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P320 CLASSICAL MECHANICS

Question one

A particle of mass m is constrained to move on the inside surface of a smooth cone of half-angle
a as shown in the following diagram :

The particle is subjected to a gravitational force (— e.m g)
(a) (1) Write down the Lagrangian for the particle in terms of » & € and show that

]Jzénq(cscz(a);’2 +r292)—mgrcot(a) : (5 marks )

(Hint : vs% and (d5)e(d5)=(ds) =(dr) +r*(dO) +(dz) for

cylindrical coordinate system. On the given cone surface one has z =r cot(a) )

(ii) Write down their respective equations of motion for » & 6 . (S marks)
(iii)  Write down their canonical momenta p, & p, andshowthat p, isaconstant.

(2 marks)

(b) (1) Use the definition of Hamiltonian H = Z(pa q, ) — L to deduce that
a=1

sin’(@) p,” _po’

2m 2mr

H =

stmgr cot(a) ( 7 marks)

(ii) From the Hamiltonian in (b)(i), write down the equations of motion of the system.
For each equation obtained here, point out its equivalent equation obtained in (a).
(4+2 marks )



Question two

For a particle of mass m acted on only by an earth gravitational force of F =— & , mg and

undergoing a projectile motion near the earth surface in a x-y plane where x-direction is along the
horizontal direction.

(a)

(b)

(c)

Write down the Hamiltonian H ofthe system ,ie., H (k, YD, pv) , and show that

2 2

px py
H=—""+—"1+m

om 2 &Y

(S marks)
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From the definition of the Poisson brackets, i.e., [F . G] Z{a Py J ,
Qo OPq Pa 04,

evaluate [x,H] , U,H] , [pX,H] and [py,HJ . (8 marks )

a=1

For an equation of the type % = [u ,H ] the specific solution of u(t) is given by the
t

following series expansion
2 3
u(l)= Uy + [u,H]o r+ [[u,H],H]O %+ [[[u,H],H],H]O %4. .........

where subscript 0 denotes the initial conditions at ¢ =0 .
Use the above relation to show that for the given Hamiltonian, the specific solutions of
x(t) and y(t) are given by
p.x L0
m

x(t) =X, + !

p,
20,8
2
where x, and p, , arethe initial X-position and x-momentum and y, and p, , are

J’(t)= Yo t

the initial y-position and y-momentum . (12 marks )



(a)

(b)

(c)

Question three

k

i

,
where £ isa positive constant and » > 0 , find a relation between the kinetic and

potential energies and show that
ol k

2r”
(Hint: =&, (F—r0*)+¢, (27 6+r0))
An earth satellite moves in an elliptical orbit with period 7 , eccentricity & and
semi-major axis a . The maximum radial velocity, named as v, ... ,occurs at r=r7, .
Show that

For circular orbits in an attractive central force potential of the form V = -

(7 marks )

27a

vé?,max = 3
TAl-¢

(Hint: gry Vo =1 . A=mab and b=a,l-¢" )
If an earth satellite of 800 kg mass is having a measured velocity of
v =e¢, 3000 +¢e, 4000 m/s atthepoint 600 kim directly above the earth surface,

{ 7 marks)

(1) calculate the values of [/ and E  of this satellite , ( 4 marks)
(i1) calculate the values of the eccentricity, & , and show that the orbit is an elliptical
orbit. Also calculate its period. ( 7 marks )



Question four

Consider the motion of the bobs in the double pendulum system in the figure below.
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Both pendulums are identical and having the length 5 and bob mass m . The motion of both
bobs is restricted to lie in the plane of this paper , i.e., x-y plane.

@ O

(ii)

(ii)

Forsmall 8, and 6, ,ie., (sin((?) ~0 and cos(@)~1- 62 or 1} , show
\

that the Lagrangian for the system can be expressed as:
L:mbza’,u%mbz9;+n;bzélaz_mgb[1+ef+§j ...... 0
where the zero gravitational potential is set at the equilibrium position of the lower
bob, ie, 6,=0,6,=0 and y=0. ( 5 marks )
Write down the equations of motion and deduce that

20, +0,=-250 (2)

o b ( S marks)

91”‘”‘92:‘%02 """ (3)
Deduce from eq.(2) & eq.(3) the following :

b =-2809+8¢9, ... (4)

b b (2 marks )
&—zga-zfg ...... (5)




Question four (continued)

(b) (1) Set 6, = X e and 6, = X , e ” (where X , and X , are constants) and
deduce from eq.(4) & eq.(5) the matrix equation — @’ X = A4 X  where

[_ {2 g} g
) %) % |
X:[JJ and A= \ : (3 marks )
X, L - [2 g ’
J
(ii)  Find the eigenfrequencies @ of this coupled system and show that they are
bt St A
@, :V{(z—ﬁ)bﬁ & a)2=\/(2+«/5)b£ ( 5 marks )
(iii)  Find the eigenvectors corresponding to @, & @, in (b)(ii) respectively.
( 5 marks )



Question five

(a) Two set of Cartesian coordinate axes are having the same origins and z-axis. The
non-prime system (referred to as “rotating” system) is rotating with an angular velocity
@ =¢_. 6 about the prime system (referred as “fixed” system) as shown below:
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For any vector field F decomposed into the above two-set of cartesian components, i.e.,

F= éx F\' + EL Fy + é.: F‘: = év‘ F\" + é'y' FV’ + Z?.:' F:' R show that

dF dF . =

Fr = +aox where
frxed rotating

dF _dF, . dF, _ dF.

—— =, ——+e,——+¢é. and

dt S dt Todt dt
Fixed

dF _dF. _ dF, _ dF

— =g ——+é,——+¢e. —
rotuling / d d ' dt d 4

(Hint: &, =¢_ cos(0)+¢, sin(0) . &, =-¢, sin(0)+ ¢, cos(f) and &. =¢.)

( 10 marks)



(b)

Question five (continued)

A pendulum is composed of a rigid rod of length » with a mass m, at its end. Another
mass m, is placed halfway down the rod. The mass of the rod itself is negligible. Let the
fixed and body coordinate systems have their origin at the pendulum pivot point. Let
€', 8é' &) and (€ , & , &) betheunit vectors of the fixed and body
coordinate system respectively as shown below.-

g + o i 1
88 aul of ploe |

(1) Write down the inertia tensor [ for the pendulum with respect to the body
coordinate system given above and deduce that 7 is a diagonal matrix with its

m,

diagonal elementsas /,, =0 and I,, =1, =(m] + 2 Jbz . (5 marks)

X

(ii)  From the equation of rotational motion , i.e., L =N where angular momentum

L=13& and torque N = Z(Fa X 17;) , deduce the following equation :

5 m, Y ) m,
b | m, + 4’J6:—bgsm(9) m o+ ( 10 marks )
(Hint :
5):53’9 , ﬁ’lzél,mlg , F2=€!’m2g
_ _ b . )
7 =8 'bcos(0)+¢&, bsin(0) and 7, =¢ g- cos(@) + &, 5 sin(6)



Useful informations

V=——J Fedl and reversely F=-VV

L=T'_V:L(qlaq2 3”"qn ?q.l’QQ ’.“‘q'n’t)
oL : oL

pa =_._ and pO{ =
o4, 04,

H = Z(pa q.a)_. L = H(ql 56]2 9“"qn ’q'l ‘q'2 "“’qn 9t)

=1

. _0H . oH
g, =—— and p,=—-—

op, o4,

7 , , 0
[u,v]gz[au av  du O

a=1 anr apa apo: aqu

N m?
kZ

&
radius of earth r, =6.4x10° m

G=6.673x10""

mass of earth m, =6x10" kg

earth attractive potential = — K where k=Gmm,
¥
2ET’ , :
e=]1+— P {(8 =0,circle), (0 <e <1, ellipse), (e =1, parabola). -}
H
#zm%ml lf m, >>m,
m, +m,
. . k
semi —major a=——
2|E|
semi—minor b= ,—l
For elliptical orbit,ie.,0 <& <1, then B J2 i IE,
2
period T = T/u (7 ab)
rmin =da (1 - 5‘) & rmax =da (1 + E)

for plane polar (r ,6) system with unit vectors (E, ,€, ), we have



Useful informations (continued)

2 2
Zma’ (xﬁhz +xa,3) _zma Koy Xa2 _Zma Xoa1 X
o a I3
— 2 2
[_ _Zma xa,? xa,l Zma (xa,l +Xar,3) _Zma xa,2 xa,3

a a o
2 2
- Zma Xas Xal o Zma Xa3 Xan zma (xa,l + X,
a @ o

w

]
4

Fyu=F-mR, -m&xi-madx(@xF)-2mdx¥,  where
F'=R+7 and

F' refersto fixed (z‘nertim’ system)

4

refers to  rotatinal(non — inertial system) rotates with & to 7' system

from the origin of ¥'to the origin of ¥

5,2
. dtJ
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