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P272/PHY271 MATHEMATICAL METHODS FOR PHYSICIST

Question one

A vector field /' expressed in cylindrical coordinates is given as

F=2,(7p" cos(p))+2, (0p*)+2, (5p2) .

(a) Evaluate the value of (j;! Fedl if L isthecircular closed loop of radius 3 on
z = 2 plane in counter clockwise sense and centeredat p=0 & z=2 ,ie,
L:l(p=3,0<p<27 ,2=2 & di=+2, pdg—£=>>8,3d¢

{7 marks)

(b) (i) Evaluate Vx F and show that
ﬁxﬁ‘:é}, (-5z)+2, (27 p +7 psin(g)) (6 marks)

(i1} Evaluate the value of ”S (@ x F ) od5 where S isbounded by L
given in (@) , i.e.,

S: (0sp<3, 0242, 2=2 & di=¢, pdpdgp)
Compare this value with that obtained in () and make a brief comment.

: : (6+1 marks)
(c) Show that the given vector field satisfies the following vector identity that

ﬁowxﬁ’)z() ( 5 marks)



(a)

(b

Question two

Given a scalar function  f =5 »* sin(@)sin{#) in spherical coordinates, by direct

substitution show that it satisfies the following vector identity that

ﬁx_(@f)so. ( 8 marks )

Given the following differential equation as :

d* y(x) _ dy(x)
dx* = dx

Solve by using the power series method , i.¢., setting

~2 p(x)=0

[}
y(x) = Za" X" and g, —F—1

n=0

(i) Write down the indicial equations and recurrence relations. Deduce that
I for s=0
s=0or 1 and g = % for s=1" (10 marks)

(i)  For s =0 case, set g, =1 and use the recurrence relation to calculate the values of
@, uptothevalue of a; . Then write down this independent solution in its power
series form truncated up to g, term. ( 7 marks)



Question three

. Given the following non-homogeneous differential equation as

d;‘? — 4 x(t) =10 sin(2) e (1)
and also given the following initial condition that x{(0)=6 ,
(a) (1) find its particular solution x,(r) and show that
x,(f)=-2 sin(21) - cos(2¢) (5 marks )
(i)  For the homogeneous part of the given non-homogeneous differential
d x()

equation , i.e., — 4 x(t) =0 , by direct substitution show that its

general solutionis x,(f) =%k e* where k isan arbitrary constant.
' (2 marks)
(iii) ~ Write down the general solution of the given non-homogeneous differential
equation in terms of the answers obtained in (@)(i) & («)(ii) . From the given initial
condition, i.e., x(0)=6, find its specific solution  x,(#) and show that
x,((y="Te" —2sin(2¢) - cos(2r) . ( 1+2 marks )
by @) Find the Laplace transform of  x(¢) , i.e,, L{x(f)} ey X{s) , from the above
given non-homogeneous differential equation and initial condition, deduce that
- 20
X (S) = 6 + 5
s—4 (5—4)(5 +4)
(i) - Convert X(s) in (B)(i) into its partial fraction and show that

(6 marks)

7 s 4

Xis)= - - 6 marks

() s—4 sP+4 5P +4 ( )
k f k

(Hint : 20 5 oy L4 ; 28 5 5y

(s—4)(s* +4) s—4 st+d sT+4
(iiiy  Take the inverse Laplace transform of X (s) in (b)(ii) to find the
specific solution of  x(f) . (3 marks)



Question four

The longitudinal vibration amplitude u(x , t) of a given vibrating string of length 10 meters,
fixed at its two ends ,i.e., u(0,) =0 & u(10,)=0, M satisfies the following 1-D wave
& u(x,1) 0% u(x,t)
't _ 95 A i
ot’ ox? 0
(a) set u(x ,r) =F (x) G(t) and apply the techniques of separation of variables to deduce the
following two ordinary differential equations that

equation

T rgy 8
S — ®)

where k is a separation constant.
For our given problem, & needs to be any negative constant, explain briefly why ?
(4+2 marks)
(b)  Consider the following u(x,r) that

” . (nmx nit
u(x,t) = Zu” (x,1) where u,(X,t)=E, sm[ ) cos( J ,
n=1 .

10 2

(i) by direct substitution, show that u,(x,) satisfies the given 1-D wave

equation eq.(1) , . ' . {4 marks )
(i)  showthat u,(x,f) satisfies the two fixed conditions, i.e.,

u (0,0)=0 & wu,(10,0)=0 , (2 marks)
(i)  showthat u,(x,f) satisfies the zero initial speed condition, i.e.,

ECACID 0, | (3 marks)

or | _,

(iv)  if the initial position of the vibrating string, i.e., #(x,0) ,is given as

2x for . 0<x<6
u(x,0)= ,
-3 x+30 Jor 6<x<10
find the values of %, and show that

E, = 12002 sin[3mrJ where n=1,2,3,-
nom 5
Also calculate the value of E, . {9+ 1 marks)



Question five

Given the following equations for coupled oscillator system as :

d” x, ()
dr‘Z = — 14 x,(£) + 4 %, ()
2
d xzz(t) =53, (1) = 6.3, (1)
di
(a) set x (=X &% & x,(t)=X,¢e'®" ,deduce the following matrix equation
AX=-0*X where A:(ﬁm 4} & X:[X') (4 marks )
5 -6) X,
(b) find the eigenfrequencies @ of the given coupled system , ( 5 marks )
(c) find the eigenvectors X of the given coupled system corresponding to cach
eigenfrequencies found in (b). { 6 marks)
(d) find the normal coordinates for the given coupled system, (7 marks)
(e} write down the general solution of the given system. * (3 marks)




Useful informations
The transformations between rectangular and spherical coordinate systems ate :

R PO

x = r sin(#) cos(¢) —
y=rsin@sin(g) &  {0=tan” Ey_]

z

()
X

The transformations between rectangular and cylindrical coordinate systems are :

Y P
x = p cos(g) p“m

y=psing) & 4= tan”[zj

X
Z=2z

z =r cos(d)

Z=Z

¥ rog L2, 10 5 10
B Su 712 du, hy du,

G [a(ﬂhz 3)+6(F2hi113)+8(F3hlhz)}

hy hy by du, Ou, Ou,
\7>< ]';‘ — 51 (a(Fs ha) _ a(Fz hz)J_z_ 52 [a(‘Fl hl) _ 8(F3 h3)J+ 53 [a(Fz hz) . a(Fl hl)]
hy hy ou, Ou, h h\ Ou, ou, h h, ou, du,
where F=¢ F +é, F,+é F, and
(, ,u1y i,)  represents (x,v,2) for rectangular coordinate system
represents (p.,¢,2) for cylindrical coordinate system
represents (r g, ¢) _ for spherical coordinate system
(@, ,é,,é) represents (ex €y 5 €, for rectangular coordinate system
represents (é' PN éz) for cylindrical coordinate system
represents (é',, , é'g . € ﬁ) for sphefical coordinate system
(h, ,h, ,hy) represents (1,1,1) for rectangular coordinate system
represents (1 s Py 1) for cylindrical coordinate system
represents (1 S sin(@)) for spherical coordinate system
fiO=ft+2L)y=f(t+4L)y== ia” cos(nz t] + ibn sin(nz r] where
=0 m=1

t .
o ]dt Jor n=1,2,3,-

o), S0 x“fuf( COS(HZIJ z—[ o)t (

I (¢ Sill-(k D)dit = t cos(kt) N sin(kz)

k kK’
I {t cos(kct))dt = ! Su;(kf) + CO?(;’ct)
¢ ke



F=10/0) 10
1/ 1
1/s° !
1/s" n=1,2,3, K Y{n-1) n=1,2,3,
1/(5'—61) ed!
1/(s—a)’ e’ t
1/(s—a)’ n=1,2,3, e " (n-1)) n=1,2,3,
Fs—a) e f6)  s—shift theory
1/{s? + a)z) sin(w?)/ @
S/(S2 +an) cos(w?)
1/(;5*2 —~ az) sinh(at)/a
S/(.5‘2 —ag) cosh{at)
e /s a>0 ult—a) a>0
e F(s) a>0 f(r%a)u(r—a) t — shift theory
F6) G6) W)~ (ree)o)= [ ) gle—r)dr
'r: . f (t - r) g(t)dr  convolution theory

I

where ult — a)

0 if t<a
1 if t>a

Liu(t - a)} = Izo ult —a)e™*" dt  where s3>0
=[" @ dt+f" ()e ar
o] (4

s s s

Liy' () =— »(0)+ s L{p(e)}
Liy" () == »"(0)~ 5 (0} + 5% L)}

-0

is an unitary step function & its Laplace transform is




