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Section A

Question 1

(a) (3 marks) What are some of desired properties of a random number generator

(i) High performance
(i) Long period
(iii) Unpredictability
(iv) All of the above
(v) None of the above

(b) (2 marks) Write the master equation for a one-dimensional random walks on
linear lattice.

(¢) (5 marks) Show that the master equation can be reduced to a diffusion equation
in the limit in which the lattice spacing ! and the time-step 7 go to zero.

Question 2

a) (5 marks) In numerical analysis, the Euler method ...

(i) is a first-order numerical procedure for solving initial value problem for
ordinary differential equations

(i) is a third-order numerical procedure for solving initial value problem for
ordinary differential equations

(iii) is very fast and accurate and thus should always be the first method to try
when solving ordinary differential equations

(iv) all of the above
(v) none of the above

b) (5 marks) The diffusion equation for a density field c(,¢) is given by a partial

differential equation
Oc(z,t) _ Dazc(a:,t) (1)
ot 0%
where D is a diffusion constant. Given the initial and boundary condition, this
equation can be solved numerically using the finite difference schemes. Show
that alternatively, the Eq. (1) can be transformed into a first-order ordinary

differential equation by the application of a Fourier transform.




Question 3

a) (4 marks) The rectangle and trapezoid methods of integration give identical
results for the integral of any function f(z) in the interval [a,b], if f(a) = f(b).
In other words, the two methods have the same error with respect to the correct
value, even though they have different rates of convergence. How do you reconcile
these two results?

b) (2 marks) Name one condition under which the Monte Carlo integration method
is most suitable compared to the standard numerical methods such as the Trape-
zoidal and the Simpson rule.

¢) (4 marks) As part of the solution of a particular problem you need (repeated)
calculation of the following expression
1
l1—+/1-z

for small z such that z ~ ¢ where ¢ is the machine epsilon.

(2)

(i) Briefly describe what trouble you expect when using Eq. (2).
(ii) Rewrite Eq. (2) to avoid the trouble

Question 4

a) (10 marks) The general one-dimensional Poisson equation reads as
d*u(z)
d2z

Show that this equation in a discretized approximations can be given as

f), z€(0,1), u@)=u(l)=0

i i1 — 2Uy .
UH_H;LQI u:fi fore=0,...,N

where f; = f(z;), w = u(z;), with the grid points z; = ¢h and the grid spacing
h=1/N




Section B ~ Question 5 (Computer based problem)

The Landau-Ginzburg model that describe the dynamics of the ferromagnetic
ordering from the paramagnetic state close to the critical temperature (7}) is given
as: _

19}
(e,,0) = KVm(,y,1) — am(z,,7) — bm(z, 3,7) (3)

where m is the magnetization, K coupling strength between neighboring spins and
b= (1-1T,/T) is the temperature-like control parameter..

(i) (3 marks) What is the phenomenon or physical process that is described by
Eq. (3} in the limit where a = b = 0.

(ii) (15 marks) Consider the attached Fortran code, ferromagnets.f95 that
utilized the Fuler algorithm

mift = mAL- VPmi + At (m; — (m)%) (4)

where the the Laplacian
2,0 __ ) 7 7 n 7 2
Vomis = (mifpy; +miq;+mig +miy —4Ami,) /A

where mf; = m(iAz, jAz, nAt) is a discretized variable to compute the time
dependent solutions. In the code m(z,y,t = 0) consists of random fluctuation
and the periodic boundary applied with ¢ = ~1, K = b = 1 . Run the code
and plot the snapshots of the magnetization at ¢ == 0, t = 25, and ¢ = 50.

(i) (10 marks) Modify the code by replacing the five-point Laplacian with the
nine-point difference method

Vimy; = (myay +mi gy +mi +miy)/ (2017
+ (Mt jar T Mg Mo + Mg 1) /4 — 3m2j))/A$2 (5)
Rerun the code and plot the snapshots of the magnetization at t = 0, t = 25,

and t = b0. Are there any qualitative difference between the results of the two
methods

(iv) (15 marks) Modify the code plot the m(z,v,t) at t = 50 for three different
systems with: K = 0.1, 1.0, and K = 10.

(v) (7 marks) What describe the nature of the magnetization patterns that are
recovered in the small K limit compared those at the larger K values. Are
these results meaningful?




