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Question 1

(a) Calculate the square-root of the imaginary number —i:

[ 4 marks]
(b) Given f(z) = 2% + z + 1, evaluate f(2 + 21).

| 4 marks]

(¢) An electron moving in a thin wire has a wave function
c
z+1

where z is the coordinate of the electron and c is a positive constant.

Ulz) =

(i) Calculate and sketch the probability function p(z) = U*U of the particle
(U* is the complex conjugate of U).

[ 5 marks]
(i) Where is the maximum of this probability?
[ 2 marks]

(d) In integral tables you can find the integrals for such functions as
/ dxe® cosbz, or / dze® sin bx.

Show how easy it is to do these by applying Euler identity €*® = cos bz +isin bz
at once.

[10 marks]




Question 2

(a) Solve the following differential equation
v +2 —15y=0, y=-19y =1 at =0
19 marks|
(b) Consider the differential equation

y' 3y +2 = f(z)
What would you try for the particular solution if f(z) =
(1) =%,
(ii) z sin(z),
(iii) sinh z, and
(iv) e + cos® z?

[16 marks]

Question 3

(a) For what values of a are the vectors A = at — 20 -+ 2 and B = 202 + af — 42
orthogonal?

[6 marks]

(b) On the interval 0 < = < L with a scalar product defined as (f,g) =
fOL dz f(z)*g(x), show that these are zero making the functions orthogonal:

(i) z and L — 3z/2,

(i) sin 7z /L and cosmz /L,
(iii) sin 372/ L and L — 2.

[9 marks]
(c) In a given basis, an operator has the values
A(él) = ¢; + 3¢, and A(éz) == 4¢ -+ 26y,
(i) Express A in a matrix form.
(ii) Find the eigenvalues and eigenvectors of A.

[10 marks]




Question 4

(a) Use the method of separation of variables to obtain the solution u{z,t) for the
one-dimensional diffusion equation

oz2 Ot
with the boundary condition that u(z,t — co) = 0 for all z.

[ 9 marks]

(b) Evaluate the line integral
[ = / a-dr, where a= (z+ )T+ (y — 2)9
c

along each of the following paths in the zy-plane

(i) the parabola y? = & from (1,1) to (4,2).

| 5 marks]

(ii) the line y = 1 from (1,1) to (4,1), followed by the line z = 4 from (4,1) to
(4,2).

[ 5 marks]

(¢) A small particle of mass m orbits a much larger mass M centered at the origin.
According the Newton'’s law of gravitation, the position vector r of the small
mass obeys the differential equation

d’r GMm

M T T 2 "

Show that the vector r x dr/dt is a constant of motion

[ 6 marks]




Question 5

(a) Evaluate the following integrals

T

(1) Lw sinzd(z — 2)dm,
(ii) /_ Zé(Sx — 2)z*dz,

, (1it) / e~ 2§(x” — bz + 6)dz
0

(b) Consider the barrier function

o ={o s,

0, lz| > a,
with & > 0.
(i) Sketch f(z).

[ 4 marks]

[ 4 marks]

[ 5 marks]

[ 3 marks]

(ii) Calculate F(k) the Fourier transform of F(z) and sketch of the solution.

[ 9 marks]




