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P320 CLASSICAL MECHANICS

ns
Question one

(a) If H denotes the Hamiltonian function and L is the Lagrangian function, use the

definition H = Z(pa 4, )~ L (where p, andq, (a= 1,2,;--,n) are the generalized
a=1

momenta and position coordinates respectively, i.e., H = H.(q1 35 Gn s Dys > Py ,t) s
N , L oL 6L d| oL
L=1g,,.q9,,9,,.4,,t) , o =— and =-—| —— | )to show that
@00 dim800) 5 po =g = and dt(aqa} ) a
dH oL
; i 5 ks
A PR (5 marks)
(i)  Show that for a function u =u(g,,"",q,, D1 Dy >t) »
d
g;i = [u ,H ]+ —2—? where [u,H] is the Poisson Bracket of two functions
v & H e, [u,H]=Y| 2000 0ou 0H (4 marks )
«-\0gq, Op, Op, 04,
(Hint : 44, =g, = oH & 4P =P, =" o )
dt op, dt oq,

(b)  Foranparticle of mass m in space with a position vector 7 =¢, x+é, y+e, z in

Cartesian coordinates acted by a force F =&, F, +¢& , F, +¢é, F, asshownbelow:

nm

=

=<}

O -
The momentumof m is p=¢, p, +¢, p, +e¢, p, .
@) Define the angular momentumof m as [ =7 x p , deduce that
l,=yp.~zp, » I,=zp,~xp, and I, =xp,—yp, (3marks)
(ii) Define the “moment of force” (or “torque™) actedon m as N =7 x F , from

F=p deducethat N=I . ; ( 7 marks)
(i) Showthat [1,,7,]=-1, and [y,,]=-z / (6 marks)



Question two
e

A particle of mass m is constrained to move on the surface of a spherical ball with a radius R
and centered at the origin. The particle is acted by a conservative force F =~ &, k. where k isa
positive constant.

(@)

(b)

®

(i)

(iii)

@v)

®

(ii)

Use V=- Eﬁbd? where P, :(R,0,0) & P:(R,6,¢) todeduce that
V=kRO . (3 marks )
(Hint: 4l —2r=Resee 5 (0)+ 3, (RdO)+E, (Rsin(@)d¢) )

Write down the Lagrangian of the system in terms of 6 & ¢ and then write
down their respective equations of motion and deduce that

;?; (m R? é)= m R? sin(@) cos(8) > — k R

-% (m R? sin®(8) §)=0

(6 marks )

(Hint: V=2 7+&,r0+¢,rsin(0)¢ —=2>&, RO+, Rsin(6)¢ )

Write down their canonical momenta p, & p, andshowthat p, isaconstant.

(3 marks)
Rewrite the equation of motion for 6 intermsof A4 and deduce that
2
0= A COS(Q) k (4 marks)

" m* R'sin’(0) mR
Onecanuse H =T +V instead of the definition H =,Z(Pa qa)-}_i (make a
Ya

brief justification for this selection) to write down the Hamiltonian of the system
and deduce that

(p,)* (p 4 )2
H = 7T 7 2
2mR*>  2mR*sin’(6)
From the Hamiltonian in (b)(i), write down the equations of motion of the system.
(5 marks)

+k RO : (1+3 marks)



(a)

(b)

Question three

Given the Lagrangian for the two-body central force system as :
1

L=T-V=-— +r? 6
L er @)k

where 4 is the reduced mass of the system, k is a positive constant and (r , 9) are polar

coordinates of the motion plane with its origin at the center of mass of the two-body
system.

(i) Write down the Lagrange’s equation for 8 and show that the angular momentum
! is conserved , i.e., deduce that :
6= ! = e ) where [ isa constant. (3 marks)

ur
(i)  Write down the Lagrange’s equation for » , with eq.(1) inserted and deduce that
2
U — ! 3+_k2_= ...... ) ( 3 marks)
urr

; < . di . .dr ..
(iii) Multiply eq.(2) by d# anduse rdr=Edr=dr:1—t-=rdr=d > to

show that the total energy E (s T+ V) is conserved , i.e.,

—;-,cz(i*2+r2 9.2)—-}-C—=const.sE ~~~~~~ (3)
¥
Also show that eq.(3) can be rewritten as
2
f=\/2E— i 2+2k ~~~~~~ 4) (6 marks )
H o grour
(iv)  Dividing eq.(1) by eq.(4), deduce the following integral form of orbital equation
as
l
r?
0= dr +const. - - (5 (3 marks)

2
2ur r

If an earth satellite of 300 kg mass is having a pure tangential speed
Vo (= r 9)= 9,000 2 atits near-earth-point 500 km above the earth surface,

s

1) calculate the valuesof / and E  of this satellite, (4 marks)

(ii)  calculate the values of the eccentn01ty ¢ and show that the orbit is an elliptical
orbit. Also calculate its period. - . (6 marks)



(a) .

(b)

Question four

If a person, standing on the earth surface at a northern latitude A, fired a bullet of speed

v, atatarget situated at his north direction (i.e., — €, direction) of distance L away from

him. Assuming he has a perfect rifle and the time T for the bullet hitting the target is short

and T ~ L (i.e., neglecting the gravitational bending and assuming the bullet is moving
Yo

along -x direction with constant speed v, ). Show that the bullet will miss the target

by adistance d along -y direction resulting from the Coriolis force (-2 m @ x ﬁ,) .

w I

Show that d = sin(4) . (10 marks )

Vo
(Hint : Zieﬂ r=20%xV, ,V, ~E, (—vO) , D=€, (— o cos(i))-k €. (a; sin(ﬁ,)) )
Refer to the diagram above and consider the body coordinate system ( x,y,z ) to have
the same origin as the earth’s fixed inertial system , i.e., center of the earth . Ifa
motionless simple pendulum of length L and mass m ishung near the earth surface at a
northern latitude A , the pendulum suppose to point directly downward along —¢,
direction. Show that the pendulum is pointing toward a direction not exactly along
— ¢, direction, i.e., true downward direction pointing toward the earth center , but
pointing toward the ground with a small angular deviation of & made with the true
downward direction, as shown in the figure below, resulting from the centrifugal force
®° ry cos(1)sin(2)
g — @ r; cos*(4)

(—Mé')x(é'}x 7)) . Show that & ~

( 15 marks)

(Hint : ﬁ;ﬁ & (~-mg)-max(@xF), Frg, (re) , @=8, (- @ cos(1))+ &, (wsin(1)) )



Question five s

A pendulum is composed of a rigid rod of length 35 with amass m, atitsend. The second
mass m, isplaced one-third way down the rod while the third mass m, is placed two-third way

down the rod and the mass of the rod itself is negligible. Let the fixed coordinate system and the
body coordinate systems have the same origin at the pendulum pivot point. Let

- f

E',&', ¢ ') and @, , e, , 53) be the unit vectors of the fixed (i.e., inertial system) and
body coordinate system respectively as shown in the figure below.

-

yeld
- — e

& = &

suF ?ﬁfém,

(a) Write down the inertia tensor / for the pendulum with respect to the body
coordinate system given above and deduce that [ is a diagonal matrix with its
diagonal elementsas /,, =0 and I,,=1,,= = m +4m, +m,)b> .

(7 marks )
3
(b)  The torque on the pendulumis N = Z(Fa X Fa)z é'N, +e,' N, +¢,' N, , find
a=1

Ny, N, & N; intermsof 6 and show that
N,=0=N, & N,=-bgsin(0)(3m, +2m, +m,) . (5 marks )

(Note: &=28,0 , F=&'mg , F,=¢'myg , F,=¢'m g ,
F=8'3bcos(p)+&,"3bsin(6) , 7 =& 2bcos(0)+&, 2bsin(9) and
7, =&'bcos(@)+ ¢, bsin(8)) y



©

Question five (continued)
120

The following are Euler’s equations for pure-rotational motion referring to the inertia
coordinate system for already diagonalized 7. .

(13"13)‘”2 @, —I, & =N, - (1)
(]3‘“11)&)3 o -1, 0, =N, - (2)
(11"12)601 W, =1, &y =Ny - (3)

where I, —>1 ,1,,>1, & I,; >

@ Insert the results of (a) & (b) for our given rigid body system into the above Euler’s
equation and deduce that for small & oscillation, i.e., sin(@) ~0,

” [g(3 m +2m, +m3)]
G ~-— a
b(9m1 +4m, +my)

------ (4) (4 marks)

(i) By direct substitution, show that 8= A4 cos((oo t+ B) is the general solution to

g(3m,+2m2+m3)

b(Om +4m,+m,)
(4 marks )

(iii)  If giventhe values m; =m, =m; =1 kg & b=0.1 m and given the initial

eq.(4) with A & B are arbitrary constants and @, = \/

conditions 9(0)=% & 6(0)=0 , determine the valuesof @, , 4 & B and

thus write down the specific solution of the given system. ( 5 marks)



Useful informations

. =

V=- JlﬁOdf and reversely F=-VV

L=T-V=Lq,.9,, 0 sG1>ds s >4 >1)

oL oL
Poe=—7 and p,=——
04, 04,

H = Z(pa q‘a)-v- L= H(ql 5dy 5054, ,:q.l ,(?..2.“,:_.'«.';(?,, :f)
a=1

. H . oH
4, = and p, =-
- Op, 99,

[u‘,ﬂv]si[ du ov _ Qu avj

G=6.673x10"

radius of earth r, =6.4x10° m

mass of earth m, =6x10* kg

k
earth attractive potential = — — where k=G mm,
¥

2
£= {1 + 2 E}i {(e=0,circle), (0 <& <1, ellipse), (¢ =1, parabola), -}
H

m, m .
p=—""-xm if m,>>m,
m, +m,

For elliptical orbit,ie.,0 <& <1, then <

for plane polar (r,8) system with unit vectors (€, ,é,), we have

. _8f _10f
V=g g 290
s erér eﬂr@é‘

semi—major a=-——

semi—minor b=

period r=2T‘u(7r ab)
Zin =a(1-5) &7 =a(1+£)

(]



Useful informations (continued)

fze

2 2
Zma (xa,Z +xax,i) - Zma xa,l xa,z _Zma xa,l xa,3
a e a
_ 2 2
I= -Zma xa,z xa,l Zma (xa,l +xa,3) _Zma xa,z xa,3

174 o o
2 2
“Zma Xa3 Xa, "Zma Xo3 Xa 2 Zma (xa,l + xa,z)
[/4 144 [+1

Feﬁ =F-m ﬁf —maoxF—max{DxF)-2mdxV,  where:
F'=R+7 and

7' .refersto fixed(inertial system)

¥ o refersto rotatinal (non —inertial system) rotates with @ to r' system

R from the origin of ¥'to the origin of ¥

. _[dF
V, =|—
)



