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P272/PHY271 MATHEMATICAL METHODS FOR PHYSICIST

Question one

Given a vector field F =&, (1'2 ) + ¢, (6 r* sin 9) +é, (3 7 cos ¢) in spherical coordinates ,

(a) find the value of j‘)q Feds if S=8+5, where

< i"w4,0£6’$—§,0$¢52ﬂ' & ds=8 r sin0dodg
!
1=t G 16sin@d O dg
ax%,omsct,os;észn & d§=é,rsinf@drdg
Sg .

g==
—2 e, rdrdg
ie, S isaupper-half semi-spherical closed surface centered at the origin with a radius
of 4. ( 10 marks )

(b) (i) Evaluate V e /' and show that

i‘f-ﬁx4r+12rcos(9)-wl . (4 marks )
sin(é)

(i)  Find the value of J'” . (\7 o F )d v where ¥ is bounded by S givenin (a), i.e.,
Vi 0<r<4, ose)s% L 0<p<27 & dv=r'sinddrdfdg.

Compare this answer to that obtained in (¢) and make a brief comment.
(10+1 marks)



(a)

(b)

Question two

Given the following Laplace equation in cylindrical coordinates as :

1_@_[P af(p,czﬁ,z)}ri * flp.g.2) 0 flp.b.2) _
pop ap p’ g’ oz’

utilize the separation of variable scheme to split it into three ordinary differential equations.
(7 marks )

Given the following Legendre’s differential equation as :

2 . .
(1—x2)%ﬂm2x%‘l+zoy(x)xo .

Solve by using the power series method , i.e., setting  y(x) = Za” x" and  a, #0
=0
(i) Write down the indicial equations and recurrence relation. Deduce that
s=0o0r 1 and a, =0 . ( 8 marks )

(i)  For s =0 case, set ¢, =1 and use the recurrence relation to calculate the values of

a, upto the value of a, . Then write down the independent solution in its power

series form and show that it’s a polynomial and linearly dependent to the
well-known Legendre polynomial of order 4 ,ie., P,(x) (E %; x* - % X%+ zj
(8+2 marks)




Question three

2
Given the following non-homogeneous differential equation as d \,( ) + —19— x(£) = f(f) , where
PE
f(6) is a periodic jigsaw shape driving force of period 6 , i.e
fOH=fu+6)=f+12) = and plotted against its first three periods as shown below :
12+ /_l
10 x'/
/
o] ’ /
&1 »”/
/
/7
ol /
/
/
27 a‘x‘f
o ] A & S 10 12 1% 16 13

i.e., its first period descriptionis f(f)=2¢ for 0<7<6

(a)

(b)

()

Find the Fourier series expansion of  f (f) and show that

fl)=6+ i(— %) sin(”;”] ------ (1) (9 marks )

Find its particular solution x,(f) corresponding to the given f(t) and show that

X, r) 54 + Z 108 1) sin(” ;”J ( 12 marks )

sonw (n 7’

for the homogeneous part of the given non-homogeneous differential equation , i.e.,
d* x() |
di’
down its general solution x, (#) . Then write down the general solution of the given

—x()=0,set x(t)=e”" and find the appropriate values of « and thus write

non-homogeneous differential equation  x, (1) . ( 3+1 Marks)



Question four

Given the following non-homogeneous differential equation as

v -3y ) r25)=hl) & h(t)=2 cos(31)

and also given the following initial condition that y(O) =2 & y'(O) =1,

(a) Find the Laplace transform of  y(#) , i.e., L{y(r)} ey ¥(s) , from the above given

non-homogeneous differential equation and initial condition, deduce that
Y(s)= F(s)+ Gls) H(s) where

F(S)m isz(z—s?a_Si)Zj
G(S)zisz —3’13+2j

25 -
H@ﬁx2+9 (Note:  H(s)= L)} < n(t)= L {H(s)})

_ {9 marks )
by @ Find the inverse Laplace transform of G(s) , i.e., L7 {G(s)} , and name it as
g(t) . Showthat g{t)=—-e' +e¢*
(Hint : convert G(s) into its partial fractions and then use the given

conversion table to find the answers.)
( 7 marks )

(i) Find L7G(s)H (s)} by using convolution theory , i.e.,
L MG(s) Hs)=(g* k)= J rzog(r— r)h(z)dt , and show that

o) N = — e + e = T cos(3r) =~ sin(3
L {G(.S)H(.S)}m 5 e + 13@ 65 cos(3¢) 65 sin(31)
: R ar . b ar 4 ar
(Hint : j e" coslbr)dr = PR e sin(br)+ e e’ cos(br))

( 7 marks )
(iii)  Assuming L~ {F (5)} was found by similar procedures as done in (b)(1)

as L '{F(s)}=3e' —e” , then write down the specific solution of wlr) Lie,
LYY (s)} , and simplify it. {2 marks)




Question five

Two simple harmonic oscillators are joined by a spring with a spring constant  k,, as shown in the
diagram below :

7 '?é{f - 7’?/2 e }6;_
VYR | O g, Y

AL ST S N S FITE 7 YR PTA
' <
/

DN

T T i i 777
e
Z

The equations of motion for this coupled oscillator system ignoring friction are given as
d* x, (1)
1 drlz :“(kl +k12)x|(f)+k|2 x5 (f)

d* x, (¢
nt, “_d']:_gg—) =k, X, (1) (kz + kl2)x2 ()

where x, & x, are horizontal displacements of m & m, measured from their respective

resting positions.

r
Ifgiven m, =1 kg , m,=2 kg , &, =3 N , ky =6 N & k,=6 N

m m "
(a) Set x()=X, e & x,(t)=X,e“" . Then the above given equations can be deduced to

the following matrix equation 4 X =-o® X where

-9 6 X,
A= & X = . (5 marks)
3 -6 X,
(b) Find the eigenfrequencies @ of the given coupled system . ( 5 marks )
(c) Find the eigenvectors X of the given coupled system coiresponding to each
eigenfrequencies found in (d) . ( 5 marks )
(d)  Write down the general solutions for x,(f} & x, (t) . ( 2 marks )
(e)  Find the specific solutions for x,(t) & x,{t) if the initial conditions are given as
dx (r) dx, (r)

=o] & S22/

=0, 8 marks
dt ( )

x(0)=1, x,(0)=0 , ==
df

=0 (=0



Useful informations
The transformations between rectangular and spherical coordinate systems are :

in(6) cos(¢) Pyt 4yt 42
x =71 sin(d) cos

f;2+ 2
y = r sin(@) sin(¢) & 0 =tan™' [__}_.m%fm)

z

¢ =tan’ (Qf_}
x

The transformations between rectangular and cylindrical coordinate systems are :

— 42 2
x = p cos(¢) pENXAY

y=psin(g) & = tan"(—Ji)

X

z = r cos(@)

z=z z=2z

- 0

G s L0f 5 1L ;100
h Ou, h, Ou, ~ hy Ou,

Gep. | a(F, h, 113)+8(F2 h, 113)+6(F3 h hy)
hy h, hy du, o, du,

o fo [a(ﬁg r)  8(F, 112)J+ g, (a(F, h) o(F /13)J+ g [a(}g n) o7 h,)}

hy h, du, ou,

where F=¢, F +& F,+é& F, and

h h,\  Ou, ou, hy by

(u, yu, ,u,)  represents (x,y,2) for rectangular coordinate system
represents (p @, z) for cylindrical coordinate system
represents (1' , 0, ¢) for spherical coordinate system

(¢, ,é,,7,) represents (E'\, €, ,é’z) for rectangular coordinate system
represents (” PN E) for cylindrical coordinate system
represents (",‘ ,€g . € ¢) for spherical coordinate system

(h b, , hy) represents  (1,1,1) for rectangular coordinate system
represents (1 S 0 1) for cylindrical coordinate system
represents (1 LT sin(@)) for spherical coordinate system

nmt
L

JO=f+20)=fU+4L)== id,, COS[ )%« ibn sin{ ”z r] where
"=l

| 1 o nnt 1 g2 . (nmit :
aom—z—L . fdar, a"=z~ . f(f)cos[ ; )dt & b”=»~£.[0 f(t)sm[ ; )dr Jfor
,{ (¢ sin(ke) d i = - t cos{k 1) N sm(;’c f)
k k
J- (t cos(ir) dt = tsn;(kt) N co}?(zkf)
i 1

ou, ou,

n=1,2,3,-




F(s)=2{f(0)} /)
/s 1
1/s’ | {
1/s" n=102.73, t" /(nml)! n=1,2,3,-
1/(s~a) e
1/(s~a)’ e’ t
1/(5—5;)” n=1,2,3, e ¢! /(nml)! n=1,2,3,-
Fs—a) e’ ft) s shifi theory
1/(S ‘tw 2) sin{wt )/ @
s/(s g a)z) cos(w1?)
1/(s ‘—a 2) sinh(at)/a
s/ (S P -q 2) cosh{at)
e /s a>0 ult—a) a>0
e “F(s) a>0 f( - ) (f *a) t — shift theory
F(s)Gls) Hlt) = ! f&)elt—7)dr
= Lﬂf - r) g(t)dr  comvolution theory

0 if f<a

L is an unitary step function & its Laplace tremsform is
i >

where ult —a)= {
Liulr - a)f = Jiu ult —aye ' dt  where s3>0

=[", e dr+ " S dr

t=d
:04_(“38‘-‘1} z(—le—‘“) ——(O) ["‘"**e .s'cr)zleu.\'ﬂ
§ t=a § (=0 s

Ly (e} = (0) + s ()}
Liy" (@) == »'(0) - s »(0)+ s* L)}




