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P331 ELECTROMAGNETIC THEORY

(a)

(®)

®

(ii)

(iii)

@

(i)

(iii)

Question one
For any closed surface S, enclosing a volume ¥V , the integral form of continuity
equation for electric charges in Electromagnetic theory can be written as

st Jeds=—-— [f{ p, d v) . Explain briefly the meaning of the left hand side

and the right hand side of this equation and indicate which law in physics it

describes. (3+1 marks)
Use the divergence theorem to transform the above integral form of continuity
equation for electric charges into its differential form. (3 marks)

(A)  Show that without introducing the displacement current term, i.e., %} ,

in the equation for Ampere’s law, i.e., VxH=J instead of

VxH=J+ %)— , Maxwell’s equations would contradict the

continuity equation for electric charges. (2 marks )
(B)  Show that by including the displacement current term, Maxwell’s equations
are in agreement with the continuity equation. (4 marks)

From the time-independent Maxwell’s equations deduce the following Poison’s
equation for the electric scalar potential f in free space as

szz—fi where EE~€"f (3 marks)
&y

The Pointing vector R=7 ~7'=¢& » R is from the source point

r'=é x'+¢, y'+é,z' toward the field point 7 =¢, x+¢ y+e, z . Bydirect

R=yG—x) + (- yF +G-2)

) {1 -~ _ 0 o . 0

evaluation of V[—) where VY >€, ——+e, te, -
R Ox oy Oz

)

R ¥ R * R

show that \7’[—1—} - ! ( 6 marks )
R "RE

Assummg the solution for the Poison’s equation in (b)(i) is

fey)=ff p—g;}-’—’};—) dx'dy dz , use the result in (b)(ii) and

E=-V f to deduce that

E(x,y,z)-_- J..[L.\-owccpoim.\* [ER %—(7:;))—;{_2] ax dy dz which is juSt the

Coulomb’s law. (3 marks)



Question two

A 'V —tube capacitor is extended very long into z direction with its cross section as shown below:

d
% e e T -
;\'
Foly
& %
P [ R BRI — . = X

The electric potential f(p,¢) in cylindrical coordinates for the region between two conductors,

ie,0<p<a & 0<¢ 3_725 , satisfies the following two dimensional Laplace equation :

a( , 6f(p,¢)]
» op ) 3 flp.d) _,
op o4’

@ @) Set f(p,¢)=F(p)G(¢) and use separation variable scheme to deduce the
following two ordinary differential equations :

d( 4 F(p)]
- i P kF(p) - )
d’ G(¢)
W_ =kG(g) e (2)
where & 1is a separation constant of any value. (4 marks)
(ii)  Based on eq.(2), i.e., differential equation for ¢ , explain why the eigenvalues for
k are k=-m’ where m=1,2,3,--- ( 3 marks)
(iii) By direct substitution, showthat p" & p~" are the two independent solution to
eq.(1) with k=-m? . (3 marks)



(b)

Question two (continued)

The general solution for (a) is

)= 1.(0.9)

m=1

= i(Am p" + B, P_"')(Cm cos(m@) + D, sin(mg)) ------ 3)

m=1

where A4 B, , C, & D, are arbitrary constants. This general solution is

subjected to the following four boundary conditions :
BC() © f,0.H)=0 V 0sps<
BC(2) : f,(p,0)=0 V 0<p<a

m >

BC(3) : fm(p,g)—-ﬂ V 0<p<a

BC(4) : fla.$)=V, V 0 s¢s%
(i)  Apply BC(1) and deduce from eq.(3) that

£(0.9) =34, p7)(C, cosmp) + D, sin(mg)) ----- 4 (2 marks)
(i)  Apply BC(S land deduce from eq.(4) that

F(p.#)= ?:(Am p")(D, sinmg)) name (4, D,) as E,

. (2 marks)
=Y (£, p" sin(mg)) - 5)
m=1
(iii)  Apply BC(3) and deduce from eq.(5) that
— S zn 2y ) T
f(p.§) = ;(Fn p*" sin2ng)) 6) (3 marks)

where F =E, & n=1,273,-
(iv)  Apply BC(4) and find the values of F, intermsof ¥, , a & n and show that
2V, (1- cos(nx))

F S n=1,2,3, ( 8 marks)
nra
. J’O if n#m
(Hint : J.;:O sin(2ng)sin2mg)d¢ = L_;% if n=m )



(2)

(b)

Question three

The point form of Ohm’s law in a conductive region of conductivity o is J=oc E

where J & E are the current density and electric field respectively. Show that it can lead
to the commonly known Ohm’s law ¥ =7 R for a conducting wire of length L ,

cross-sectional area 4 , total flowing current / and the terminal voltage across the wire V

where R=—£— . (S marks)
o A

According to modified Drude’s model of electric conduction in the conductive material

with conductivity ¢ under the applied electric field E , the equation of motion for an

average conduction electron in the conductor is

m, d;" =-ek- 2m, ¥y (1) where (-e) & m, are the charge and mass of
an electron respectivelyf
(i)  Explain briefly the meaningof v, , 7, & (— 2 n;" {;“'] in the above equation.
C (4 marks)
(1)  In the steady state situation, i.e., %‘i"- =0 , use the equation of motion and the
point form of Ohm’s law to deduce that
o= ;:Z 7. Wwhere n=number density of conduction electrons .
(Hint: J=p, ¥,=—nev,) ( 6 marks)
(iii)  The pure metal potassium K possesses the following data at room temperature as

k
atomic number =39.098 , density =871 —g3- and
m

conductivity =1.4 x 10’ Q—l-

m

(A)  Calculate the number density of conduction electrons of the metal
potassium with the knowledge of each potassium atom contributes one
conduction electron. (3 marks)

(B)  Find the value of 7z, for metal potassium at room temperature.

i
(Hint : Avogadro number = 6.023 x 10 _GPMS ) (3 marks)
kg —mole

(iv)  Inthe time-harmonic situation, i.e., E=¢, E, cos(cot)= e, Re{EO e”’”} , set
¥, =8, v, cos(wt +¢)=¢, Re{ﬁd e”‘”} where v, =v,e'’ ,useeq.(1)to

er,

deduce that v, =— E, . ( 4 marks)

2m,+iom, 1,
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Question four

(a)  Astaticcurrent 7, flowsinthe N; turn toroid wired around an iron core of cross section
radius a and permeability u , with its central axis coinciding with the z — axis as shown

below:
L%'

e B

codd of d;{ o L
N, Lavns -

e

(i)  Use the closed loop (ll +1, +15,+1 4) drawn in the given diagram where
71 =&, b (outside the core), 172 =-e,c, 2;, =&, b (inside the core)& I, = €,c,
set B=¢, B,(p) for p<a & B=0 for p>a and use the integral

H IV]

form of Ampere’s lawto find B and showthat B = €, 7
\ 1

I, for p<a .

( 5 marks)
(i)  Assuming the same B obtained in (a)(i) is maintained throughout the iron core
(which is a good assumption when g >> g, ), find the total magnetic flux ¥,

passing through the cross-section area 7 a of the iron core, i.e.,
Y, = ‘[ Beds where d5=¢ pdpd¢ , 0<p<a & 0<$<2x ,and

2
showthat ¥, = ﬁ_]y]z”_‘f_ 1. (2 marks)
1



(b

(iif)

(iv)

Question four (continued)

Find the mutual inductance M bei:ween the primary and secondary coils and the
self-inductance L, ofthe primary coil intermsof a,L ,N,,N, & u.

(3 marks)
(Hint : The total magnetic flux passing through the primary and secondary coils are

N, ¥, &N, ¥, respectively where ¥, is obtained in (a)(ii))
Find the induced e.m.f. V(¢) of the secondary coil in terms of
a,L,,N, ,N,,u I, & w ifthe primary coil carries a sinusoidal current of

I, sin{w?) instead of carrying a static current 7, . (2 marks)

The Maxwell’s equations for the material region of parameters ¢z , ¢ & o are

(i)

(i)

=0 e 1)
=0 e )
0B
=<z . 3
ot ®)
- E
=noEl+ug-— o 4
H HE— “4)
Deduce from them the following wave equation for E  as
- OF 0*E
VIE-uo—-ue =0 oo 5 . 4 marks
BoZmTHE—S &) (4 marks )

Set E as (I.:Z (space) e’ "") and substitute it into the above wave equation,

to deduce the following time-harmonic equation for £ (space) as

V? E(space)—7* E(space)=0  where 7= \/i Ouo—-w ue
(3 marks)
Set the propagation constant 7 =« +1i f§ , to deduce that

CAVL AN
a=—f \Nn(a}g] 1. (6 marks )




(@)

(b)

Question five

An uniform plane wave traveling along + z direction with the field components
E (z) & H,(z) hasacomplex electric field amplitude E* =100 et v and
m
propagates at a frequency f =5x10" Hz in a material region has the parameters of

u=pu, , 6=2¢, & —g—=0.3.

@E
1) Find the values of the propagation constant ¥ (= a+i ﬂ) and the intrinsic wave
impedance 7 for this wave . (4 marks)
(i)  Express the electric and magnetic fields in both their complex and real-time forms ,
with the numerical values of (a)(i) inserted . (4 marks)
(iti)  Find the values of the penetration depth , wave length and phase velocity of the
given wave . (3 marks)
An uniform plane wave is incident normally upon an interface separating two regions .
The incident wave is givenas | Ef, = £}, e 7" H‘” =—"1 ¢ "7 | and thus the
7
reflected and transmitted wave can be written as E;l = E’;, eths }?;] =— 2L pthe
)

~

+

~ _ - 2 _: .
and | Ef, = £}, e 77 HY, =2 e M* | respectively as shown below:
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()

(i)

Question five (continued)

From the boundary conditions at the interface , i.e., both total Ex & H , are
continuous at z =0, deduce the following
’732““]71 (9 marks )
R
m +mn
If regionl is air (i.e., 5, =120 7 =377 Q), region 2 is a lossy medium with

% _ 1} , and the incident plane wave is

parameters of | u, =, , &, =9¢&;,

having a complex amplitude of E * =60e"’ vV and propagates at a frequency of
m

f=10° Hz .
(A) Calculate the value of 7,. (2 marks )
(B)  Calculate the values of E P ( 3 marks)



Useful informations
e=1.6x10""C

m,=9.1x10"" kg

,u0=4fz'x10‘7£
m

2 £
m

2
WAL E o
= 14| —| =1
TR \/ *(mj

£, =8.85x10"

1 m
=3x10% —
vHg €0 5
bud (e
ﬁ:: & et-tan {ws]

Teb=rr

&
VeB=0
ﬁ’xE:——ELli

ot

- - - OF
VxB=uJ+us—

H H 3z
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cﬁs Fedss= ‘_y{ﬁ, (§ o F )d v divergence theorem

(~ x F )O ds Sfékes' theorem

L s
§O(§X 7 =0
@x(“ f)EO
€7x(_‘xﬁ‘)s§ ﬁ’oﬁ’)_vzﬁ‘
ﬁ’f=';§——+éy 0f 5. 21 ¢ 5f+z¢-1-a—+é,%
Ox oy dz ‘op p 0¢ z
=§,£+é’elaf+é'¢ ,1 or
or r 06 rsin(@) d¢
o 5 0F) o\F) a(r)_10F,p) 10(F) o)

0 o
10Fr) 1 o(Fsn@), 1 a(F,)
rt or rsin() 96 rsin(@) 8¢

VF(@MJ[MMJV(F) o(r,)

oy oz Oz Ox Ox oy j

_&(ar)_alF )y - (3(F) o)), & (2Fp)_ofr,)
p(aqﬁ 62} *“(az 8p] p( op a¢}
__ & (3(Frsin(0)) a(F,r)). & (8(F) ol rsin@) & (a(F,r) o(F)
7 sin({?)( 20 3¢ J+rsin(0)( Y or } ; [ or 28 ]

where F=é F,+¢é, F, +¢é,F, =¢, F +é,F,+e F, =¢e F +e, F,+e, F, and

dl =¢ dx+&,dy+&,dz=6,dp+é, pdp+¢,dz=¢,dr+&rd0+¢,rsin(0)ds

V2f=é)2 +62f+82f 1_62_[ ﬂ}+—1—62f+§i—]i

ax*  ox*  oax: pop\ ap) p* og* o7’

1 8(,0f 1 8 (. \Of 1 8f
= Y |sin(0) 2L
- or (r arJ+ +? sin(9) 00 [Sm( ) a@)+ #? sin’(6) 09°
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