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PHY322/P320 CLASSICAL MECHANICS

(@)

(b)

Question one

If H denotes the Hamiltonian function and L is the Lagrangian function, use the

definition H = Z Py 4, — L (where p, and q, (0: = 1,2;---,71) are the generalized

a=1

momenta and coordinates respectively, i.e.,, H =H (ql v, P P ,z) ,

oL oL
L:L(qla“'aqnaq’}a‘“:qn:{) s pazé—‘ and pa:é}— )tOShOWthat
oH
(l) qa =T (IZI,Z,”',F; (3markS)
op,
) oH
(i1) p,=—— a=1,2,.,n (3 marks)
dq,
oH oL
il —_= 6 marks
o Zr="7 ( )

The point of support of a simple pendulum of length » moves on a massless rim of radius
a rotating with constant angular velocity @ as shown in the diagram below :
4y

¥

20h &
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@) Write down the Lagrangian éi{ the above system in terms of & and deduce that
L= % (az W' +b* 6> +2abwbsin(@- wz‘))- m g (asin(wt) - b cos(6))
( 7 marks )
(ii) Write down the equation of motion for # and deduce that
6= @ a cos(6 — (uz‘)— % sin(6) ( 6 marks )



Question two

For a certain dynamical system the kinetic energy 7T and potential energy V' are given by
T:Q";z +24 ¢, +3‘?22

V=4¢q q,

where ¢, , g, are the generalized coordinates.

(a) From the Lagrangian L =7 -V , find the momentum p, & p, ofthe system.
( 2 marks)

(b)y Use H= (Z P, qg} — L to find the Hamiltonian function of the system and
=1

show that H = é (’5 Pl =2p p,+ p22)+ 44 q, ( 10 marks)

(c) For the Hamiltonian given in (b), write down its Hamiltonian equations of
motion. . { 4 marks )

[ oF 060G OF 08G
(d) From the definition of the Poisson brackets , i.e., [F ,G] = Z - ,
dq, 0p, Op, Og,

=1

evalvate [q,,H] . [q,,H], [p,, H] and [p,,H] . (8 marks )
(e) Compare the results obtained in (c¢) to those obtained in (d) and make a brief
comment. (1 mark)



Question three

Two pendulums of equal lengths b and equal masses m are connected by a spring of force
constant & as shown below. The spring is unstretched in the equilibrium position, i.e.,
6, =0 and 6,=0 .
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(ii)

(iii)

(iv)

)

Forsmall 6, and 6, ,ie.,
2 2

[sin(é’, )~ 6, , sin(8,)=6, , cos(d)~1- %‘— and cos(6, )~ 1- %} , show that the

Lagrangian for the system can be expressed as:

2
L=%mb2 (62 +9'§)——ng—b(€f +9§)~%(91 -6,)

where the zero gravitational potential is set at the equilibrium position. (6 marks)
Write down the equations of motion and deduce that

/ \
glz_L%;ﬂﬁgﬁi@z
me s (6 marks )
2 k mg+kbj
92=“1"§“m ‘92
m . mb

Set 6, =X e’ and 6, — X, e'®" (where b'¢ , and X , are constants) and deduce

from the equations in (ii) the matrix equation - @* X =4 X  where

(mg+kb) kb
X0 m J m
X = AJ and A= kb matkb) { 3 marks)
‘ W |

Find the eigenfrequencies @ of this coupled system and show that they are

:

) \J mb
Find the eigenvectors for @, and ®, respectively. ( 4 marks)
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(2)

(b)

(©)

Question four

A two-body system is depicted below
emn

® M,

where 7 & 7, arethe position vectors of m, & m, respectively.
Define the center of mass of the system and show that the total kinetic energy of the

system , i.c., T = % m, (rl . fl)+ % m, (;72 . ?2) , can be reduced to

m, n,

m, + m,

5 is the reduced mass | 1if the center of

mass is chosen to be the origin. (1+6 marks )
Starting from the law of conservation of angular momentum [ , derive Kepler’s third law,
i.e., the relation between the period 7 of a closed orbit in an attractive inverse square
central force and the area 4 of the orbit. Show that

.= 2 u

T:ly(?O?) {where MU=

A where 4 is the reduced mass of the system. (7 marks )

If an earth satellite of 500 kg mass is having a pure tangential speed v, =8,000 m/s at
its near-earth-point 600 km above the earth surface,

1) calculate the values of [ and E of this satellite , (3 marks)
(11) calculate the values of the eccentricity, & , and show that the orbit is an elliptical.
orbit. Also calculate its period. (6 marks)

(iii)  determine the value ofthe v, at the same given near-earth-point such
that the satellite orbit is a circular orbit, (2 marks)

; 1 ko cretaron k
(Hint: E=— v} - = —cradrott o, _—
2 2 2



(a)

(b)

Question five

(i) Find the horizontal deflection d resulting from the Coriolis force (—2 m & x ¥, )
of a particle falling freely from a height A to the ground at a northern latitude A

and show that
3
d ~ 1 o cos(4) /—87
3 Vg

(11 marks)

(Hint: Chose e, due south , e, duceast & e upward on earth surface, then
dy~-0 g-20x¥, , % ~& (-gt),d=& (~wcos(i))+&. (vsin(4)))
(ii)  Given the valuesof A=60°, h=100 m and @w=27 rad/day

(e, w=727x10"° rad/s), determine the value of the deviation distance d .

(2 marks )
By proper choice of the body coordinate system for a well-shaped rigid body, its inertial

tensor can be a diagonal matrix with 7, , 7, & I, diagonal elements. Its force-free
pure-rotational motion obeys the following Euler’s equations :

(]2"13)5‘)2 oy =1 & =0 - (l)
(L-1)oy0 -1, 0,=0 - (2)
(I -L)oyo, -1, &, =0 -r (3)
(i) Inthecaseof [, =1, —*>[, & I,=21, ,deduce from the above Euler’s
equations that
@, =const. —LES K nee (4)
o,=-K o, o (5) ( 4 marks )
o, =Ko, e (6)
(ii)  Deduce from eq.(3) and egq.(6) in (b)(i) that
B, =—K @ o (7) (2 marks )

(iii) By direct substitution, show that @, = 4 COS(K t+B) is the solution to eq.(7)
with 4 & B constant values linking to the given initial value of @.( 2 marks)

(iv)  Substitute @, =4 cos(K t+ B) into eq.(5) and deduce that
@3=Asin(K{+B) . (2 marks )

v) Show that the magnitude of @ is constant for all time ¢ . ( 2 marks )



Useful informations

Vz—J Fedl and reversely F=-VV

L=T~V =L(g,.qy,q, 16y 45 0, »1)

oL . oL
p,=—— and p,=——
04, 0q,

[ Ou Ov ou oOv
v = [ }

oq, op, op, o4,

a=1

N m?
kg2

radius of earth r, =6.4x10° m

G=6.673x10""

mass of earth m, =6x10* kg

earth attractive potential = — K where k=Gmm,
¥
2E? . .
g= |1+ yEE {e =0,circle),(0<e <1, ellipse), (s =1, parabola), -}
7
=Mzml if my, >>m,
m, + m,
. . k
semi —major a=——
2|E]
semi—minor b= L
For elliptical orbit,ie.,0 <e <1, then 2 i ‘E‘

Foin :a(l—g) &r =a(1+g)

Jfor plane polar (r , 9) system with unit vectors (E,. ,Eg) , we have

v=e r+e,ro
a



Useful informations (continued)
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| Zma (xa,Z +xa,3> - Zma xa,l xa,Z - Z’na xa,] xa,S
& a @
= 2 2
I= —Z}na Xa 2 Xap Z}na (xa,l + xa,3> _Zma Xa2 *a3

@ a a 5
. 2
- Z’”a xaf,S xa,l - Zma xa,3 xa,E Zma bca,t + xa,2 )<
a « I3

Fcﬁ‘zF—mR,-—i??é)xf—m@X(E)xF)—Ezn&')x17;. where
F'=R+¥7 and

F' o orefersto  fixed (z‘nertia[ Sysz‘em)

refers to rotatinal (non — inertial System) rofates with @ to 1’ system

~

R from the origin of F'to the origin of ¥
_(dr
\ dt
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