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P320 CLASSICAL MECHANICS 


Question one 

(a) 	 If H denotes the Hamiltonian function and L is the Lagrangian function, use the 
'n 

definition H = L(pa q J - L (where P a and q a (a =1,2,: .. , n) are the generalized 
a=1 

momenta and position coordinates respectively, i.e., H = H(q, "",qn ,PI ,"',Pn ,t) , 

L = L(qp''',qn ,qp· .. ~qn ,t) P = aL and aL =~( aL J ) to show that 
a aqa aqa dt aqa 

dH aL 
(i) = 	 (5 marks)

dt 	 at 

(ii) 	 Show that for a function u = U(qi , .. ,qn ,PI ,",Pn ,t) , 


du [ ] au
-= 	u,H +- where [u, H] is the Poisson Bracket of two functions 
dt at 

u & H ,i.e., [u,H]= t( au aH -~ aHJ (4 marks) 
a=1 aqa aPa a Pa aqa 

(H' d = q' = aH & d P a _. _ aH ) 
mt : d t a aPadt - P a - a q a 

(b) 	 For a particle of mass m in space with a position vector r= ex x + ey Y + e z inz 

Cartesian coordinates acted by a force F=ex Fx + ey Fy + ez Fz as shown below: 

The momentum of m is p = ex Px + ey Py + ez pz 

(i) 	 Define the angular momentum of m as T== r x p ,deduce that 

Zx =Y Pz - z P y , Z y = z P x - X Pz and Zz x P y - Y P x ( 3 marks ) 

(ii) 	 Define the "moment of force" (or "torque") acted On mas,N == r x , from 

F=p deduce that N == T , (7 marks) 

(iii) 	 Show that [ZoZ.l=-iy and [y,ZJ=-z (6 marks) 
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Question two 
ltG:. 

A particle of mass m is constrained to move on the surface of a spherical ball with a radius R 

and centered at the origin. The particle is acted by a conservative force F = - e(1 k. where k IS a 

positive constant. 

(a) (i) Use V = Jp Fedl where Po :(R,O,O) & P:(R,B,tjJ) to deduce that 
Po 

V =k R B ( 3 marks ) 

(Hint: dl onr=Rsur!ace )er(O)+e~(RdB)+er(Rsin(B)dtjJ) ) 

(ii) 	 Write down the Lagrangian of the system in terms of B & tjJ and then write 

• 	 down their respective equations of motion and deduce that 

!!..- (m 	R2 0)= mR2 sin(B)cos(B)~2 k R 
dt 

(6 marks) 
d (m R2 sin2(B)~)= 0 
dt 

(Hint: v=e, r+e(1 rO+e; rsin(B)~--:;"--=-=-4ce(1 RO+e; Rsin(B)~) 

(iii) 	 Write down their canonical momenta p (1 & p; and show that p; is a constant. 

(3 marks) 
(iv) 	 Rewrite the equation of motion for B in terms of A and deduce that 

(j = A2 cos(B) _ ~ 
(4 marks) 

m 2 R4 	sin3 (B) m R 

(b) 	 (i) One can use H = T + V instead of the definition H = :L(Pa qa)- L (make a 
\;fa 

brief justification for this selection) to write down the Hamiltonian of the system 
and deduce that 

H (P(1y + (p;y +k RB (1+3 marks)
2m R2 2 m R2 sin 2 (B) 

(ii) 	 From the Hamiltonian in (b)(i), write down the equations of motion of the system. 
(5 marks) 
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Question three 

(a) Given the Lagrangian for the two-body central force system as: 

1 ( .) kL=T-V=-fJ. ;2+r2 e2 +­
2 	 r 

where 	 fJ. is the reduced mass ofthe system, k is a positive constant and (r, e) are polar 

coordinates of the motion plane with its origin at the center ofmass of the two-body 
system. 
(i) 	 Write down the Lagrange's equation for 8 and show that the angular momentum 

1 is conserved, i.e., deduce that 
. 1 

.. 	 e=-- . . . . . . (1) where 1 is a constant. ( 3 marks )
fJ. r2 

(ii) 	 Write down the Lagrange's equation for r ,with eq.(1) inserted and deduce that 

fJ. ;: - _1_2_ + ~ =0 ...... (2) 	 ( 3 marks )
fJ. r3 	 r2 

2 

(iii) 	 Multiply eq.(2) by dr anduse rdr=d; dr d;dr =fdf d(f J to 
dt dt 2 

show that the total energy E (== T + V) is conserved, i.e., 

1 (. 2 2' 2) k- fJ. r + r e - - = const. == E ...... (3)
2 	 r 

Also show that eq.(3) can be rewritten as 

2 E 12 2 k 
;= ---+- ...... (4) 	 (6 marks)

fJ. fJ.2 r2 fJ. r 

(iv) 	 Dividing eq.(l) by eq.(4), deduce the following integral form of orbital equation 
as 

(:2 ) 
+ const. ...... (5) (3 marks)e= J--;===(:==========12==k:::;=J dr 

2fJ. E- +­
2 fJ. r2 r 

(b) If an earth satellite of 300 kg mass is having a pure tangential speed 

VB (= r e)= 9,000 m at its near-earth-point 500 km above the earth surface, 
s 

(i) 	 calculate the values of I and E of this satellite, ( 4 marks ) 
(ii) 	 calculate the values of the eccentricity & and show that the orbit is an elliptical 

orbit. Also calculate its period. ( 6 marks ) 

"' 
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Question four 

!II ' 

(a) 	 If a person, standing on the earth surface at a northern latitude IL, fired a bullet of speed 

Vo at a target situated at his north direction (Le., ex direction) ofdistance L away from 

him. Assuming he has a perfect rifle and the time T for the bullet hitting the target is short 

and T ~ ~ (i.e., neglecting the gravitational bending and assuming the bullet is moving 
Vo 

along 	 - x direction with constant speed Vo ) • Show that the bullet will miss the target 

by a distance d along - y direction resulting from the Corio lis force (- 2 m mx v,) . 
m L2 

Show that d = -- sin(lL) . ( 10 marks )
2 Vo 

(Hint: 	 Qeff ~ - 2 mx v, , v
F 
~ ex (- vo) , m= ex (- mcos(IL)) + ez (m sin(IL)) ) 

(b) 	 Refer to the diagram above and consider the body coordinate system ( x, y, z ) to have 

the same origin as the earth's fixed inertial system, i.e., center of the earth. Ifa 
motionless simple pendulum of length L and mass m is hung near the earth surface at a 
northern latitude IL , the pendulum suppose to point directly downward along 

direction. Show that the pendulum is pointing toward a direction not exactly along 
- e direction, i.e., true downward direction pointing toward the earth center, butz 

pointing toward the ground with a small angular deviation of 8 made with the true 
downward direction, as shown in the figure below, resulting from the centrifugal force 

2 

- (- -)) Sh h s: m rE cos(lL)sin(lL)
(- m m x mx r . ow t at u ~ 2 2 ( ) 

g - m rE cos IL 

(15 marks) 

(Hint: Feff ~ez (-mg)-mmx(mxr), r~ez (rE) , m=e (-mcos(IL))+e (msin(IL)))x 	 z 
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Question five 
lL 1 

A pendulum is composed of a rigid rod of length 3 b with a mass at its end. The secondm1 

mass is placed one-third way down the rod while the third mass m3 is placed two-third way m2 

down the rod and the mass of the rod itself is negligible. Let the fixed coordinate system and the 
body coordinate systems have the same origin at the pendulum pivot point. Let 
(el' , e2' , e3,) and (e1 , e2 , e3) be the unit vectors of the fixed (i.e., inertial system) and 

body coordinate system respectively as shown in the figure below . 
.....,); 

/··62 

.,.;Ja/ 	 -" 

;;.: €}83 

tJJJ:f/~ 

7111 
(a) 	 Write down the inertia tensor I for the pendulum with respect to the body 

coordinate system given above and deduce that I is a diagonal matrix with its 

diagonal elements as 	 III =0 and 12,2 = 13,3 =(9 m1 + 4 mz + mJ bZ 
• 

(7 marks) 

(b) 	 The torque on the pendulum is N=I
3 

~a x Fa) =el ' NI + e2 ' Nz + e3 ' N3 , find 
a=l 

!'II , N z & N3 in terms of B and show that 

Nl = 0 = N z & N3 = - b g sin(B)(3ml + 2m2 + mJ . (5 marks) 
7I.T - - I B' D - , - -, F--'

( lvote: (0 =e3 ,rl = el m1 g , F2 =el . m2 g, 3 = el m3 g , 

;; =e1' 3 b cos(B) + e2 ' 3 b sin(e) , r2 =e1' 2 b cos(B) -+- e2 ' 2 b sin(B) and 

r; = el ' b cos(e) + e2 I b sin(B)) 	 ., 
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Question five (continued) 
,1-0 

(c) 	 The following are Euler's equations for pure-rotational motion referring to the inertia 
coordinate system for already diagonalized 1 . 


(1 - 1 ) (0 (0 - 1 OJ = N . . .. . . (1)
2 3 2 3 1 1 I 

(13 -IJ (03 (01 -12 OJ2 =N2 . ..... (2)
{ 

(11 -12)(01 (02 -13 OJ3 =N3 ...... (3) 

where 11,1 ~ 11 , 12,2 ~ 12 & 13,3 ~ 13 


(i) 	 Insert the results of (a) & (b) for our given rigid body system into the above Euler's 
equation and deduce that for small e oscillation, i.e., sin(e) ~ e , 
ij~_(g(3ml +2m2 +m3 )Je ...... (4) (4 marks) 

b (9 ml + 4 m2 + m3 ) 

(ii) 	 By direct substitution, show that e= A cos((Oo t + B) is the general solution to 

g 3 ml 	 + 2 m2 + m3
eq.(4) with A & B are arbitrary constants and (00 = 

b (9 m1 + 4 m2 + m3 ) 

(4 marks) 
(iii) If given the values =~ =1 kg & b =0.1 m and given the initial m l m2 

conditions e(0) = 1t & e(0) =0 , determine the values of (00 , A & B and 
10 

thus write down the specific solution of the given system. (5 marks) 

'/ 
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Useful informations 

v = - JF. d f and reversely F ='-- VV 

d 
. 8L 

an Pa =--
8qa 

H L
11 

(Pa qa) - L= H(q! ,q2 ,. .. ,qll,q! ,ih-,:-~ .,tj." ,f) 
a 1 

• 


2 

G = 6.673 X 10-11 N m 
kg 2 

radius of earth rE =6.4 x 106 m 

= 6 x 1024 mass of earth mE kg 

. '1 k h k Gearth attractIve potentza == - - were = m mE 
r 

P*E12
E= 1+ {(E = 0, circle), (0 < E< 1, ellipse), (E =1, parabola), ...} 

f.ik 

k 
semi - major a =- ­

21EI 
. . b IsemI - mm or = ----;==:;:==:c

For elliptical orbit, i.e., 0 < E < 1 , then ~2 f.i lEI 
period r = 2 f.i (n a b)

I 
rmin =a (1 - E) & rmax =a (1 + E) 
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Useful informations (continued) 

Lma {x~'2 + X~,3J - Lma Xa,l Xa ,2 - Lma xa ,1 Xa ,3 

a a 
1= - Lma Xa ,2 Xa,l L~a (X~,I + X~,3) - Lma Xa ,2 Xa ,3 

a a 

- Lma Xa ,3 Xa,l - L ma Xa,3 Xa ,2 L ~a (X;,I + x~.J 
a a a 

F =F - m R - m (ox r -m ilJxifi)x r)- 2-m wxv where~ f \ r 

F'=R +r and 

r'refers to jixed(inertial system) 

r .. refers to rotatinal(non - inertial system) rotates with ilJ to F' system 

R from the origin of r' to the origin of r 

v =(dFJ
r dt 

r 
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