UNIVERSITY OF SWAZILAND

FACULTY OF SCIENCE AND ENGINEERING

DEPARTMENT OF PHYSICS

MAIN EXAMINATION 2015/2016

TITLE OF PAPER : ELECTROMAGNETIC THEORY 1

COURSE NUMBER : P331

TIME ALLOWED . THREE HOURS

INSTRUCTIONS : ANSWER ANY FOUR OUT OF FIVE
QUESTIONS.
EACH QUESTION CARRIES 25
MARKS.

MARKS FOR DIFFERENT SECTIONS
ARE SHOWN IN THE RIGHT-HAND
MARGIN.

THIS PAPER HAS TEN PAGES, INCLUDING THIS PAGE.

DO NOT OPEN THE PAPER UNTIL PERMISSION HAS BEEN
- GIVEN BY THE INVIGILATOR.



P331 Electromagnetic Theory I

Question one

A 'V —tube capacitor is extended very long into z direction with its cross section as shown below:

The electric potential f(p,¢) in cylindrical coordinates for the region between two conductors,

ie,0<p<a & 0<¢< -Z; , satisfies the following two dimensional Laplace equation :

a[ ’ af(p,qé)]
, op ) B S _,
op o¢*

(a) 1) Set f(p.9)=F(p)G(g) and use separation of variables to deduce the
following two ordinary differential equations :

d [p arie) 5;” )]
[P =k () 0
d’ G(¢)
\ d¢2 =kG(¢) ...... (2)
where k& is a separation constant. (4 marks )
(ii)  Based on eq.(2), i.e., differential equation for ¢ , explain why the eigenvalues for
k are k=-m’ where m=1,2,3,---- (3 marks)
(iii) By direct substitution, showthat p" & p~" are the two independent solution to
eq () with k=-—m" . (3 marks)



(b)

Question one (continued)

The general solution for (a)(i) is

o= 3 f(0.9)
= i(z‘f,ﬂ p" + B, p"”)(Cm cos(m¢) + D, Sin(mg})) ...... 3)

where 4, , B, , C, & D, arearbitrary constants. This general solution is

subjected to the following four boundary conditions :
BC() : £,(0,)=0 ¥ Os¢s%
BC(@2) : f.(p,0)=0 V 0<p<a

BC(3) : fm(p,i’-):o vV 0<p<a

BC4) : fla, )=V, ¥ os¢si:-
i) Apply BC(1) and deduce from eq.(3) that ,

£(o.) = 34, p7)(C, cosm$)+ D, sin(mg)) - (@) (2 marks)
) Apply BC(;; and deduce from eq.(4) that

10.9= 24, p7)(0, sinmp) name (4, D,) as E,

w (2 marks )
=3 (E, p" sin(mg)) - 6)
m=1
(iii))  Apply BC(3) and deduce from eq.(5) that
f(p.9) =§(F,, p*" sin(4ng)) - ©) (3 marks)

where F, =E, & n=123,-

(iv)  Apply BC(4) and find the valuesof F, intermsof ¥V, , a & n and show that

2V, (1 -cos(nx))

F = " n=1,2,3,------ ( 8 marks )
nxa
z 0 if nzm
1 . 4 1 1 .
(Hint : L=0 sin(4ng)sin(dmg)d¢ = % if nem )



Question two

(a) A very long thin conducting wire situated along z-axis and carries a static current / 4
along + z direction.
(i) Set B=¢ s By (p) (justify this briefly) , use Ampere’s Law (choose and draw

appropriate closed loop) to deduce that the magnetic field at a field point outside
the given thin conducting wire is

= I , . :
B=g, tot ... (1)  where p isthe distance from z-axis and

€, Iis one of the unit vectors in cylindrical coordinate system.  (1+1+4 marks)

(ii)  Given a vector potential A4=2, [— j, evaluate V x 4 and show that it

2z

yields the same result as the right hand side expression of eq.(1), i.e., the given

vector potential can be a correct vector potential for this problem. (5 marks)
(b)  Two very long thin conducting wires parallel to z-axis and lying onthe y =0 plane,i.e,
x—z plane ,onesituatedat x =- 5 and carries astatic current / A along - z direction
and the other situated at x =+ 4 and carries a static current / A along +z direction as

shown in the Figure.1 (on y =0 plane) and Figure.2 ( on z = constant plane) below.

% ,
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(1) Utilize the result in (a)(ii) , apply the superposition principle to deduce that the
vector potential at pomt P: (x, ¥, z) due to the two parallel conducting wires is

22
Alx,p,2)=¢, ln (x + b)z MDA (2) (5 marks)
| (x-6) +»’
(i) Use B=Vxd and 4 fromeq.(2),and find the magnetic field B at point
P:(x,y,z) and show that

Be—z y01(2bxy) 3 ,uolb(yz—x2+b2)
7 ((x+b)2 +y2)((x—b)2 +y2) g 7r((x+b)2 +y2)((x—b)2 +y2)
( 9 marks)
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Question three

(@)  Inaconductive region, based on Drude’s model the force on a conduction electron by £

. = . . . . m, v
is —e E . The retardation force by the ion lattice of the conductor is - ———%
TC‘
Therefore the equation of motion for an average conduction electron in the conductor is
dv - m, v
m—t=—eE-—% ... .
dt ;
® What are v, and 7_ in the above equation? (2 marks )

(i1)  The current density in the metal can be expressed as J= p,V,=—nev, .

(A) Whatdoes » represent in the above expression. (1 mark)
(B)  Substitute the above expression into eq.(1) and deduce that
dJ - ne'r, -
T, —+J= E - 2 (3 marks)
dt m

(C)  Use the point form of Ohm’s law J =0 E and deduce from eq.(2) that the
d.c. conductivity of the pure metal &, is

2
oy It . G) . , (1 mark)

£,
me

(D) If E isassumed sinusoidal with angular frequency o ,ie, £ & J

in eq.(2) can be replaced by Ee'® & Je'* respectively , deduce that

2
A ne’ v

6, = LT EEEE—— (4) ] (4 mark)
Tom,+im, 0T,

Hint: J=6, £k & 6,, = )
(iii)  If a certain pure metal having an atomic density of 5.8 x 10%® atom/m’ at room

temperature and two outer orbit electrons available for conduction, find the value of

r, ifits measured d.c. conductivityis o =3.6x10’ —15 . (4 marks)

m

A

o

a.c.

(b)  Aninterface separating two isotropic materials bave permeabilities u, & u, .
B, & B, arethe magnetic fields at points on either side of the interface infinitely close

toeach otherand 6, & 6, are their respective angles made with the normal as shown
in the diagram below.



Question three (continued)

(ii)

Use integral magnetic Gauss law , choose and draw a proper Gaussian closed
surface (pillbox in shape across the interface) to deduce that the normal component

of B is continuous at the interface , i.e., B,, = B,, . ( 1+4 marks)

1n ™
Together with the tangential component of H is continuous at the interface , i.e.,
H, = H,, , deduce the following refraction relation for B  as

tan(6, ) = £ tan(6,) .

1

( 5 marks)



(a)

(b)

Question four

Starting with the following time harmonic Maxwell’s equations for a material region
represented by parametersof u , ¢ & o as

(GeiF)=0 e "

[VeAF)=0 @

ﬁ'xE?(F)z—ia),u IE}(F) ...... 3)

Vx BF)=(c+iwe) EF) - @
and further assuming that g’(i" ) & I} (;? ) are functions of z only,ie.,

IE’(F) =d, E (z)+ a, E(z)+a, E(z) e (5)

A()=a, 2,6)+a, B,6)+a A,6) - ©)
deduce that
@  E2)=0=H,) . (2 marks )
(ii) %E;—(f—)=—}72 E(z) where ?zx/(mng—iwpa) X (9 marks )

An uniform plane wave travelling along + z direction with the field components of

i 60"

(Ex H yJ has a complex electric field amplitude of 100 ¢ V/m and propagates at

f =10° Hz in a material region having the parametersof u=px, , £=9¢, &
o

e
1) Find the values of the propagation constant y (-- a+i ,{3) and the intrinsic wave

impedance 7 for this wave . (4 marks )
(i)  Express the electric and magnetic fields in both their complex and real-time forms,
with the numerical values of (b)(i) inserted . (4 marks)

(iii)  Use the real time expression of E & H of the given travelling wave to evaluate

the poynting vector P (E ExH ) of the wave . (2 marks )
(iv)  Find the values of the penetration depth, wave length and phase velocity of the
given wave. Also find the index of refraction of the given material at this given
propagation frequency. ( 4 marks)



Question five

+

An uniform plane wave ( T H M ) operating at a frequency f, is normally incident upon a

layer of d, thickness, and emerges to region 3 as shown below :

ﬁ?a;"/ (,81,,6 LI .JQEfmZ /Cé(z,éz,é;) /Q?amg‘a/_q/é;/ 5})

A 3 53 '~ —3
Ex; =) € s | fxz = Emz e>=s : A:)(Z = Z:m c %5
S wae | O - x> o> fos
“+ _ Exi T _ Exz £
BT T B
7% 2 3
—_— e e — e _L}’”_.. — e —_ — _0‘: 0’_ —_— — — - —x (5)
A_ A 33 Al A3 |
Exi =Em € Exz=Ems €
Zogue ‘I e j
Fclem € T 7 A mFen < T 2~
B ; : 2 ? )
i

T >

0, , 0, & 0, are the respective origins for region 1,2 & 3 chosen at the first and second
interface .
(@)  Define for the i region (i =1,2,3) the reflection coefficient f‘, (z) and the total wave

impedance A ; (z) and deduce the following :
soN_ A 1+ I, (z)
Zi(z)—ni 1—1:‘,»(2) (5 + 4 marks)
[(z)=T,(z)e*" ©-2)  where z' & z aretwo positions in i" region

(b) If f=10° Hz & d,= % , region 1 & 3 are air regions and region 2 is a lossless

region with parameters u, =y, , £ =9¢, & 2 -0
e

@) find the valuesof B, , B, , B, ., A, & 7,, (note: 7,=7,=12071 Q
and o, =a,=0a,=0) (4 marks)
(i)  starting with f‘3 (z) =0 for region 3 , and using continuous Z at the interface as
well as the equations in (a) , find the values of
23(0) ’ 22(0) ’ 1:‘2(0) ’ 1:‘2(_ 10 cm) ’ 22(_ 10 cm) ) 21(0) & 1:‘1(0)
(10 marks)
(iii) find thevalueof £, if given £, =100  V/m. (2 marks)



Useful informations
e=1.6x10""°C '

m =9.1x10"" kg

,uo=4:rrx10'7£

m
g =8.85x107" Ll

m
F=a+if where

a=“’\/‘[%; 1/”[;%]2 1
ﬁ:m\/‘/? Jn[fgf +1
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£
VeB=0
Vx5--28
ot
vx§=yj+yg%§
J=cE
(ﬁs Feds= {:ﬁ;( o F )dv divergence theorem
{L Fedl = HS (ﬁxﬁ)o ds Stokes' theorem
ﬁo(ﬁx*)zo
Vx(v£)=0
Vx(VxF)=V(eF)-v? F
i’zf:é;%re'y af+é, afzé'p af+§¢iaf+é,ﬂ
Ox oy oz op p 09 Oz
. 0f . 10f . 1 of

- '$+ee;69+e¢rsin(9)"§—¢
La(5)oR) ofr) 126, ) 10E) a(E)

Ox oy oz p Op p 0¢ Oz
1R, 1 o(F,sin) 1 o(F,)
Tt or (rsiil(ﬁ) 00 r sin(6) 8;15( )
e ol (o) ote)) (00F)_ate)

oy oz Y\ 0z ox loox 3y

(26 olF, )}Lg (ﬁ_)w]_ [a@«; ) a(Fp)]

s

VeF

X

VxF=¢ {

o 0z Loz ap ) pl 0p o4
q ﬁ@rm@L&aﬂ+ 2, V@Lﬁ@rmwn{ﬂ%&&ﬁmf

" 72 sin(9) 26 o ) rsin(8)| o9 or or 08

where F=¢ F +e F +e F,=¢,F,+e,F,+e F, =¢ F +e, F,+¢,F, and

/

dl =¢,dx+&,dy+8,dz=E,dp+8, pd¢+&,dz=¢ dr+&,rd0+¢,rsin(6)d¢

V2f=62f+62f+62f L9 [p%)«kiazf«yazf

ox?  ax*  ax? =;(_9_p— op) p* og* 87’

1 6(,08f 1 3 (. nOf 1 & f
=— — | sin(6
r or [r 8r}+ r? sin(@) 66 (Sm( ) 69]+ r? sin*(6) 8¢
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