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P320 CLASSICAL MECHANICS

Question one

(a) Given the following definite integral J! (a) = j:2 f (y(a ,x), ) (a ,x);x) dx ,

where the varied integration path is y(a x)=y(x)+an(x) and nlx, )= f}(xz) =0
as shown in the following diagram :
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Using the extremum condition for J (a) , 1.e., 9 J(ez) =0 ,to deduce that
a

@ =0

f  along the extremum path ,ie., f(y(x),y'(x);x),satisfies the following equation:

ﬂ__d{ﬂ):g . (10 marks )
oy dx\ 0y

(b) If H denotes the Hamiltonian function and L is the Lagrangian function, use the
definition H = Z P, 4, —L (where p, and q, (@=1,2,---,n) are the generalized
a=l
momenta and coordinates respectively, i.e., H =H (q1 3Gy sPrs s Py ,t) ,
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Question two

The Poisson Bracket [F ,G] of two functions F and G of canonical variables
p, and g, 1isgivenby

n(9F 080G OF 0G
F.Gl= -
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Show that
(i) [H.q,]=-4¢, where H isthe Hamiltonian, (4 marks )

‘ a=1:2='“>
(ii) lpa ,pﬂjz 0  where { " (3 marks )

,B = 132:'"’73 ’
A pendulum is composed of a rigid rod of length b with amass m, atits end. Another

mass m, is placed halfway down the rod. The mass of the rod itself is negligible. Let the
fixed and the body coordinate systems have their origin at the pendulum pivot point. Let
E',&' ,&)and (@ , &, &) be the unit vectors of the fixed and the body
coordinate system respectively as shown below.
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() Write down the inertia tensor [ for the pendulum with respect to the body
coordinate system given above and deduce that [ is a diagonal matrix with its

diagonal elementsas [, =0 and I,,=1,,= [ml + %2—) b*> . (6 marks)

(i)  From the equation of rotational motion, i.e., L=N where angular momentum

L=1& andtorque N= Z(}’a X Fa) , deduce the following equation :

b2 [ml + -’%2—) g =—b g sin(6) [ml + -”—;ij (12 marks)

(Hint :

-

w=¢'6 , F=e/'mg , F,=e'mg ,

7 =¢'bcos(0)+&,' bsin(f) and 7 =8 g cos(f) +&,' —2— sin(6)
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Question three

For circular orbits in an attractive central force potential of the form ¥V =- —

rn

where k is a positive constant and » > 0 , find a relation between the kinetic and
potential energies and show that
nk
T =—
2r

(9 marks )

(Hint: d=¢, (F-r6°)+&, (27 6+r6))

Starting from the law of conservation of angular momentum / , derive Kepler’s third law ,

i.e., the relation between the period 7 of a closed orbit in an attractive inverse square

central force and the area A of the orbit. Show that
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An earth satellite moves in an elliptical orbit with period 7 , eccentricity & and

semi-major axis a . The maximum radial velocity, named as v, ... ,occursat r=r, .

Show that

:_i;;r_a_ (9 marks )

v&,ma.x 2
Tl-¢

(Hint: pry Voo =! , A=mab and b=a l-g" )

T= where 4 is the reduced mass of the system. ( 7 marks )



Question four

Two pendulums of equal lengths 5 and equal masses m are connected by a spring of force
constant £ as shown below. The spring is unstretched in the equilibrium position, i.e.,
0,=0 and 6, =0 .
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(1) Forsmall 6, and 6, ,ie.,
2

2
[sin(c?1 Y~ 6, , sin(6,)~6, , cos(f,)~1- %— and cos(@,)~1- %LJ , show that the

Lagrangian for the system can be expressed as:
2
L =%mb2 (62 + ég)-f’i-zg—b(ef +9§)--’-‘—§’—(9, -6,y
where the zero gravitational potential is set at the equilibrium position. (8 marks)

(ii)  Write down the equations of motion and deduce that
G b[wy LY

m m

. b ( 6 marks)
g, = _91_(’”_8’_*‘_](;2
m mb

(ili)y Set 6, =X,¢'® and 6,=X,e'”" (where X, and X, are constants) and deduce
from the equations in (ii) the matrix equation — @' X=AX where

_ [m g+k b\} kb
_ X; _ m m
X—(Aj and A= kb _[mg%-kbj ( 4 marks)
m m
(iv)  Find the eigenfrequencies @ of this coupled system and show that they are
w=_|& or M ( 7 marks )
b mb



Question five

(a) Two sets of coordinate systems are having the same origins. The non-prime system
(with position vector denoted as 7 and referred to as “rotating” system) is rotating with
an angular velocity @ about the prime system (with position vector denoted as 7' and
referred as “fixed” system and taken as an inertial system). Use the following proven

dF

relation that [———
dt

dF L= -
J = [——] +wx F  forany vector field F to deduce the
Sfixed rotating

. dr
dt 7
rotating

(12 marks )

following:
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Gy =0a— DOxF ~dx(@xF)-2BxV, where

F'=7 (same origin) , Q4

dv, d*F - (da
—r = > and o=|—
dt ‘ dt A dt .
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(b)

Show that the horizontal deflection d along —é, direction resulting from the Coriolis

force (— 2mox 17,) of a particle falling freely in the earth’s gravitational field at a
northern latitude A is

3
d= l w cos(/l) & where
3 V g

@ : angular velocity of earth's rotation (13 marks)
h : the height of the particle above the earth before its free fall
(Hint
G, ~e, (-g)-28x¥, , ¥, ~E (-gt), d=¢, (-wcos(d)+E, (wsin(2))
2h )

and (total time for the given motion) = |—
g
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Useful informations

V=——J.F"df and reversely F=-VV

L=T-V =L(q1 G255y G159 574, ’t)
oL . oL

Dy == and P, =
aQa aqa

H=3 (pado)=L=H(g\.0:,,4,,41,82 "4, 1)
a=1

. H : o0H
g,=—— and p,=-
0p, 04,

[u,v]gi[ ou ov _ du avj

0q, 9p, Op, 94,

1 Nm?
kg’
radius of earth r; =6.4x10° m

G=6.673x10"

mass of earth m; =6x10* kg

. . k
earth atfractive potential = —— where k=G mmy

-
2E? . _
e= |1+ e =0, circle), (0 <& <1, ellipse), (¢ =1, parabola), ---}
_ mym, ~m, if m, >>m,
m, +m,
semi — major a=L
T
!

—minor bt
For elliptical orbit,ie.,0< ¢ <1, then - semt—mmer J2 u|E|

period r=27'u(7zab)
{rmin =a(l-—8) &r . =a(1+5)

for plane polar (r,0) system with unit vectors (€, ,, ) , we have
V=6 r+é,r0 |
i=¢, (F-r6*)+é, (27 6+r6)
. 10
af  ;10f
or r o6
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f=é



Useful informations (continued)

2 2
zma (xa,Z +xa,3) _Zma xa,l xa,2 -”Zma xa,l xa,3
a P a
— 2 2
I" "Zma xa,z xa,] Zma (xa,l +xaf,3) —Zma xa,Z xa,3
a @ a
2 2
_Zma xa,3 xa,l - Zma xa,3 xa,Z Zma (xa,l +xa,2)
@ a o
Fw=F-me-m£>x?—ma3x(a3><?)—2m&3><§, where
F'=R+7 and

' refersto fixed (inertial system)

™~y

2

refers to rotatinal (non —inertial system) rotates with @ to r' system
R fromthe origin of r'to the origin of r

s _[aF

vr
dt
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