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Section A

Question 1

(a) (3 marks) Consider the basic algorithm for a random number generator given
as

Tpe1 = (azn, +¢) mod m

where 2,1 and z,, are respectively the (n+ )™ and n'™ numbers in the sequence.
Take a = 5, ¢ = 2, m = 8 and wg = 1 and generate the first few random numbers.
Does the sequence {z,} look like a random sequence. Give two characteristics
of a random sequence with a uniform distribution.

(b) (5 marks) Consider the outcome from throwing a fair coin 100 times, given as

THHHTTTTHT ... T.

with I = Head and 7' = Tail. Write a program that simulates the same random
process throwing a fair coin using a. random number generator.

(¢} (2 marks) Give two applications of Monte Carlo methods in computational
physics.

Question 2

a) (5 marks) Write a program that calculates the value of In(2) using the series
representation

11 = (1)t
L=locdim .= 1
: 2+3 4+ ~ n (1)

and terminate the calculation when the next term to he added is smaller than a
predetermined fraction of the sum, i.e., 1075,

b} (5 marks) The diffusion equation for a density field c(z,t) is given by a partial
differential equation

Oc(z,t) _ D@ (z,t) )

ot 0%x
where D is a diffusion constant. Given the initial and boundary condition, this
equation can be solved numerically using the finite difference schemes. Show
that alternatively, the Eq. (2) can be transformed into a first-order ordinary

differential equation by the application of a Fourier transform.




Question 3

a) (4 marks) The rectangle and trapezoid methods of integration give identical
results for the integral of any function f(z) in the interval la,B], if f(a) = f(b).
In other words, the two methods have the same error with respect to the correct
value, even though they have different rates of convergence. How do you reconcile
these two results?

b) (4 marks) How would you handle numerically these improper integrals?
1 x T
e sinz
(1) dor —  (ii) / 3)
0 vz o @ (
¢} (2 marks) Name one condition under which the Monte Carlo integration method

is most suitable compared to the standard numerical methods such as the Trape-
zoidal and the Simpson rule.

Question 4

a) ODEs: -You want to write a Euler algorithm to solve Newton’s second law for
the oscillation exhibited by a body mass m that is hanging from a spring of
constant % in a vertical gravitational field with gravitational constant g. If'y
is the displacement of the spring from its equilibriwm position, the differential
equation for the motion of the mass is

dZ
—dt—?j = —g—ky
(i) (3 marks) Convert this equation into two first -order differential equations
written in terms of dimensionless quantities. These are equations that you
will need to implement with your algorithm.
(i) (2 marks) How many initial conditions will you need to solve this problem?
Which ones?

b) (5 marks) The general one-dimensional Poisson equation reads as
—(z) = flz), z€(0,1), u(0)=u(l)=0
Show that this equation in a discretized approximations can be given as

: Vi1 — 2Uj
_uv,+1+;;21 z:fz' fOI"L':O,...,N
where f; = f(zi), w = u(z), with the grid points z; = ih and the grid spacing
h=1/N




Section B

The answers to this question must include the computer code and output, in addi-
tion to any writing that might be needed.

Question 5

Consider the following nonlinear logistic map
S 2
Tip1 = G — T
where a is a constant.

(a) (20 marks) Write & program that calculates the trajectory of the system whose
dynamics are governed by the logistic map given that the initial point zg = 0.5.
Compute the trajectories for three cases a = 0.5,1.476 and 2.0, let say 100
iterations.

(b) (10 marks) Plot graphs of z; versus 1 for the different values of a. Does changing
the value of a change the dynamics of the system. Describe the nature of the
states observed.

Question 6

The dynamic behavior of a ferromagnet after a sudden change of temperature is

often given by the following continuous equation
Om(z)  0°m(z)
ot 0z?

where m(z,t) in the magnetization, and r o< (T//Tc — 1) where T is temperature
and T, is the critical point where the ferromagnet loses its magnetic properties. The
corresponding discretized version of the dynamic equatbion is given as

, , JAY n . \ ‘ ,
mith = mi + e (g +mly — 2m) + Atfrm? — (m])’] (4)
where m? = m(i- Az, n-At). The code ferroM. f95 implements the above difference
method to calculate the dynamics of a system at 7 = —0.5 starting a paramagnetic
state (random initial conditions) and applying periodic boundary conditions.

+ rm(z) — m*(z)

(i) (10 marks) Run the code with a different seed of the random number gen-
erator. Plot the configuration of the magnetization m(z,t = 0), ie., my for
7 =1 to 100.
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(ii). (20 marks) Modify your code in order to compute the average magnetization
100
of the system at each given time step: m(t,) = 100 Z m(zi, ty). Plot m vs

tn, for n =1 to 5000 for two cases: one with r < 0 and the other r > 0.
Choose |r| < 1 in both cases. Discuss your results, which value of r leads to a
paramagnetic or ferromagnetic state.




