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P320 CLASSICAL MECHANICS

(@)

(b)

Question one

A single frequency light ray travels through P,:(0,%) in medium one with velocity v, to
reach P, :(L,~ h,) in medium two with velocity v, as shown in the diagram below :
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If one of the possible ray passage from 7,:(0,4 ) to P,:(L,- h,) is through
P:(x,0) with 0<x <L onthe interface y =0 , then the total time 7(x) of this light ray
travel from P, — P(x,0) - P, can be written as

7(x) = \/x2v+ h? . \/(L ~x) +h,’ )

V,

(1) Use the least time principle, ie., § T (x) =0 , to find the least time ray passage
P, - P,(x,,0) > P, andshowthat x, satisfies

L- xO ...... 2 4 marks
vl«,fxo +h1 vz\/L xO +h () ( ‘
(i)  Show that the eq.(2) can be simplified to be the following well-known law of
refraction that n, sin(@l)z n, sin(@z) where n, & n, are the index of
refraction for medium one and two respectively. (3 marks )

For a particle of mass m acted on by an earth gravitational force of F =— & , mg and

undergoes a projectile motion near the earth surface in a x-y plane where along the
horizontal x direction there is no force acting on the particle .



@)

(i1)

(iii)

Question one (continued)

Write down the Hamiltonian H ofthe system,ie., H (x, V,P,» py) , and show
2

p: P
that H="2+-"2+mgy . (4 marks)
2m 2m

From the definition of the Poisson brackets , i.e.,
. 6F 0G OF oG
F,Gl= -
7.l Z[aqa op. 0p, 8an
evaluate [x,H] , [y,H], [p.,H] and lpy,HJ . (4 marks)

a=]

For an equation of the type % = [u,H]| the specific solution of u() is given

by the following series expansion
3

2 3
u@)=uo + w1l o+ [, HL 1), ot [l B HL ], e
where subscript 0 denotes the initial conditions at =0 .
Use the above relation to show that for the given Hamiltonian, the specific solution
of x(t) and y(f) are given by

px,()

x(t)=x, + t

P
20, Ep
2
where x, and p, , are the initial x-position and x-momentum and

yt)=y, +

Yo and p,, are the initial y-position and y-momentum . ( 10 marks)



Question two

A particle of mass m is constrained to slide freely on the inner surface of a stationary cone of
half-angle & as shown in the diagram below.

'3

The origin O is chosen to be at the bottom of the cone. Assuming the bowl surface is frictionless
and the only explicit force acting on the particle is gravitational force with its acceleration g along

-z direction.

(a)

(b)

(@

(it)

(i)

®

(i)

Write down the Lagrangian for the particle in terms of p & ¢ and show that

L:%m(cscz(a)pz—k,oz éz)—mgpcot(a) ) (5 marks )

(Hint: v= % and for cylindrical coordinate system one has z = p cot(a) for

the cone surface and  (d5)e (d5)=(ds) =(dp)’ + p* [dg) +(dz)’ )
Write down their respective equations of motionfor p & ¢ . (5 marks)
Write down their canonical momenta p, & p, andshowthat p, isaconstant.

(2 marks )
Here wecanuse H =T +V short cut instead of the definition

H=Y(p, ¢)-L towrite down the Hamiltonian of the system (explain
i

briefly why so) and deduce that
o= sinz(a) pp2 . pﬁ
2m 2m

From the Hamiltonian in (b)(i), write down the equations of motion of the system.
For each equation obtained here, point out its equivalent equation obtained in (a).
( 4+2 marks )

s+mgp cot(cr) ( 1+6 marks)
p
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(@)

(b)

Question three

The orbital equation of the two-body central force with potential ¥V (r) =~ L is given as
r

2 2
2 =1+ ¢ cos(h) where a=-— & &= 1—%—2};{2
r k uk
1) Set r=+x*+y’ and cos((?) =——%—  and transform the above orbital

Jx2+y?

equation into the following Cartesian form &, x> + y* +k, x +k, y+k, =0 .

Write down Kk, ,k, ,k;andk, intermsof o and ¢ . (4 marks)
(i)  The orbital equation in (c)(i) would represent a parabolic orbitif %, =0 . Show
that this condition is equivalent to the conditionthat E=0 . (3 marks)
(iii)  The orbital equation in (c)(i) would represent a circular orbit if %, =1 . Show
: 2
that this condition is equivalent to the condition that E =— £ kz =V
(3 marks )

If an earth satellite of mass 500 kg has a pure tangential speed v, (= r 9)= 9,000 m/s at
its near-earth-point 800 km above the earth surface, .
1 calculate the valuesof / and E  of this satellite , ( 4 marks)

(i)  calculate the values of the eccentricity ¢ and show that the orbit is an elliptical
orbit. Also calculate its semi-major axis a , semi-minor axis & and period.

( 6 marks)
(iii)  what should be the value ofthe v, at the same given near-earth-point such
that the satellite would maintain a circular orbit ? (3 marks)

(Hmt . E = % U V; _ f circular orbit y — 'ik; )

iv Determine v, atthe same given near-earth-point such that the satellite maintains
8 g p
a parabolic orbit ? (2 marks )



(@)

(b)

Question four

If a person , near the earth surface at a northern latitude A |, fired a bullet of speed v,

at a target situated at his north direction (—€_ direction ) of distance L away from
him. Assuming he has a perfect rifle and the time T for the bullet hitting the target is short

and T =~— (i.e., neglecting the gravitational bending and assuming the bullet is moving
Yo

along -x direction with constant speed v, ) . The bullet will miss the target

by adistance d resulting from the Coriolis force (~2m @x7¥,) .

) Show that

P L
2v,
(Hint: G, ~-2ax7%, , 3, ~& (-v,) , =8, (- wcos())+&, (wsin(1)))
(i)  The earth makes one cycle of self-rotation in a day , calculate the value of the
earth’s self-rotational speed @ interms of rad/s . Then calculate the value of d
if vo=2000m/s , L=3000m & A=30° (3 marks )
Referring to the diagram above and considering the body coordinate system (x, y,z)
has the same origin as the earth’s fixed inertial system , i.e., center of the earth . Hanging a
motionless simple pendulum of length 7 and mass m near the earth surface at a
northern latitude A , the pendulum is supposed to pointing direct downward along
— €, direction. Show that the pendulum is pointing toward a direction not exactly along

sin(4) (8 marks )

— ¢, direction, i.e., true downward direction pointing toward the earth center , but
pointing toward the ground with a small angular deviation of & made with the true
downward direction resulting from the centrifugal force (— ma x (c'{) x 7)) as shown in
the following diagram.



®

(i)

Question four (continued)

" r, cos(A)sin(4)

Show that 6 ~ (10 marks)

g -’ r; cos’(4)

(Hint : F’effzé_, (-mg)-mox(@xF) & F=é. (r;))

The maximum value of & happensat A =45° . Calculate this maximum value
(in unit of radian) and then convert it to degrees. (4 marks)



Question five

Three particles of the same mass m (= m, = m, = m, ) joined by several weightless rods to form a
rigid body and is allowed to rotate about a fixed pivot point (chosen to be the origin 0’ or 0). Let
@'.2&',&) and (€ , & , &) betheunit vectors of the fixed (i.e., inertial system) and
body coordinate system respectwely as shown in the figure below.
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Asume the above rigid body only rotates on the x,'—x,' plane with the angular velocity

p=0=¢,"0=¢, 0 and the only force acting on the system is gravitational with g =&'g .

3 —_
(a) (1) Find the three components of the total torque N (: Z?‘: X F:} on the rigid body

along (¢, , &,' , &,') directions . In other words, write
N=&'N,/'+&'N,)+& N, andfind N,', N,' & N,' . Show that
N/'=0=N,' & N,' —2mgasm(8) 1+cos(30° (4 marks )
7 =g acos(ﬁ 300)+e2 asmé? 30° F=¢'mg
(Hint: {7 =&,'2acosf)+¢, '2 a sin(6) &1 F, =é° mg and
7, =g acos(é‘+30°)+e2 as1né?+30° F,=¢'mg

sin(4 - B)+sin(4 + B)=2 sin(4) cos(B) )
(i)  Find the three components of the total torque N [= Zi‘: X F,j on the rigid body
i=1

along (¢, , &, , &) directions . In other words, write

N=& N, +é N, +& N,andfind N, , N, & N, . Show that

N,=0=N, & N, =-2mgasin(6)(l +cos30°)) (4 marks)
8



(b)

(©)

Question five (continued)

h=e a 003(300) -€,a sin(f:’(}(’) F, =& mgcos(f) - &, m g sin(6)
(Hint: 17, =€, 2a &< F, =& mgcodf)-&, mgsin(d) )
7, =, acos30°)+ 2, asin30°) |F =& mgcodd)-&, m g sin(p)
Referring to the fixed (inertial) coordinate system, the equation for pure rotational motion

B . 3 .
is L=N - (1) where L=D>F7xp, & p,=mr, (i=1,2,3).

i=1

{

3 .
1) Find the three components of the total angular momemtum L [z Zm 7 x ?,} on

i=1
the rigid body along (&' , &,' , &,") directions . In other words, write
L=8&'L'+&,'L'+&, L, andfind L', L,' & L,' . Show that
L'=0=L, & L'=6ma* 6 | (5 marks)

(i)  Use eq.(1) and the results from (a)(i) & (b)(i),-deduce the following equation of
rotational motion for the given rigid body and show that

f=- Bi (1 + cos(30° ) sin(6) . (2 marks )
a
Referring to the body coordinate system, the equation for pure rotational motion is the
11@‘(12_13)‘92 @y =N; - (2)
following Euler equations that I, o, - (I .- 1) w, & =N, - (3)

1, &, - (1, -L)o, @, =N, - (4)
where (¢, , &, , &) should be chosen properly such that the inertial tensor I isa
diagonal matrix.
@ Our choiceof (¢, , &, , &,) heredoes make the inertial tensor a diagonal matrix.

Find the three non-zero diagonal elements of 7 and show that
11

I ,=1 :%ma2 s L, =1, =Ema2 & I, =1, =6ma’ (6 marks)
(ii) Sincehereonchas @, =0=0, & @, = 6 , use Euler equations and the results

from (a)(ii) & (c)(i), deduce the equation of rotational motion for the given rigid
body and show that it’s the same as the one obtained in (b)(ii). (4 marks )



Useful informations

Vr--[.ﬁ"di and reversely F=-VV

L=T-V= L(‘?] 42554, 541:92 5759, ’t)

oL . 8L
Do =— and p, =
04, 0q,
H=3(p, 4,)-L=H{q,.9,.., 61,424, t)
a=1
g, = and p,=- oH
op, 04,
" fu Ov du Ov
[uv],, = -
a=1 aqa apa apa aqa
2
G=6.673x10"" 27
kg

radius of earth r, =6.4x10° m

mass of earth m, =6x10* kg

earth attractive potential = — L where k=G mm,
r
2ED , :
e=_|1+ B {(8 =0, czrcle), (0 <g<l, ellzpse), (s =1, parabola), }
H
H= ml—’nz_ ~m, zf' m, = ;inl
m, +m,
semi —major a=-———
’ 2|E|
l

. b=
For elliptical orbit,ie.,0<¢& <1, then semt— mimer 2 u |E|

period r=-22—'u(fzab)
|7 min =a(1-e) &r, =a(1+5)

max

for plane polar (r ,6) system with unit vectors (€, ,é,), we have
V=€ F+é,r6
i=¢ (F—r6*)+e, (27 6+rd)
- 0f - 10f
=E, ——+8,— —=
U P YT

<
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Useful informations (continued)

2 2 '
Zma (xa,Z + xa,3) _Zma xa,l xa,Z _Zma xa,l xa,3
a a a
— 2 2
I= .—Zma xar,2 xa,] Zma (xa,] +xa,3) _Zma xa,2 xa,3

a a a
2 2
_Zma xa,3 xa,l - Zma xa,3 xa,2 Zma (xa,l +xa,2)
a a a

[

Fp=F-mR, ~mox7-mdx(@x7)-2m&x¥,  where
F'=R+¥% and

=1

7' refersto fixed(inertial system)

¥ refersto rotatinal (n(m — inertial sysrem) rotates with @ to r' system
R from the origin of F'to the origin of ¥

drF
vV, =|—

dr

r
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