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P272 MATHEMATICAL METHODS FOR PHYSICIST

Question one

Given a vector field F =&, (x2 ) +é, (y2 -x z)+‘é‘z (xz) in Cartesian coordinates,

(@)

(b)

find the value of [’ Fedl if Pi:(0,0,1), P,:(2,8,1) and

() L : a straight line from P; to P, on z=1 plane, ( 6 marks)
(ii) L:acubiccurve y=x’ from P, to P, on z =1 plane.
Then compare this answer with that obtained in (a)(i) and comment on whether the
given F isa conservative vector field or not. ( 6+1 marks )
(i) Find Vx F . Does it agree with your comment in (a)(ii) ¢ (3+1 marks)
Choose aclosed surface S as the cover surface of a rectangular box of dimension 1x 2 x 3
with its two o/pposite vertex points as (0,0,0) and (1,2,3) as show in the diagram below :
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Utilize the Divergence theorem to find the value of ci Feds ,ie.,instead of doing the

closed surface integral to find the answer, you can do the volume integral about the volume
V' which is bounded by the chosen closed surface S to find the same answer. Here doing
the volume integral is much easier than that doing the closed surface integral.
(S=8,+85,+85,+85,+8,+S;, where

S, :z=3,0<x<1,0<y<2 & d5=+¢,(dx)(dy)
S, 1 2z2=0,0<x<1,0<y<2 & d5=-¢,(dx)(dy)
S, : y=0,0<x<1,0<2z<3 & d5=-¢,(dx)(dz)
S, 1 ¥y=2,05x<1,052z<3 & d5=+¢,(dx)(dz2)
S, i x=1,08y<2,0<2<3 & ds=+¢,(dy)(dz)
S, 1 x=0,08y<2,0<2z<3 & di=-¢,(dy)(d2)
V:(OSxS.l,OSySLOSySZ & dv=(dx)(dy)(dz))

w

(8 marks)



Question two

Given F=g¢, (22 cos(¢))+ g, (p2)+ €, (p2 sin(gé)) in cylindrical coordinates,

(a)

)

(©)

find the value of ci Fedl if L isthe circular closed loop of radius 70 on

z=0 plane in counter clockwise sense as shown in the diagram below

ie, L:(p=10,0£¢$2;’{,9=§ & d?=+§¢pd¢p—=w>§¢10d¢J
( 6 marks)
1 Find Vx F and show that
2 -
Vx F =2, (pcos(p))+ &, (2 z cos(p) - 2 p sin(p)) + ¢, [3 ? +W—)}
P
(5 marks)

(ii)  Evaluate the value of HS (ﬁ’ x }3’)0 ds where S isbounded by L givenin (a),

ie, S: (0<p<10, 0<¢<27 ,2z=0 & ds=+& pdpdg).
Compare this value with that obtained in (2) and make a brief comment.
(8+1 marks)

Find Ve (@ x F ) and show that it is zero. (5 marks )



Question three

Given the following Legendre differential equation as :

(l—x

(@)

(&)

214’
L

dy() —0 e
= x = +20 y(x)=0 (1)

utilize the power series method , i.e., setting  y(x) = Zan " and ay =0

n=0
1) write down the indicial equations. Deduce that s=0 or 1 and 4, =0.
(10 marks )

(il  Write down the recurrence relation. For s=0 case with a, =0 ,set a, =1 and

use the recurrence relation to calculate the values of a, up to the value of 4, .

Without further calculations, what would be the values of the rest of

a, for n>8 and give a brief explanation. Thus write down this independent

solution in its power series form forall n . : (1+10+2 marks)
The given differential equation in (a) has a well-known polynomial solution P, (x) which
is P, (x) = —3 + %5— x* - % x* . Show that P, (x) is linearly dependent to the solution you
obtained in (a)(ii). | (2 marks)



Question four

Given the following periodic function f{#) of period 6 and plotted for two periods from
t=0 to t=12 asbelow:
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i.e.,, foroneperiodof r=0 fo t=6, f(t) canbe wholly described as :

f(t):{ t if'0<r<3
zt]+ibn sin[n;”}.

—-t+6 if 3<t<6
. . .. % n
(a) Its Fourier series representation is  f(¢) = Za,, cos( 3
n=0

(i) What special property of the given f{#) implies that all the Fourier sine series

coefficients should be zero,i.e., b, =0 V n. (2 mark)
(ii)  Find all the Fourier cosine series coefficients and show that
3
a, = 5 &
nzé(cos(zn:rz? —1) n=1,23,
n
Thus the Fourier series representation of the given f{#) is
f0)= Z COS(”"’) 1 gos [”f ‘] ------ ) (9 marks)

(b) Iftheabove given f{t) is the non-homogeneous term for the following non-homogeneous

2
differential equation d df 2@) _4 ¥(t) = f(1), find the particular solution y,(f) to

dt
the given periodical f{?) represented by its Fourier series in (a)(ii), i.e., eq.(1) , and show that
\
Y, (t)-— —+ Z(A cos( 3 ] + B, (—nw;-ri” where
4, ==7 94(”1 71'2"29) a,
(n " -9n T+ 81) _
n=1,2,3,-
2Tnrm
B, =-1r5— 72 a,
(n ' =-9n 7"+ 81)
(14 marks )



Question five

Given the following equations for coupled oscillator system as :

da’x (¢
d’if ) 10 %)+ 6 %,(6)
W=2xl(!)-—11xz(t)
dt

(@ set x;()=X, €Y & x,()=X,e” ,deduce the following matrix
equation 4 X =-w? X where

-10 6 X,
A—[ ; NIJ & X_[XJ‘ (4 marks)
(b)  Find the eigenfrequencies @ ofthe given coupled system and show that they are
co1=x/7&a)2=\[ﬁ, (S marks)
(c) Find the eigenvectors X of the given coupled system corresponding to each
eigenfrequencies found in (b), (6 marks )

(d)  Find the normal coordinates x,'(f) & x,'(f) of the given coupled system and show
that one of the possible answers is

{xl‘(t)= 2 x,(t) + 3 x,(£)
x," (1) =x,(6) = 2 x,(¢)
(Note : Normal coordinates just like eigenvectors, they are not unique. Any constant times

the answer can be another possible answer.) (8 marks)
(e) Write down the general solution of the given system in terms of the eigenfrequencies and
eigenvectors obtained in (b)) & (c). (2 marks)



Useful informations
The transformations between rectangular and spherical coordinate systems are :

x =r sin(f) cos(g) \/2_*2
y=rsin(@)sin(¢) & 0= ml[__xiy_}

¥4

.

The transformations between rectangular and cylindrical coordinate systems are :

x = p cos(d) p=yxt £y

y=psin(g) & ¢=tan*‘[2j

z=r cos(d)

X
Z=2Z g=z

Lof, . 18f _1af

¥ 1o
S o Y B T o,

oufo ] {amhzhg)+a(mh3)+a(F3hlhz)J,
h, h, h, Ou, ou, Ou,
ﬁ’x F = El [6(& h3) _ a(Fz hz)]Jr éz [a(Fl hl)_ 5(F3 k3)]+ 53 (a(Fz hz) _ 5(F; hl)}
h, by Ou, ou, h hy\  Ou, Ou, h hy ou, Ou,
where F=¢ F +é, F,+¢ F, and
(4, ,u, ,u,) represents (x,¥,z2) for rectangular coordinate system
represents (p &, ) for cylindrical coordinate system
represents (r,6,0) for spherical coordinate system
@ .2,,2,) represents (ex €, ,€ ) for rectangular coordinate system
‘ represents (é' 5 2€,5€ ) for cylindrical coordinate system
represents (e, €4 5 {é) for spherical coordinate system
(# ,hy, k) represents (1,1, 1) for rectangular coordinate system
represents (l , P, 1) for cylindrical coordinate system
represents (1 NN sin(@)) for spherical coordinate system

fO=fC+2L0)=ft+4L) == ian cos[nZtJ+ibn sin[n;”

S [ r0an = [ rQef "7 ar & b= [ sl 25

J' (¢ sin(kr))dr=-" cos(kt) , sin(ks)

j where

jdl‘ for n=1,2

k k?
j (¢ cos(k 1)) di = t sir;c(kt) . cois;(zkt)



