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QUESTION ONE  [40 Marks]

Consider a system consisting of NV independent parts. An extensive variable Y has an average vale (V)
and moments ((AY)™), where AY =Y — (V).

(a) Determine the exponent a for the odd moments:
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and show that a > b where
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[20 marks]

(b) Construct the probability weight using all the integer moments, odd and even. Show that the odd
moments do not contribute to the distribution function as N — oo.

A trick that may be helpful (and which is used in the standard derivation of the central-limit theorem)
is to consider the variable X = Y//N.

[20 marks]
QUESTION TWO  [30 Marks]

Consider the canonical ensemble for a monocomponent simple fluid, the probability of a fluctnation away
from thermodynamic equilibrium is given by:

P o e-(BTAS=ApAV)/2kpT

(a) From this expression, find P(AT, Ap)
[10 marks]

(b) Show that one can also write the thermodynamic potential in (a) in terms of the Gibbs free energy
( is given by:

P(AT, Ap) ~ e*G/ksT

{10 marks]

(¢) Show that the energy fluctuations in the canonical ensemble depend on the heat capacity Cy, i.e.

(AE)? = kgT2Cy

[10 marks]




QUESTION THREE {30 Marks]

A rare analytic solution to an interacting system involves the infinite-range Ising model of a ferromagnet.
Consider spins S; = +1 that are located on¢ = 1,2, ... N sites of a regular lattice. All spins interact equally
with each other, through a coupling positive constant .J,,. As well, there is a constant external magnetic
field H which tends to align the spins in the direction (sign) of the field. The energy of interaction for the
system is given by:

and the partition function is

+1 41 +1
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S1=~18=—1 Sy=-1
where kg is the Boltzmann constant and T is the temperature.

(a) The fact that all spins interact with each other with equal strength (without regard to how far apart
the spins may be) is artificial. For instance, why does the model only make sense if Jy, = J/N,
where J is a constant independent of N?

[5 marks]

(b) Show that the partition function for the system above is

~-NL{y)/ksT
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(as a hint, let ¢ = Ziil S;), and

L= —gyg —kpT In2 cosh(H + Jy)/kpT

The sums in the partition function have been replaced by an integral over the auxiliary variable y.
[10 marks]

(¢) In the thermodynamic limit, N — oo, show that the partition fanction can be evaluated exactly as

7 =Y exp(—NI(N,J,T,y.))/ ksT




find the equation satistied by y, and explain what the index « is. What is the probability of being in
the state specified by y,?

[10 marks]
(d) How can you show that there is a phase transition?
[4 marks]
(e) Comment about the nature of this model
1 mark]




APPENDIX

Useful formulae

The partition function and various probability weights:

7 — § e”EsnutE/kBT — e—F/kBT

states

For a normalized Gaussian, [ dzp(z), where the weight is:

1 e_mg/(gaz)

p(z) = m

where (z) = 0 and (3?) = ¢?. Also,
P o BS/kB, P o« eF/kBT, p= e—E.vtnte/kBT/Z

Thermodynamic relations:
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and heat capacities, compressibilities, and coefficient of thermal expansion

as as 1 fov 1 /oV
CV““T(BT)V) Cp"‘T(a—T>p= ""T"_v (EE)T) Q{_—"V (gf)p’
Also note the thermodynamic sum rule:

/d”F’C’(T) = n’kgTky




Thermodynamic fluctuations:

(ATY) = ksT?/Cy,  ((ATYAV)) =0, ((AV)®) = kyTVip

Fourier relations (in d dimensions, change to (d — 1) for surface fluctuations, for example). Note ali
integrals are bounded on small length scales by an wltraviolet cutoff, |k| < A, where 2r/A ~ (a few
nhanometers), and if necessary on large length scales by an infrared cutoff k| > (27 /L).

d ] ) S A ~ o — g o
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Closure requires the Dirac delta functions:

The Knoecker delta satisfies:
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whichis 1 if £ = 0, and zero otherwise. These relations all use the density of states in & space as (L/2m)4.-
So, the discrete to continuum limit is

o (%)d/ddk, g = (%)dé(!?)

—

E
and vice versa.

Handy integrals and sums

/ dee™" dz = /7, i—!mey, Ze"=1/(1~e)
e n=0 n=0

where |e| < 1.




