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P331 ELECTROMAGNETIC THEORY

/O &

Question one

A very long straight coaxial cable, with an inner solid wire of radius a and an outer hollow wire
with inner radius b and outer radius c , is given a potential difference V| across the wires. In

between the wires (a <p< b) is filled with a layer of insulating material with permittivity & as
shown in the figure below.
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(a) From V? f(p)=0 withboundary conditions of f (p = a) =0 and f (p = b) =V,

(b)
©

find the specific solution of f(p) and show that

f(p) = N ln(ﬁJ . (9 marks )
&)
In| -
a .
Find the electric field £ from f(p) obtained in (a). (3 marks)

(1) Find the surface conduction charge density p, on p=a and p=5

conducting surfaces respectively. Then find the total charges deposited on both
surfaces, if the total cable lengthis L , and show that they are equal and opposite.
. ' ( 4+4 marks )
(Hint : For the conducting surfaces in contact with the dielectric region of ¢ , then
p, =€, ® (8 E ) where €, is the normal outward unit vector on conductor
surface. ) 4
(i) ~ Write down the capacitance C as well as the distributive capacitance ¢, of the

given coaxial cable. Show that
_2re

Cp=— .
ln[é]
a

(iii) Ifgiventhe valuesof a=2 mm, b=8 mm & &=3¢, ,calculate the value of

c, . (3 marks)

(2 marks)



Question two /05

(a) A thin conducting wire of length 2 L , with its central axis coinciding with the z-axis and
its centre point coinciding with the origin, carries a steady total current / along positive
z-direction as shown in the figure below.
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) Since the given current source is only along z-axis the vector potential at
P (p,¢,0) is also having only z component 4. ,ie.,

- =+l p, 1dz =+l u, Idz
A=¢e, A, where A4,=| ——=2| ;
.[z:—L 47 R -[z=0 4 r ’(Z,)Z +p2

carry out the above integral for 4, about z' and show that

L ’LZ 2
4 =’uolln[ h *p J (8 marks)

o2 P |
(Hint: set z'=ptan(a) , _[ sec(a)d a = In(sec(a) + tan(a)) )
(i1) For L>> p use A~ €, ’[;O—I ln[g] and B=V x 4 to show that
T P '
B=g¢, Ho 1 (5 marks )
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Question two (continued) 0k

(b)  Two very long thin conducting wires parallel to z-axis and lying onthe x =0 plane, i.,
y—z plane ,onesituatedat y =—qa andcarries acurrent / A along -z direction and
the other situated at y =+ & and carries acurrent / A along +z direction as
shown in the following diagram.
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- A rectangular conducting loop of dimension D x ¢ is placed on x = 0 plane and a distance

of d away from the z-axis as shown in the above diagram.

)] Utilize the result in (a)(ii) , apply the superposition pr1nc1ple to deduce that the
magnetic field at point P: (0, ¥, z) within the rectangular loop due to the two
parallel conducting wires 18
B(0,y,z)=¢ I[ L1 ) , (4 marks )

2rx \y+a y-a)

(Hint: onx = Oplane e, =-¢ )

(i1)  Find the total magnetic flux @, = L Beds passing through the surface area
confined by the rectangular loop, ie., S: x=0 , d<y<d+D , b<z<b+c
and ds=e_dy dz ,interms of U ,a,b,c d , D & I . Show that the mutual
inductance between the rectangular loop and the parallel wires is

vc. [(d+D+a)(d-a)
ﬂﬂ ln[(d+D—a)(d+a)j | (8 marks)




Question three 'OF

(a) Apply an electric field E toa pure conducting solid material. According to modified
Drude’s model, the equation of motion for an average conduction electron in the solid
material can be written as

| dt T,
where —e & m, are the electron charge and mass respectively.
)] Explain briefly the meaningsof ¥, , 7, and - 2m vy . {3 marks)
‘ T
f

(i1) In the steady state case, i.e., ‘%‘" =0 , deduce the following point form of

2

Ohm’slaw J = E where o= ne
2m

conduction electrons in the material. ( 6 marks)
(Hint:J=p, ¥, =—nev,)
(iii)  Pure solid Ruthenium Ru has an atomic weight =101.07 kg/kg-mole, a density

=12200 kg/m’ and a conductivity o =1.4x10" Q™' m™" at room temperature.

(A)  Find the number of conduction electrons per meter cube, i.e., number
density # , for metal Ru if each Ru atom contributes two conduction
electrons. (4 marks)
(Hint : one kg-mole pure metal contains 6.022x10% atoms)

(B)  Find the value of 7, for Ru metal at room temperature. ( 4 marks )

7, and 7 isthe number density of the

(b) The Maxwell’s equations for a material region with parameters of (,u ,E,0) are

Ve E(space,t)=0 . )
Ve ﬁ(space,t) ={ e @),
V x E(Space,t)=—y~a——H—(ég;ﬂﬂ ...... (3)
Vx ﬁ(é‘pace,z‘):o— E(Space,t)+gﬁ‘g?c_iﬁ ...... (4)
L

(1) Setting E(space,t)= E(space) e’ & H (space,t) = H(space)e'®" , deduce
the following time-harmonic Maxwell’s equations :

Ve é‘ (space) =0 e (5)
) Ve I;:} (space) =0 S e (6)
VxE (space)=-iou o (space) e 7)
(¥ x f(space) = (o +ioe) Elspace) - ®

(3 marks)

(i))  From equations in (b)(i) deduce the following wave eciuation for H (space) as

v’ }}(space) =3’ l?(space) where 7= Jioulo+ine) (5 marks)

5



(a)

(b)

uestion four
Q /Qg

A uniform plane wave traveling along + z direction with the field components
E,.(z) & H,(z) hasacomplex electric field amplitude £}, =80¢'* V/m and

propagates at a frequency f =6x10° Hz in a material region has the parameters of

H=u, , e=4¢g, & 7 07 .

wE

1) Find the values of the propagation constant 5 (: a+i ,B) and the intrinsic wave

impedance 77 for this wave. (4 marks)
(1)  Express the electric and magnetic fields in both their complex and real-time forms,

with the numerical values of (a)(i) inserted. (4 marks)
(i)  Find the values of the penetration depth, wave length and phase velocity of the

given wave. (3 marks)
An uniform plane wave is incident normally upon an interface separating two regions .
The incident wave is given as [E;l =E, e H, = —leh ZJ and thus the

™
. . AR, M= +7 2z Yy — ‘EA‘I;] +¥ 2
reflected and transmitted wave can be writtenas | E;, = E,, e""* ,H | =———e"""
' m

E+
and | EX, =E', e "* H =—"%
x2 7 “m2 > tty2 T

T2 eh "] respectively as shown below:
m
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(1)

(iD)

i ti
Question four (continued) r09
From the boundary conditions at the interface , i.e., both total l:?x & g , are
continuous at z =0, deduce the following
é;l = E;i ——?32 _?Zl
7, +A771
E;2 = E;l A_zﬂ_z’\_ |
M, +m
If regionl is air (i.e., 7, =120 £ =377 Q), region 2 is a lossy medium with

( 8 marks )

o o :
parameters of { o =Hy 6, =96 ,——= 1} , and the incident plane wave is
wE,

having a complex amplitude of };I;l =100 V/m and propagates at a frequency
of f=10° Hz. ,

(A) Calculate the value of 7,. (2 marks)
(B)  Calculate the values of £ oL J (4 marks )



Question five

Q

A uniform plane wave (Ex1 , H ) , with a frequency f , is incident normally on a layer of
thickness d, , and emerges into reglon 3 as shown below

f‘?fam/ é L E,,97) J’Q?wwz /Cdz,éz/‘j;) /ijn3 sy, €, 63)
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0, , 0, & 0, are the respective origins for region 1 ,2 & 3 chosen at the first and second
interface .

Define for the i region (i =1,2,3) the reflection coefficient Iy (z) and the total wave

(@)

(b)

I

impedance Z, (z) and deduce the following :

1 -1 (z) | (2 + 7 marks )

fi(z')=1“i(z)ez’ ©-2) Wwhere z' & z aretwo positions in i" region

If f =v10? Hz and 4, = %’* , region 1 & 3 are air regions and region 2 is a lossless

region with parameters p, = 1, , £ =16¢;, & -0,

(¥

(i1)

(iif)

@E
find the valuesof B8, , B8, , B, , 4, & 1, , (note: 7, =n,=1207 Q
and a,=a,=a,=0) _ ‘(4 marks)
starting with I (z) 0 for the rightmost region , i.e., region 3 , and using
continuous Z at the interface as well as the equations in (a) , find the values of
2,0), Z,(0), 1,00) . [,(-4,) . Z,(-4,) , Z,(0) & 1,(0)
(10 marks )

find the value of E, if given E,, =50 V/m. (2 marks)
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Useful informations

e=1.6x10"" C
m,=9.1x10"" kg

n F
m

2
@A HE o
a= 14| -1
V2 \/ [@sj

£, =8.85x 10

V2 VW lee
1 m
=3x10% —
v Ho & s
H e
7}= 8 etitaﬂ LE)

7, = /Z" =1207 Q =377 Q

By =@ 1y &

§ Eeds iﬂL p, dv
ﬁs Beds=0
g

- -3 S
LE-dZ:-EUjSB-ds)

v.Ezpv

£
VeB=0
GxE=-28

ot

- - - oFE
VxB=uJ+ueg—
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D afz’:aoﬁ’—*p}; & §=yﬁ=y0§+1\2 "o
cﬁs Feds= ﬁ:{V (d oF )d v divergence theorem

i Fedl = L (“ X ﬁ)o ds Stokes' theorem

§0(‘xﬁ)50
Vx( r)=0
ﬁ’x(_’x}—f’ E@(".ﬁ)_vzﬁ
V=205 00, 59 50/ 510/ ;9]
Ox dy dz *ap ' pag dz
=5, 90,5100 5 L0
ar r o6 rsin(@) 8¢

P o(F.) , a(}«j\,)Jr o(F,) _12lF, p)+_1_a(z:;) o(F,)
ox oy oz p Op p ¢ 0z

a(F, r?) L1 oFsinl) 1 a(F,)

v 9r  rsin(d) 66 rsin(9) 0¢ :

opes m__a@]ﬁ (22 2. [a(py) (5

oy 0z Y1 oz Ox Ox oy ]

s (t0) 20) 00E) ate)) 5 (0ls) ole)
P

d¢ bz * 8z dp dp d¢

& (olF, rsin(0) a(F,r) % a(F) o(F, r sin(9)) L% ( o(F,r) a(F)
~ r?sin(0) 86 o¢ 7 sin(6) or r\ or 00
where F=g F,+& F,+& F,=¢,F,+&, F, +¢, g =8, F, +8 F,+& F, and

dl =¢,dx+e,dy+¢,dz=¢,dp+8, pdp+é,dz=¢ dr+&,rd0+¢,rsin(0)ds
2 2 2 / 2 2
A AT L At
Ox Ox ox~ popl Op) p° 0¢ 0z

=i2—8—(r2 Zf}+ 7 1 _a_[sm(e)ﬂj-}- ‘.1 62{
¥

rt or r? sin(@) 00 r? sin’(0) 94
2i(z)=

1+ri(z) 1—*( ) Z(Z) ??: &
I (z)=1(z)e?" " where 2 & z aretwo positions in " region
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