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with its two 0 

P272 MATHEMATICAL METHODS FOR PHYSICIST 


Question one 

Given a vector field F 

(a) find the value of 5;2, L F. d T if Pi: (0,0, 1 ) , Pz : (2,8, 1) and 

(i) 	 L : a straight line from Pi to Pz on Z = 1 plane, (6 marks ) 
(ii) 	 L : a cubic curve y =x 3 from PI to Pz on z = 1 plane. 

Then compare this answer with that obtained in (a)(i) and comment on whether the 

given F is a conservative vector field or not. ( 6+1 marks ) 
(iii) 	 Find Vx F . Does it agree with your comment in (a)(ii) ? ( 3+1 marks ) 

(b) 	 Choose a closed surface S as the cover surface ofa rectangular box ofdimension 1 x 2 x 3 

po site vertex points as (0,0,0) and (1,2,3) as show in the diagram below: 

Utilize the Divergence theorem to find the value of iF. d s ,i.e., instead of doing the 

closed surface integral to find the answer, you can do the volume integral about the volume 
V which is bounded by the chosen closed surface S to find the same answer. Here doing 
the volume integral is much easier than that doing the closed surface integral. 
(S=SI +S2 +S3 +S4 +S5 +S6 where 

S1 : z = 3 ,Os x s 1 ,Os y s 2 & d s = + e (d x)(d y)z 

S2 : z = 0,0 s x s 1,0 s y s 2 & ds = - e (d x)(d y)z 

S3 : Y = 0,0 s x s 1,0 s z s 3 & d s = - ey (d x)(d z) 


S4 : y=2,Osxsl,Oszs3 & ds=+ey(dx)(dz) 


S5 : xl, 0 s y s 2,0 s z s 3 & d s = + ex (d y)(d z) 


S6 : x = 0 ,Os y s 2 ,Os z s 3 & d s = - ex (d y)(d z) 


V:(Osxsl,Osys2,Osys2 & dv=(dx)(dy)(dz)) 


(8 marks) 
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Question two 

Given F ep (Z2 cos(¢))+ e(J (p2)+ ez (P2 sin(¢)) in cylindrical coordinates, 

(a) 	 findthevalueof {f-d! if L is the circular closed loop of radius 10 on 

z =0 plane in counter clockwise sense as shown in the diagram below 

3­

• 

~ 
tit =-	 + t, 10 d cf 

p=IO 
>e(JIOd¢) 

(6 marks) 
(b) 

VxF='p (p cos(,,)) +', (2 z cos(;) - 2 P sin(,,)) +', (3 p' +z' s:(")J 
(5 marks) 

(ii) 	 Evaluate the value of SIs (V x f)- ds where S is bounded by L given in (a), 

i.e., S: (O~p~lO, O~¢~2TC, z=o & ds=+e pdpd¢).z 

Compare this value with that obtained in (a) and make a brief comment. 
(8+1 marks) 

(c) 	 Find V. (V x f) and show that it is zero. (5 marks) 

l.e., 	 L: (P=lO , O~¢~2TC , B=; & dl =+e(J pd¢ 

(i) 	 Find Vx f and show that 
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Question three 

Given the following Legendre differential equation as : 

2 ) d 
2 

y(X) d y(X) 	 ( ) 
(I-x 2x +20y(x) 0 ...... 1 

dx 2 dx 

'" 
(a) 	 utilize the power series method, i.e., setting y(x) = Lan xn+s and ao;f:. 0 

n 0 

(i) write down the indicial equations. Deduce that s =0 or and = 0 . a1 

(10 marks) 
(ii) 	 Write down the recurrence relation. For s =0 case with a1 =0 ,set ao =1 and 

use the recurrence relation to calculate the values of an up to the value of ag • 

Without further calculations, what would be the values of the rest of 
an for n > 8 and give a brief explanation. Thus write down this independent 

solution in its power series form for all n . (1+10+2 marks) 
(b) 	 The given differential equation in (a) has a well-known polynomial solution P4 (x) which 

. () 3 35 4 15 2 ( ). • d
IS ~ 	X + - x x. Show that x IS lInearly depen ent to the solution you P4

884 
obtained in (a)(ii). (2 marks) 
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Question four 

Given the following periodic function J(t) of period 6 and plotted for two periods from 

• 

t = 0 to t = 12 as below: 
.. j<f:) 

Le., for one period of tOto t = 6, f(t) can be wholly described as : 
t if 0<t<3 

J(t) = { -t+6 if 3<t<6 

OC) 	 OC)(nat) (nat)(a) 	 Its Fourier series representation is J(t) = L an cos -- + L bn sin -- . 
n 0 3 n \ 3 

(i) 	 What special property of the given J(t) implies that all the Fourier sine series 
coefficients should be zero, Le., bn =0 V n. ( 2 mark) 

(ii) 	 Find all the Fourier cosine series coefficients and show that 
3 


ao ="2 & 


6 (cos(na) -1) 
an 	 n = 1,2,3,.·· .. · 

Thus the Fourier series representation of the given J(t) is 

J(t) = 3 + f 6 (cos~na! -1) cos(n a t) ...... (1) (9 marks)
2 n:\ n a 3 

(b) 	 Ifthe above given J(t) is the non-homogeneous term for the following non-homogeneous 
2 

differential equation d 2 - d yet) + yet) J(t), find the particular solution y p (t) to 
dt dt 

the given periodicalJ(t) represented by its Fourier series in (a)(ii), i.e., eq. (1) , and show that 

3 	 ( (nat) (nat\] where<0y p (t) ="2 + ~ An cos -3- + Bn sin -3-j 

n =1,2,3,. .... · 

(14 marks) 
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Question five 

Given the following equations for coupled oscillator system as : 

d 2 x (t) 
----'1'--'-2-- = - 10 XI (t) + 6 x 2 (t)dt 
d 2 x 2 (t)dt 2 =2xl (t) llx2 (t) 

i 	 'ml(a) 	 set XI (t) =XI e ml & X 2 (t) =X 2 e ,deduce the following matrix 

equation A X = (j)2 X where 

• 	 0 
A = ( - ~ _~ 1) & X = ( ~:) 	 (4marks ) 

(b) 	 Find the eigenfrequencies (j) of the given coupled system and show that they are 

(j)l =..fi & (j)2 =.Ji4 , (5 marks ) 
(c) 	 Find the eigenvectors X of the given coupled system corresponding to each 

eigenfrequencies found in (b), (6 marks) 
(d) 	 Find the normal coordinates xl'(t) & x2 '(t) of the given coupled system and show 

that one of the possible answers is 

Xl ',(t) = 2 Xl (t) + 3 x2 (t) 
{ x 2 (t) = Xl (t) 2 x 2 (t) 

(Note: Normal coordinates just like eigenvectors, they are not unique. Any constant times 
the answer can be another possible answer.) (8 marks) 

(e) 	 Write down the general solution ofthe given system in terms of the eigenfrequencies and 
eigenvectors obtained in (b) & (c). ( 2 marks) 
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Useful informations 
The transformations between rectangular and spherical coordinate systems are: 

X = r sin(O) cos(ifJ) 

y = r sine0) sineifJ) & 
{ 

Z r cos(O) 

The transformations between rectangular and cylindrical coordinate systems are : 

p =)X2 + y2
X = p cos(ifJ) 


y = p sin(ifJ) & 
 ifJ=tan-t;)
{ 

Z=Z Z=Z 

where F=e\ F; + e2 F2 + e3 F3 and 

(u\ ,u2 , u3 ) represents (x, y , z) 
represents (p,ifJ,z) 
represents (r, 0, ifJ) 

(e\ ,e2 , e3 ) represents (ex, ey ,eJ 
represents (ep ,ep ) 

represents (e ,ee ,e;)r 

(~ ,hz , h3) 	 represents (I , 1 , 1) 

represents (I , p , 1) 

represents (I, r , r sin(O)) 

00 (nrct)f(t)=f(t+2L)=f(t+4L)="'= Lan cos ­
n~O L 

2
ao=_I- r2LfV)dt, an = 1 r 

J( . 
2 L Jo L Jo L 

(k ))d t cos{kt) sin{kt)
tsm t t k + e 

(k )\d t sin{kt) cos{kt)J( t J = k + eVcos t 
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for rectangular coordinate system 

for cylindrical coordinate system 

for spherical coordinate system 

for rectangular coordinate system 

for cylindrical coordinate system 

for spherical coordinate system 

for rectangular coordinate system 

for cylindrical coordinate system 

for spherical coordinate system 

00 (nrct)+ Lbnsin- where 
n~l L 

Lf{t)cos(nrct)dt & bo=l rZLf{t)sin(nrct)dt for n=I,2
L Jo L 


