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Question 1

-~

(a). Explain what was learned about quantization of radiation or a mechan-
ical system from the following experiments,

(i). The photo-electric effect. [5 markS] ‘
(ii). Franck-Hertz experiment. [5 marks]
(iii). Compton scattering. [5 marks]

(b). Show that the expectation value of p obeys Newton’s second law. [6

marks]
d{p av
(Hint: Prove Ehrenfest’s thoerem that ﬁ = (1))
dt dz
(c). Show that the matrix T = (1 _1|_z. L a %> is Hermitian. [4 marks]

Question 2

(a). State, with justification, whether each of the following sets of quantum
numbers could be used to label a possible wave-function of the hydrogen
atom. [5 marks]

@. n=1L0=1my=1m;=3}
(ii). n=3,=1,mp=2,m, =0
(iii). n=4,=1,mg= -1, my = “71
(iv)y n=2,{=1,my=0,m; =0
v) n=4,0=3,my= —1,ms=%

(b). The following wave functions are energy eigenfunctions of the hydrogen
atom.

1 T =r
Uy (r,0,¢) = 2——}e%o
1(r,6,¢) /32ra2 ( ) |

1 r\? = .
Uo(r, 8, ¢) = _ | — | %0 sind cos e
o(r.6,9) 81+/mad (ao)
(i). Deduce the quantum numbers n, £, and m, for each wavefunction.
[10 marks] ‘
(i1). Verify if ¥,(r,8, ¢) is normalised and calculate the expectation

value of the electron-nuclear separation in the hydrogen atom for
this wavefunction {10 marks]




Question 3

(a)-

(b)-

(©)-

(d)-

. . .
A bead of mass m is constrained to move freely on a circular hoop of
radius R a shown iu fig. 1. For such a system, the moinentuin operator

is defined as p, = where ¢ is the angle measured counter-

—

Ry’
clockwise as shown. The eigenfunctions of p are f,(¢) and the obey
the periodic boundary condition f(0) = f(2r). These eigen-functions

form a Hilbert space.

p

-
N

Figure 1:

(i). Prove that p, is a Hermitian observable from this Hilbert space.
[5 marks]

(ii). Solve the eigen-value equation fif, = pfp, in terms of the eigen-
value p and the angle ¢. [5 marks]

Electrons are passing through two slits that are 100 nm apart. Use
Heisenberg’s uncertainty principle to find the minimum spread in the
electron’s momentum in the direction parallel to the plane of the slits.
[3 marks]

A particle has a time-dependant wave-function, ¥(z, ).

(). What is the physicsl interpretation of |¥|*? [2 marks]

. . Lo : —h? §?

(ii). What is the physical interpretation of (¥ (%@) |[T)y? [3

marks]|

(i). Write down the time-independant Schrédinger equation for a 1-
dimensional Harmonic oscillator, for a particle of mass m osscilat-
ing with frequency w. [2 marks]

2



(i1). The ground state wavefunction for the above equation is given by

1
T) = ——
’(/)0( ) \/WTziL'O
that vo(z) is an eigenstate and find the natural length scale, zy,
in terms of m, w and A. [5 marks]

_1(1)2 Fue
e 2\@0/  and it has energy —2—‘? Show explicitly

Question 4

(a). A infinite cubical well (“or particle in a box”) has a potential, defined
in Cartesian 3D coordinates as

0, if z,y,z are all between 0 and a
V(z,y,2) =

00, otherwise

(1). What is the time-dependant Schrédinger equation for the particle
inside the box ? [5 marks]

(ii). Use the separation of variables ansatz (¥(z,y, z) = X (2)Y (y)Z(z))
to derive three separate ordinary differential equations for X,Y
2
and Z in terms of K, I, and K,, where £ = 2h—(K§+K3+Kf).
m
[5 marks]
(iii). Find solutions to the equations above. Apply the boundary con-
ditions to show that

K.a=n.7w
Kya =nym
K,a=n,r

where ng,ny,n, = 1,2,3, ... [5 marks]
(b). Consider a step potential;
.
Viz) = 0, 1 :L<0‘
Vo, if x 2 0

Consider the initial condition where a single particle of energy F > V,
is incident from the left and no particle is incident from the right. Use

[2mE 12m(FE — V;
k= TZ and! = ——nl(—h—o) to show that the time-independant




Schrodinger equation for region I and II are

82\111(56)
Oz?
82\1111(33)
Ox?

+ kz\l’;(:c) ={)

-+ 12@'{{(3;) = (),

[10 marks]

Question 5

(a). How did the Stern-Gerlach experiment demonstrate that a measure-
ment in quantum mechanics affects the system being measured? [2
marks|

(b). A particle is in a region of space where it has a wave function given by

0, z<0

‘I! 7t = B
(1) Ae"""”e{%}, z >0

What is the value of A7 [3 marks]

(c). A particle of mass m is confined to a harmonic oscillator potential

maz2w?

k . .
, where w? = — and k is the spring constant.
The particle is in a state defined by the wave function

given by V =

—maZu o Fwt

\If($7t) o Ae( b1 2

Show that this is a solution to the Schrddinger equation. [6 marks]

(d). A particle moves in an infinite potential well described by

Vi) = {o, |z| >

oo, |z| <

wIe wle



The eigenfunctions are of the form v,(x) = A, cos(k,z) or ¥,(z) =
B, sin(k,z) depending on the value of n. For n =3,

2 ‘?TZL" ’ a
s(z) = \/;COS(%T): lel=g
0, lz| > 5
i). What are the expectation values of z and z? in the n = 3 state?
(B
[7 marks]
ii). What are the expectation values of p and p? in the n = 3 state?
(ii)
[7 marks]
Appendix
Some useful information:
! 2 2 2
5 . _ 2z, z ’
/:c sin(az)dz = Eism(ax) + (a-é- - E) cos(ax)
2 2 2 2
2 _ T €T .
/x cos(az)dzr = pel cos(az) + (-gg - E) sin(az)
3 ,
3 2.2 _ 1)ai
/ 2 cos? (bz)dz = 4b%z + 3(26%2* — 1) sin(2bx) + 6bx cos(2bz)
243 :
4

/oo e dg = l\/_f
o 2V a

5 [, "™ dz = nla™! for any non-negative integer, n.
6 Planck’s constant h = 6.663 x 1074 - 5

7 Dirac’s constant & = 1.05 x 10731J - s

8 Perrhittivity of vaccum ¢y = 8.854 x 107 12C2N~"1m 2
9 Ground state hydrogen energy —FE; = 13.6057eV

E
10 Bohr energies £, = n—;



1 JE—

11 Hydrogen ground state wavefunction ¥y =

Y| F (%) 2 gin et

Table 1: The first few spherical harmonics, Y;™(, ¢)

12
Rm 20,:2:16:&2

Rzg %G;% ( - 5%) C%‘i:
R21 \/—12=4@~Td (%) 65—:

Table 2: The first hydrogen radial wavefunctions, R (r)
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