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P320 CLASSICAL MECHANICS 


Question one 

A particle of mass m is constrained to move on the inside surface of a smooth cone of half-angle 
a as shown in the following diagram: 

I 

(-} 

The particle is subjected to a gravitational force (- eo mg) 
(a) 	 (i) Write down the Lagrangian for the particle in terms of r & e and show that 

L=lm(csc2(a)r2 +r2 e2)-mgrcot(a) . 	 (Smarks)
2 

(Hint: v=ds and (ds)e(ds)=(ds)2=(drY+r2(de)2+(dz)2 for 
dt 

cylindrical coordinate system. On the given cone surface one has z = r cot(a) ) 
(ii) 	 Write down their respective equations of motion for r & e. ( 5 marks) 

(iii) 	 Write down their canonical momenta P r & P e and show that P e is a constant. 

(2 marks) 

(b) 	 (i) Use the definition of Hamiltonian H = I
11 

(p a qa ) - L to deduce that 
a = 1 

. 2() 2 2 
H = SIll a Pr + Pe + mg r cot(a) 	 (7 marks)

2 m 2 m r2 
(ii) 	 From the Hamiltonian in (b)(i), write down the equations of motion of the system. 

For each equation obtained here, point out its equivalent equation obtained in (a). 
(4+2 marks) 
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Question two 

For a particle of mass m acted on only by an earth gravitational force of F =- liy m g and 

undergoing a projectile motion near the earth surface in a x-y plane where x-direction is along the 
horizontal direction. 

(a) Write down the Hamiltonian H of the system, i.e., H(x, y, Px ,p,) , and show that 

2 2 
Px PyH =-+--+mg y
2m 2m 

(5 marks) 

~ [ a FaG _ a FaG ~ ,(b) 	 From the definition of the Poisson brackets, i.e., [F ,G] =_ ~ 
(1'=1 aqa aPa aPa aqa 

evaluate [x ,H] , [y ,H] , [Px ,H] and lpy ,HJ 	 (8 marks) 

(c) 	 For an equation of the type d u = [u ,H ] the specific solution of u{t) is given by the 
dt 

following series expansion 
2 	 3

t	 tu{t) =u + [u H] t + [[u H] H] -	 + [[u H] H] H] - + ......... 

o '0 "0 2! '" 0 3! 

where subscript 0 denotes the initial conditions at t = 0 . 

Use the above relation to show that for the gi·,ren Hamiltonian, the specific solutions of 

x{t) and y{t) are given by 

Px,o t() 
m 

x t =xo +-­

y{t) = Yo + P y ,0 t - g t2 

m 2 
where xo and Px, 0 are the initial x-position and x-momentum and Yo and Pv,o are 

1 
the initial y-position and y-momentum . 	 (12 marks) 
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Question three 

k(a) 	 For circular orbits in an attractive central force potential of the form V =- ­
r" 

where 	 k is a positive constant and n > 0 , find a relation between the kinetic and 
potential energies and show that 

nk 
T 	 (7 marks)

2 r" 

(Hint: 	a=e r (r - r (;2)+ eo (2 r (; + r e) ) 
(b) 	 An earth satellite moves in an elliptical orbit with period 1: , eccentricity [; and 

semi-major axis a . The maximum radial velocity, named as va,max ' occurs at r = .rmin 

Show that 
2ITa 

Ve.max 	 (7 marks) 
r~ 

(Hint: J1 rmill va, max = I , A IT a band b = a ) 

(c) 	 If an earth satellite of 800 kg mass is having a measured velocity of 
v = 3000 + eo 4000 m / s at the point 600 km directly above the earth surface, 

(i) 	 calculate the values of I and E of this satellite, ( 4 marks) 
(ii) 	 calculate the values of the eccentricity, [; , and show that the orbit is an elliptical 

orbit. Also calculate its period. ( 7 marks) 
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Question four 

Consider the motion of the bobs in the double pendulum system in the figure below. 

t
! 
! 
i 

1o +------­

Both pendulums are identical and having the length b and bob mass m . The motion of both 
bobs is restricted to lie in the plane of this paper, i.e., x-y plane. 

(a) (i) For small II, and Il, , i.e., (Sin(lI) ~ II and cos(lI) d - 11
2 
' or IJ ' show 

that the Lagrangian for the system can be expressed as: 

2L = m b • 2 01 
1 2' ) 2+ 2 m b 0:; + m b • •01 O2 -

(?m g b 1+ 01- + 0
2 

~ : ...... (1) 

where the zero gravitational potential is set at the equilibrium position of the lower 
bob, i.e., OJ 0, O2 0 and y =0 . ( 5 marks) 

(ii) Write down the equations of motion and deduce that 

{~. 81 ~.82 

O. + O2 b 
f) 

2 

(2) 

(3) 
(5 marks) 

(iii) Deduce from eq.(2) & eq.(3) the following: 

{~ 2:~' II, : : :: 
(4) 

(5) 
(2 marks) 
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Question four (continued) 

(b) (i) Set (}1 = XI el(J)1 and (}2 X2 eia)1 (where Xl and are constants) and 

deduce from eq.(4) & eq.(5) the matrix equation - 0/ X A X where 

~\ ((2b g \: 

(3 marks)X [tJ and A = 2 (:db 

(ii) Find the eigenfrequencies ill of this coupled system and show that they are 
I 

illl 1(2 - J2)~ & ill2 = ~(2 + J2) : 	 (5marks ) 
V b 

(iii) 	 Find the eigenvectors corresponding to OJ1 & (j}2 in (b)(ii) respectively. 
(5 marks) 
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Question five 

(a) Two set of Cartesian coordinate axes are having the same origins and z-axis. The 
non-prime system (referred to as "rotating" system) is rotating with an angular velocity 

OJ =-(, e about the prime system (referred as "fixed" system) as shown below: 

For any vector field F decomposed into the above two-set of cartesian components, i.e., 

+ show that 

where[~~) I'"'' ~ [~~ }"""m, + mx F 

dF) _ dFx' _ dF;, _ d 

- =e, --+e, --+e__, and

( d .\ dt Y dt dt
t fIXed 

d F) _ d Fx _ d F; _ d F 
- =e -_. +e --- +e_

[ dt x dt Y dt - dt 
rOlUlmg 

(Hint: ex = e- cos(e) + ey' sin(e) ey = ex, sin(e) + cos(e) and = )x 

( 10 marks) 
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Question five (continued) 

(b) 	 A pendulum is composed of a rigid rod of length b with a mass at its end. Another m1 

mass is placed halfway down the rod. The mass of the rod itself is negligible. Let the m2 

(e
fixed and body coordinate systems have their origin at the pendulum pivot point. Let 

1 ' , e2 ' , eJ ') and (e1 , ) be the unit vectors of the fixed and body 

coordinate system respectively as shown below. 

(i) 	 Write down the inertia tensor I for the pendulum with respect to the body 
coordinate system given above and deduce that I is a diagonal matrix with its 

diagonal elements as 11,1 =0 and 13.3 	 • (5 marks)(ml + :2 )b
2 

(ii) 	 From the equation of rotational motion, i.e., L N where angular momentum 

L I (O and torque Iv =L ~a x ), deduce the following equation: 
a 


b2 

( m, + :2)ii ~ - b g sin(e) (m, + 	 ( 10 marks) 

(Hint: 

) 
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Useful informations 

v = f F. d T and reversely F = - VV 

n 

H I(Per qJ- L = H(ql ,q2 ,",q" ,ql ,q2 ,.··,qn ,t) 
a=1 

. aH d' all 
qa = -a- an Per = --a-

Pa qa 

[u,v]== I[~ av _~ av \ 
a=1 aqa a Pa a Pa aqa 

2 

G = 6.673 X 10- 11 N m
 
kg 2 


radius of earth rl: = 6.4 x 106 m 

6 x 1024 mass of earth = kgmh 

. . I kearth attractive potentza == - - where k Gmm[ 

r 


c ~ ~I + ~:t {(c ~ 0, circle), (0 < c <1, ellipse), (c ~ I, parabola), ...J 

k
semi - major a =--. 

2iEI 
. . b Iseml - mm or = -;=/== 

For elliptical orbit, i.e., 0 < E < 1 , then ~2 }liEI 

period T = 2 }l (Jr a b) 
I 

=a (1 - E) & rmax =a (1 + E)r min 

for plane polar (r ,e) system with unit vectors (e, ,ee)' we have 

V =e, , + ee r 0 
{ G=er (;:-r02)+ (2,O+rO) 
Df - a_I a 
v + eeer ar r ae 
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Useful informations (continued) 

- Ima X a,l Ima Xa.1XO',3 
a a a 

1= - Ima Xa,l Ima (X;,l +X;,3) Ima X a,2 X a,3 

a 0' 

- Ima Xa,3 XO',l Ima (X;,l + X~,2) 
a a 

Fetf =F - m Rf m (~X i - m wX (w X i) 2 m ('0 X VI' where 

if = R + rand 

if refers to jixed(inertial system) 

r refers to rotatinal(non - inertial system) rotates with wto if system 

R from the origin of i' to the origin of i 

v, =[~~J 
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