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P272 MATHEMATICAL METHODS FOR PHYSICIST 

Question one 

(a) Given a scalar function as f(r,O ,rp) =r2 - 3 r2 sin(O) + 2 r2 cos(rp) in spherical 

coordinates, find the value of Vf at the point P: (r = 10,0 = ; , rp = 7: . 
(6 marks) 

(b) Given a vector field as F = ex 2 y2 + ey 4 x y - 3 Z2 in Cartesian coordinates, find the 

I
Pl 

value of .dl where ~ :(- 5, 5,1) & :(5,5,1) andifP2Pj ,L 

(i) L: a straight line from PI to P2 on z 1 plane, (5 marks) 
(ii) L: a semi-circular path from PI to P2 in counter clockwise sense 

on z 1 plane 
Compare this answer with that obtained in (b)(i) and comment on the conservative 
property of the given vector field. (9 + 1 marks) 

(Hint: circular path with radius of 5J2 & centered at (0 , 0 , 1) , thus 

x = 5J2 cos(t) & y = 5J2 sin(t) where t is integrated 

1r 1r
from 1r + to 2 1r + - to follow the counter clockwise sense. 

4 4 

JSin 3(t)dt ~ cos3(t)-cos(t) & JSin(t)cos2(t)dt=-~cos3(t)) 
(iii) Find Vx F .Does it agree with your comment in (b)(ii)? (3 +1 marks) 
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Question two 

Given a vector field as P= ep 3 p z + e~ 5 p2 sin(¢) + e 2 p2 in cylindrical coordinates, 

(a) find the value of i p. d s if the closed surface 

z 

S is the cover surface of a cylinder 

of radius 5 & height 10 with its central axis coinciding with the z-axis, i.e., 
8 =81 + 8 2 + 8 3 where 

8 j : z=O,O~p~5,O~¢~21l' & ds=-e (dp)(pd¢)z 

: z=10,O~p~5,O~¢~21l' & ds=+e (dp)(Pd¢)82 z 

83 : p=5,O~¢~21l',O~z~10 & ds=ep(pd¢)(dz) p=5 >ep (5d¢)(dz) 

(13 marks) 
(b) (i) find V. F (5 marks) 

(ii) find the value of IH (V. P)dv where 

V is the volume enclosed by the given closed surface S described in (b )(i). 
Compare this value with the answer obtained in (b) (i) and make a brief comment. 

(6+ 1 marks) 
(Hint: dv=(dp)(Pd¢)(dz) where O~p~5,O~¢~21l'&O~z~10) 
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Question three 

Given the following periodic function ofperiod 10 and plotted for two periods from tOto 
t = 20 as below: 
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i.e., for one period of t = 0 to t 10, f(t) can be wholly described as : 
2t if 0<t<5 

J(t) = { - 2 t + 20 if 5 < t < 10 

·· . . J() ~ (n Jr t) ~ b '(nJr t)(a) 	 Its Four1er senes representatIOn IS t = L,.a COS -- + L,. n sm -- .n 
n~O 5 n~l 5 

(i) 	 What special property of the given f(t) implies that all the Fourier sine series 
coefficients should be zero, i.e., b =0 V n, ( 2 mark)n 

(ii) 	 Find all the Fourier cosine series coefficients and show that 
ao =5 & 

20 (cos{n Jr) - 1) (9 marks) 
an = 2 2 n = 1,2,3, ...... 


n Jr 


(b) 	 Ifthe~above given f(t) is the non-homogeneous term for the following non-homogeneous 
2 

d'ffi 'al ,d 4 () J()1 erent1 equatIOn + y t = t, 

dt 


(i) 	 find the particular solution Yp (t) to the given periodical f(t) represented by its 

Fourier series in (a) and show that 

y 	 (t) =2 + ~ ( 500 (cos( n Jr) - 1) cos( n Jr t)J (11 marks) 
p 4::t n 2 Jr 2 ( - n 2 Jr 2 + 100 ) . 5 

(ii) Find the general solution Yh (t) to the homogeneous part of the given 

d 2 (t)
differential equation, i.e., Y + 4 yet) = 0 ,and thus write down the 

dt 2 

general solution to the non-homogeneous differential equation. (3 marks) 
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Question four 

(a) Given the following first order differential equation as : 

d;~X) + 5 y(x) =0 ,set y(x) ~ an xn+s & ao:;t:O and utilizing the power series 

method, 
(i) 	 write down its indicial equations and show that s = 0 , ( 3 marks ) 
(ii) 	 write down its recurrence relation. Set ao 1 and use the recurrence relation to find 

the values of a1 , a2 & a3 and thus write down its independent solution in power 

series form truncated up to term. 	 ( 8 marks )a3 

(b) 	 An elastic string of length lOis fixed at its two ends, i.e., at x =° & x =10, and 

its transverse deflection u{x, t) satisfies the following one-dimensional wave equation 

82 u{x,t) =9 a2 u{x,t) 

at 2 ax2

' 


( ) 	 f. . (nrc x) (3 nrc t)(i) 	 by direct substitution, show that u x,t £....En sm -- cos-­
n 1 10 10 

satisfies the fixed end conditions u{o,t) = °= u{10,t) as well as the condition of 

au{x,t) 
=0 assuming there is no initial vibrating speed. (4 marks)

at 
1=0 

(ii) Furthermore, if the initial position of the string, i.e., u{x, 0) , is given as 

X if 0~x~5u{x, 0) = 
{	 

, and deduce that 
-x+lO if 5~x~1O 

En = 	;0 2 Sin(n rc) "if n=1,2,3,.····· (10 marks) 
n rc 2 

10 if n::l=m 
(hint: r sin(nrcx)Sin(mrcx)dX {O 	 & 

Jx=O 10 10 5 if n=m 

x sin(n Tt x) d x 100 Sin(n Tt x) 10 x cos(n rc x) ) J 10 	 10 nrc 10 
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Question five 

Two simple harmonic oscillators are joined by a spring with a spring constant kl2 as shown in the 
diagram below : 

The equations of motion for this coupled oscillator system ignoring friction are given as 

d 2 
XI (t) 


m l d t 2 - (k, + k12 ) XI (t) + kl2 X 2 (t) (1) 


d 
2 

X 2 (t) ()
m2 2::::: kl2 XI (t) - k2 + kl2 X 2(t)

dt 

where 	 XI & are horizontal displacements of ml & m2 measured from their respective X 2 

resting positions. 
N 	 N' 1k 2k k-2 k 4N&k 6
 
m m m 


If gIven m] g , m2 ::::: g, I - '2 - 12 ::::: , 

(a) 	 set Xl (t) =XI e i 
w/ & X 2 (t) =X 2 e i 

wI , then the above given equations can be deduced to 

the following matrix equation A X = - oi X where 

8 
A = ( -3 _6 J & X = (~:J 	 (5 marks ) 

5 

(b) 	 find the eigenfrequencies OJ of the given coupled system, (5 marks) 
(c) 	 find the eigenvectors X of the given coupled system corresponding to each 

eigenfrequencies found in (b), ( 6 marks ) 
(d) 	 find the normal coordinates of the given coupled system, ( 6 marks ) 
(e) 	 write down the general solutions for XI (t) & x2 (t) , ( 3 marks ) 
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Useful informations 
The transfonnations between rectangular and spherical coordinate systems are : 

x =r sin(8) cos(tfo) 

y= r sin(8) sin(tfo) & 

Z rcos(8) 

The transfonnations between rectangular and cylindrical coordinate systems are : 

x = p cos(tfo) 


y = P sin(tfo) & 


Z=Z 
 Z Z 

where F= el FI + e2 F2 + e3 F3 and 

(u1 , u2 ' u3 ) 	 represents (x, y, z) for rectangular coordinate system 

represents (p,¢,z) for cylindrical coordinate system 

represents (r , f) , ¢) for spherical coordinate system 

(el , e2 , e3 ) represents (ex, ey , eJ for rectangular coordinate system 

represents (ep ,eifi ,eJ for cylindrical coordinate system 

represents (er ,eo ,eifi) for spherical coordinate system 

represents (1,1,1) for rectangular coordinate system 

represents (l,p,l) for cylindrical coordinate system 

represents (1 , r , r sinef))) for spherical coordinate system 

f( . (k )) d t cos(k t) sin(k t)
t sm t t = - k + k 2 

t sin(kt) cos(kt)f( t 	 = k + et cos(k )) d t 

co 	 ro(n rc t) (n rc t)f(t)=f(t+2L)=f(t+4L)::=···= Ian cos - + Ibn sin- where 
71=0 L niL 

2L 2
a 1 r f(t)dt, a = 1 r Lf(t)cos(nrct)dt & bo=.l r2Lf(t)sin(nrct)dt foro 2 L Jo n L Jo L 	 L Jo L 
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