 2.101 2552 2878 3.197 3.610 3.922
19 257 688 1.328 1.729 2093 2539  2.861 3.174 3.579 3.883
20 257 687 1325 1725 2.086 2528  2.845 3.153 3.552 3.850
21 257 686 1323 1721 2.080 2518 2831 3.135 3.527 3.819
22 256 686 1321 1.717 2074 2508 2819 3.119 3.505 3.792
23 256 685 1319 1714 2069 2500 2.807 3.104 3.485 3.767
24 256 685 1318 1711 2064 2492 2797 3.091 3.467 3.745
25 256 684 1316 1708 2.060 2485  2.787 3.078 3.450 3.725
26 256 684 1315 1706 2056 2479 2779 3.067 3.435 3.707
27 256 684 1314 1703 2.052 2473 2771 3.057 3.421 3.690
28 256 683 1313 1701 2.048 2467  2.763 3.047 3.408 3.674
29 256 683 1311 1699 2.045 2462 2756 3.038 3.396 3.659
30 .256 683 1310 1.697 2.042 2457 2750 3.030 3.385 3.646
40 255 681 1.303 1.684 2.021 2423  2.704 2971 3.307 3.551
60 254 679 1296 1.671 2.000 2390 2.660 2.915 3.232 3.460
1200 254 677 1289 1658 1980 2358  2.617 2.860 3.160 3373
o 253 674 1282 1645 1960 2326 2576 2.807 3.090 3.291

v = degrees of freedom.

"Adapted with permission from Biometrika Tables for Statisticians, Vol. 1, 3rd edition, by E. S. Pearson and H. O. -
Hartley, Cambridge University Press, Cambridge, 1966.
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III. Percentage Points of the x* Distribution®
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a
v .995

990 975 950 .500 .050 .025 .010 .005

1 000+ 000+ 000+ 000+ 045 3.84 5.02 6.63 7.88
2 001 0.02 0.05 0.10 1.39 5.99 7.38 921  10.60
3007 0.11 0.22 0.35 2.37 7.81 935 1134 12.84
4 021 0.30 0.48 0.71 3.36 949 11.14 1328  14.86
5 041 0.55 0.83 1.15 435  11.07 1238 1509 1675
6 0.8 0.87 1.24 1.64 535 1259 1445 16.81  18.55
7 099 1.24 1.69 2.17 635 1407 1601 18.48  20.28
8 1.34 1.65 2.18 2.73 734 1551 1753 2009  21.96
9 173 2.09 270 3.33 834 1692  19.02 2167 2359
10 216 2.56 3.25 3.94 934 1831 2048 2321  25.19
11 - 2.60 3.05 3.82 4.57 1034  19.68 21.92 2472 2676
12 3.07 3.57 4.40 5.23 1134  21.03 2334 2622 2830
13 3.57 411 5.01 5.89 1234 2236 2474 2769  20.82
14 407 4.66 5.63 6.57 1334 2368 2612 2914 3132
15 460 5.23 6.27 7.26 1434 2500 2749 3058  32.80
16 514 5.81 6.91 7.96 1534 2630  28.85 32.00 3427
17 570 6.41 7.56 8.67 1634 2759 3019 3341 35.72
18 626 7.01 8.23 9.39 1734 2887 3153 3481 3716
19 6.84 7.63 8.91 10.12 1834  30.14 3285 36.19  38.58
20 743 8.26 9.59 10.85 1934 3141 3417 3757  40.00
25 1052 11.52 13.12 14.61 2434 3765 4065 4431  46.93
30 13.79 14.95 16.79 18.49 2934 4377 4698 5089  53.67
40 2071 22.16 24.43 26.51 3934 5576  59.34 63.60  66.77
50  27.99 29.71 3236 3476 4933 6750 7142  76.15  79.49
60 35.53 37.48 40.48 43.19 5933  79.08 8330 8838  91.95
70 4328 45.44 48.76 51.74 6933 9053 9502 10042 104.22
80 51.17 53.54 57.15 60.39 79.33 101.88 106.63 11233 116.32
90  59.20 61.75 65.65  69.13 8933 113.14 118.14 124.12 128.30
100 67.33 70.06 74.22 77.93 99.33 12434 12956 13581 140.17

v = degrees of freedom

*Adapted with permission from Biometrika Tables for Statisticians, Vol. 1, 3rd edition by E. S. Pearson and H. O.
Hartley, Cambridge University Press, Cambridge, 1966.
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APPENDIX 623

VIII. Critical Values for Dunnett’s Test for Comparing Treatments with :a Control*

dygsia — 1, f)
Two-Sided Comparisons

a — 1 = Number of Treatment Meauns (excluding control)

f 1 - 2 3 4 5 6 7 8 9
5 2.57 3.03 329 348 3.62 3.73 3.82 3.90 3.97
6 245 2.86 3.10 3.26 3.39 3.49 3.57 364 an
7 2.36 275 2.97 312 324 3.33 341 347 3.53
8 231 2.67 2.88 3.02 3.13 322 3.29 335 341
9 . 226 2.61 2.81 2.95 3.05 3.14 3.20 3.26 332

10 223 2.57 2.76 2.89 2.99 3.07 3.14 3.19 3.24

11 2.20 2.53 2.72 2.84 294 . 3.02 3.08 3.14 3.19

12 2.18 2.50 2.68 281 2.90 298 3.04 3.09 3.14

13 2.16 2.48 2.65 278 2.87 2.94 3.00 3.06 3.10

14 2.14 246 - 2.63 275 2.84 291 2.97 3.2 3.07

15 2.13 2.44 2.61 2.73 2.82 2.89 295 3.00 3.04

16 2.12 242 2.59 271 2.80 2.87 292 2.97 3.02

17 2.11 241 2.58 2.69 2.78 2.85 2.90 295 3.00

18 2.10 2.40 2.56 2.68 2.76 2.83 2.39 294 2.98

19 2.09 2.39 2.55 2.66 2.75 2.81 2.87 2.92 296

20 2.09 2.38 2.54 2.65 2.73 2.80 2.86 2.90 295

24 2.06 235 2.51 261 2.70 2.76 2.81 2.86 2.90

30 2.04 232 2.47 2.58 2.66 272 2.77 2.82 2.86

40 2.02 2.29 2.44 2.54 2.62 2.68 2.73 2.77 281

60 2.00 227 2.41 2.51 2.58 2.64 269 - 273 2.77

120 1.98 2.24 2.38 2.47 2.55 2.60 2.65 2.69 2.73

o 1.96 221 2.35 244 2.51 2.57 2.61 2.65 2.69

dom(a — 1, 1)
Two-Sided Comparisons
a — 1 = Number of Treatment Means (excluding control)

1 2 3 4 5 6 7 8 9

403 4.63 498 522 541 5.56 5.69 5.80 5.89
371 421 4.51 471 4.87 5.00 5.10 5.20 528
3.50 3.95 421 4.39 4.53 4.64 4.74 4.82 4.89
3.36 Kyl 4.00 4.17 4.29 440 448 4.56 4.62
3.25 3.63 385 4.01 4.12 422 430 4.37 443

3.17 3.53 374 3.88 3.99 4.08 4.16 422 4.28
3.11 345 3.65 3.79 3.89 3.98 4.05 4.11 4.16
3.05 3.39 3.58 371 381 3.89 3.96 4.02 4.07
3.01 3.33 352 3.65 374 3.82 3.89 394 3.99
2.98 3.29 347 3.59 3.69 3.76 3.83 3.88 393

f
5
6
7
8
9

10

11

12

13

14

15 2.95 325 343 3.55 3.64 in 378 3.83 3.88

16

17

18

19

20

24

30

40

2.92 3.22 3.39 3.51 3.60 3.67 3.73 3.78 3.83
290 3.19 336 347 356 3.63 3.69 3.74 3.79
2.88 3.17 333 3.4 3.53 3.60 3.66 n 375
2.86 3.15 331 3.42 3.50 3.57 3.63 3.68 372

2.85 3.13 329 340 3.48 3.55 3.60 3.65 3.69
2.80 .07 322 332 3.40 347 3.52 3.57 3.61
275 3.01 3.15 3.25 333 3.39 344 3.49 352
2.70 2.95 3.09 3.19 3.26 332 337 341 3.4
60 2.66 2.90 3.03 3.12 3.19 325 3.29 333 337

120 2.62 2.85 297 3.06 312 3.18 322 3.26 3.29
o 2.58 279 292 3.00 3.06 i 3.15 319 322

f = degrees of freedom.

*Reproduced with permission from C. W. Dunnett, “New Tables for Multiple Comparison with a Control," Biomet-
rics, Vol. 20, No. 3, 1964, and from C. W. Duanett, “A Multiple Comparison Procedure for Comparing Several
Treatments with a Control,” Journal of the American Statistical Association, Vol. 50, 1955.
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V1. Critical Values for Dunnett’s Test for Comparing Treatments with a Control (continued)

d(LOS(a - Lf )_
One-Sided Comparisons

a — 1 = Number of Treatment Means (exduding control)

f 1 2 3 4 5 6 7 3 9
5 2.02 244 2.68 2.85 2.98 3.08 316 3.24 3.30
6 1.94 234 2.56 271 2.83 2.92 3.00 3.07 3.12
7 1.89 227 2.48 2.62 2.73 2.82 2.89 2.95 3.01
8 1.86 2.22 2.42 2.55 2.66 2.74 2.81 2.87 292
9 1.83 2.18 2.37 2.50 2.60 2.68 2.75 2.81 2.86

10 1.81 2.15 2.34 2.47 256 2.64 2.70 2.76 2.81

11 1.80 213 2.31 2.44 2.53 2.60 2.67 2.2 2.77

12 1.78 2.11 2.29 241 2.50 258 264 269 2.74

13 1.77 2.09 2.27 2.39 248 2.55 2.61 2.66 2.71

14 1.76 2.08 2.25 2.37 2.46 2.53 2.59 2.64 2.69

15 1.75 2.07 2.24 2.36 2.44 2.51 2.57 2.62 2.67

16 1.75 2.06 2.23 2.34 243 2.50 2.56 2.61 2.65

17 1.74 2.05 222 2.33 242 2.49 2.54 2.59 2.64

18 1.73 2.04 2.21 2.32 241 2.48 2.53 258 2.62

19 1.73 2.03 2.20 231 2.40 247 2.52 2.57 2.61

20 172 2.03 2.19 2.30 2.39 246 251 2.56 2.60

24 17 2.01 2.17 2.28 2.36 2.43 2.48 2.53 2.57

30 170 1.99 2.15 2.25 2.33 2.40 2.45 2.50 2.54

40 168 1.97 2.13 2.23 231 2.37 2.42 2.47 2.51

60 1.67 1.95 2.10 221 2.28 2.35 2.39 244 2.48

120 1.66 1.93 2.08 2.18 2.26 2.32 2.37 2.41 2.45
@ 164 1.92 2.06 2.16 2.23 229 234 2.38 242
dogila = 1, 1)

One-Sided Comparisons
a — 1 = Number of Treatment Means (excluding control)

S 1 2 3 4 5 6 7 8 9
5 3.37 3.90 421 443 4.60 473 4.85 4.94 5.03
6 3.14 3.61 3.88 4.07 421 433 4.43 4.51 4.59
7 3.00 342 3.66 3.83 3.96 4.07 4.15 423 430
8 2.90 3.29 3.51 3.67 3.79 3.88 3.96 4.03 4.09
9 2.82 3.19 340 3.55 3.66 3.75 3.82 3.89 3.94

10 2.76 . 331 3.45 3.56 3.64 EN! 3.78 3.83

11 2.72 3.06 325 3.38 3.48 3.56 3.63 3.69 3.74

12 2.68 3.01 3.19 332 342 3.50 3.56 3.62 3.67

13 2.65 2.97 3.15 327 337 344 3.51 3.56 3.61

14 2.62 2.94 3.11 323 332 3.40 3.46 3.51 3.56

15 2.60 291 3.08 3.20 329 3.36 342 3.47 3.52

16 2.58 2.88 3.05 317 3.26 3.33 3.39 344 3.48

17 . 257 2.86 3.03 3.14 323 3.30 3.36 341 3.45

18 2.55 2.84 3.01 312 321 327 3.33 3.38 3.42

19 2.54 2.83 2.99 3.10 3.18 325 331 3.36 340

20 2.53 2.81 2.97 3.08 3.17 3.23 3.29 3.34 3.38

24 2.49 2.77 2.92 3.03 - 311 3.17 3.22 3.27 3.31

30 246 272 2.87 2.97 3.05 311 3.16 321 324

40 242 2.68 2.82 292 2.99 3.05 3.10 3.4 3.18

60 2.39 2.64 2.78 2.87 2.94 3.00 3.04 3.08 3.12

120 2.36 2.60 2.73 2.82 2.89 2.94 2.99 3.03 3.06

%0 2.33 2.56 2.68 2.1 2.84 289 - 293 2.97 3.00




