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P331 ELECTROMAGNETIC THEORY 

, I .~ , 

Question one 

(a) 	 A dielectric spherical ball of radius Ro with a permittivity & , centered at the origin and 

embedded in air of permittivity &0 , carries a volume charge density distribution of 

Pv =10 (1 + a r2) C/m3 where a is a constant. 

(i) 	 Find the total electric charge Qo of the dielectric spherical ball in terms of 

Ro & a and show that 

10, -)
Qo = 4 1l" 3 R~ + 2 a R~ 	 (3 marks)

(
 

(Hint: dv=r 2 sin{e)drded¢) 


(ii) 	 Set E e r (r) (make a brief justification of this setting), use the integral form 

of Gauss's law and choose and draw proper Gaussian surfaces to find in terms 
of r ,Ro & a for 0::;; r::;; Ro & r?:: Ro regions. (1+1+6 marks) 

(iii) 	 Find the value of a in terms of Ro such that the electric field everywhere 

outside the spherical ball is zero. (2 marks ) 
(b) 	 A positron of charge + e having an initial constant velocity ex Vo and projected 

into a constant electric and magnetic field jf; = ex Eo and jj ey Bo ' taking its entrance 

position as the origin of Cartesian coordinate and entrance moment as to, its 

equation of motion is me d;;t) e jf; + e v{t) x jj ...... (I) where 

v{t) = ex vx{t)+ ey vy{t) + v)t) 
(i) 	 Decompose eq.(1) into three scalar differential equations and deduce that 

m
e 

dVx(t) =e Eo e vz{t)Bodt 

d (t)
fme dt ::;:: 0 


m d Vz (t) = e V (t) B 	 (4)[ edt 0x 

(3 marks) 
(ii) 	 Eq.(2) & eq.( 4) are coupled differential equations for Vx (t) & V z (t) . De-couple 

them and deduce that 

d 
2 v)t) _ _ 2 ( ) 

----=--2-	 - (j) Vx t where (j) ...... (5) (3 marks)
dt 
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Question one (continued) 
11 \" 

~! 

(iii) 	 The general solution of vx (t) from eq.(5) can be written as 

vx(t):::k)cos(wt)+k2 sin(wt) ...... (6) 
where k) & k2 are arbitrary constants. 

Substitute eq.(6) into eq.(2) and deduce that the general solution of Vz (t) is 

vz(t)= Eo + k1 sin(wt)- k2 cos(wt) ...... (7) . (2 marks) 
Eo 

(iv) 	 From the given initial conditions of vx{t) & vz(t) ,i.e., vx(O)=vo & vz{O)=O, 
and the general solutions of vx{t) & vJt) , i.e., eq.(6) & eq.(7), find the values 

of k\ & k2 in terms of Va , Eo & Eo and then write down the specific 

solutions of vJt) & vJt) . (3+1 marks) 
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Question two 

(a) 	 A very thin conducting disk of radius a and conductivity a is placed on x-y plane and 
centred at the origin as sho\\'Il in the following diagram 

~ , 

~J-~~ BoGso(k~t) 
~ I} ~ 

'I' I /\ f 

I Co)I 

tt .i .. / r 
t9v tltt1( CoJ1cJ'l(.c~-mJ 

X d I 'sit trl- /udi4 a. 
J "'£an X-'-!j r a 'l1.£ 

(..v~ LA.rrrJ«i~ () 

A time-dependent magnetic field jj iiz Bo cos(mt) ,where Bo & m are constants, is 

applied to the conducting disk. 

(i) 	 Set the induced electric field in the conducting disk as E e¢ E¢ (p) (provide a 

brief justification), use the integral form of Faraday's law, and draw appropriate 
closed loop to deduce that 

E e¢ E~(p) . 	 (1+1+8 marks) 

(ii) 	 Based on the result of (a)(i), write down the induced current density in the 
conducting disk. ( 1 mark) 

(b) 	 A two-parallel conducting plate capacitor system is sho\\'Il in the following diagram 

~ Aji 

() 

where A is the plate surface area, d is the plate separation and & is the dielectric 
constant of the insulating material layer in-between the two plates. 
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Question two (continued) 
! '7_ 

(i) 	 From v 2 f(x) 0 with boundary conditions of f(x = 0) 0 and 

f(x = d) = Vo , find the specific solution of f(x) . ( 4 marks) 

(ii) 	 Find jj; from f(x) obtained in (b)(i) and then vvrite down jj & P 
in-between the two conducting plates. ( 4 marks) 

(iii) 	 Use PI. = Dn where Ps & Dn are the surface conduction charge density and 

normal outward jj component on the conductor's surface respectively, find p, 

on both x 0 and x d conductor's surfaces respectively. Then find the total 

charge on both surfaces with surface area A and show that they are equal and 
opposite. ( 5 marks ) 

(iv) 	 Write down the capacitance of this two-parallel conducting plate capacitor system. 
(1 mark) 
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Question three 

A static current I flows in the primary coil of turn toroid, wired around an iron ring core ofn1 

magnetic permeability f..l with the square cross-section area (b ay as shown below: 

I 

.St!~'(f 
Mef 
l!;.. turns 

where 	z-axis is pointing out of this paper. 

(a) 	 Set B= e¢ B¢ (p) GustifY this briefly) and use the integral form of Ampere's law (choose 

and draw proper closed loops) to find the magnetic field B within the iron core, i.e., 
a:; p:; b & 0:; z:; (b - a) region. Show that 

B - Q. I within the iron core. 	 (1+ 1+5 marks) 
¢2rcp 

(b) 	 Find the total magnetic flux 'Pm passing through the cross-section area (b a y of the 

iron ring in counter clockwise sense, i.e., 1B. d s where 

S : a :; p :; b ,0 z:; (b - a) & d S Q¢ d p d z , in terms of a, b, ,f..l & 1 , i.e., nl 

showthat 'Pm =- f..l2rc
1 Xln(~)x(b . a) 	 (4 marks) 

(c) 	 Find the self-inductance L of the primary coil as well as the mutual inductance M of 
the secondary coil due to the primary coil in terms of a, b, f..l , 111 & 112 , 

(5 marks) 
(d) 	 (i) If the primary coil carries a sinusoidal current of 10 sin(wt) instead of carrying a 

static current I ,find the induced e.m.f. V2 (t) in the secondary coil in terms of 

a, b, W, 111 , 112 , f..l & 10 under quasi static situation. (5 marks) 
(ii) If the potential drop for the primary coil due to its resistance is negligible 

compared to the one due to its self-inductance, i.e., VI (t) ~ L d 1 ,show that 
dt 

IV2(t~ 112 
(4 marks)Iv; (t ~ 11, 
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Question four 

(a) (i) For any closed surface S, enclosing a volume V ,the integral form of the 
continuity equation for electric charges in Electromagnetic theory can be written as 

J ]. d s = 
1s 

d
dt 

(J Pv d v'1
1v ) 

. Explain briefly the meaning of the left hand side 

and the right hand side of this equation and indicate which law in physics it 
describes. ( 3+1 marks ) 

(ii) Use the-divergence theorem to transform the above integral form of continuity 
equation for electric charges into its differential form. ( 3 marks ) 

(iii) (A) Show that without introducing the displacement current term, i.e., 
a15 
at 

in the equation for Ampere's law, i.e., Vx =] instead of 

\7 x H ] + aD, Maxwell's equations would contradict the 
at 

continuity equation for electric charges. ( 2 marks ) 
(B) Show that by including the displacement current term, Maxwell's equations 

are in agreement with the continuity equation. ( 4 marks ) 
(b) (i) From the time-dependent Maxwell's equations deduce the following wave 

equation for E in the material region with parameters of fl ,£ & (J where 

Pv = 0 & ]::0: (J E , as 

n2E­
v 

aE
fl (J -

at 
+ fl £ 

a2 £ 
- ­
at 2 

( 6 marks) 

(ii) By direct substitution, show that e' WI (where Em is any constant, 

OJ is any frequency and f = ) is a solution to the 

part of the wave equation in (a)(i) , i.e., E 
x 

= fl (J" () E~ + fl £ 
at 

a 
2 

Ex 
at 2 

(6 marks) 
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Question five 

A stationary weather balloon, high above the sea surface (taken as z 0 plane), radiates a spherical 
wave of frequency f . When the radiated wave reaches the sea surface directly below the balloon, 
it can be considered as a uniform plane wave incident normally upon the sea surface, locally at least, 
as shown in the following diagram. 

! .. }~ 

~~_~J:\ ll- imf- if 

b~ t ~ 


I 	 ... )iA-t:::.)Jo(~.
!

, 

~ \... 6 =6(;' 
~ I h£Z'&·dR}J (J =0 


WiWe- I ' l' jJq:ve
1- 1-, • 
~. ____ ~-- ~"=() ~.v 

I~ 	 $~tx '<t :> t..1[.?\ ~ 13:+ -:--~ "0)'<_,
i'\ txw - :,m e Y\t{ (1 


. , ~ ",- H~(~)~ b;h ;(0(+<13)3'
J 
~s~ 0, T'- I 
~ " (seA) 


"z. 
V {':)l=: tlc E:;:.~I ~g
() 	 , "/ J 

0':::: m 
Assuming the sea water has the constants J1 == J10 ' £ 81 £0 & a == 4 n 1m 1 and 

(0) E;' = 1 Vim, 

(a) 	 If f == 10 4 Hz (i.e., in the very low frequency VLF range), 

(i) 	 find the values of the loss tangent a ,the propagation constant r (= a + i j3)
m£ 

and the intrinsic wave impedance fj for this wave at this frequency in the sea, 

(2+2+2 marks) 
(ii) 	 express the electric and magnetic fields in both their complex and real-time forms, 

with the numerical values of (a)(i) inserted for this transmitted wave, and 
(6 marks) 

(iii) 	 find the values of the penetration depth, the wave length and phase velocity ofthe 
given wave at this frequency in the sea. ( 3 marks ) 
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Question five (continued) 	 ! r; , 

(b) 	 If f =1000 Hz (i.e., in the extremely low frequency ELF range), 

(i) 	 find the values ofthe loss tangent cr ,the propagation constant r (= a + i f3) 
me 

and the intrinsic wave impedance i; for this wave at this frequency in the sea, and 

(2+2+2 marks) 
(ii) 	 find the values of the penetration depth, the wave length and phaJ;e velocity of the 

given wave at this frequency in the sea. ( 3 marks ) 

(c) 	 Based on the results of (a) (iii) and (b)(ii), comment on the effectiveness of undersea radio 
communication. ( 1 mark) 
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Useful informations 
e == 1.6 x 10- 19 C 

me 9.1 X 10- 31 kg 

H 
jJo = 4 1!: X 10-, 7 ­

m 


-12 F 

£0 =8.85xlO 

m 

w JJU IFGfJO'a 
12 ~I 

1+ --J2 -1 
W£ 

/3 ~JJU,11 + (~J2 + 1 
12 V lw£ 

1 

r=~===e 

!jJo = 120 1!: Q = 377 QTJo 
~ £0 

/30 = w 

J B. d T= jJ If ]. d s+ jJ £ a (If E. d s)JL Sat \ s 

v- E= Pv 
£ 

\l-E 0 

- - aB
\lxE=-­

at 


- aE

\lxB jJJ+jJ£ 

at 

J O'E 
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=c E Co E + P & B = p H = Po H + M 

41 •ds ={f{ (V. F) d v divergence theorem . ~ '; 

{ • d f Hs (V xF). ds Stokes' theorem 

V. (V x t)= 0 

Vx (V f)= 0 

Vx (V x F) V(V. F)- V2 F 
Df - a - of of - of - 10f of 
v =e +e -+ e -+e --+ 

x ox y oy oz p op ,p p o¢ oz 

of _ 1 a _ 1 of 
=e ···-+e - +e ~...--. ­

r or e r oe rsin(e) o¢rP 

o(FJ a ) o(FJ lOP) 1 o(F¢) o(FJ
V. =--+ +--= + _._-+-­

ox ay oz pop p o¢ OZ 

10(Frr2) 1 o(Fesin(e)) 1 o(F,p) 

~ +- +-­
r2 or r sin(e) oe r sin(e) o¢ 

Vx F = e Ia(FJ 0(Fy)1 + e (O(FJ a(FJj + e. (a(FJ _ O(FJj\ 
X"oy az) Yoz ox) ·\ox oy 

=ep lfO(FJ a(F,p p)J+e (o(Fp) a(FJ1 + ez ll?(F¢ p) O(Fp))' 

. p o¢ oz ¢ l oz op) p op o¢ 


== e, (O(F¢ r sin(e)) o(Fe r)j + ee If o(F,) o(F¢ r sin(e))j' + e¢ (O(Fe r) _ a(FJl 
r2 sin(e) oe o¢ J r sin(e) o¢ or r ar oe ) 

where = ex + ey Fy + Fe + F¢ and 

rde+e¢ rsin(e)d¢ 
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