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P272 MATHEMATICAL METHODS FOR PHYSICIST
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Question one

Given a vector field in Cartesian coordinatesas F =& _S5xyz—&, 4 x* y , show that
it satisfies the following vector identity V e ( x F )s 0 ( 6 marks )
Given F=¢ (-6xz)+ e, (6 y ) ( 3x ) find the value of the following line

integral
" Fedl if Py:(-2,-2,1),P3:(2,2,1) and

AL

(1) L : a straight line from P; to P, on z=1 plane. (6 marks)
(iiy L :asemi-circular path in counter clockwise sense from P; to P, on z=1 plane,

centred at (0, 0, 1) with a radius of 242 .

Compare this answer with that obtained in (b)(i) and show that the given F isa
conservative vector field. (10 marks)

(Hint: L : z=1,x=2+2 cos®t),y= 22 sin(t) & t from 7z+%to %)

(ili)  Show that the associated scalar potential f of this given conservative vector field
is f=2y"-3x*z . (3 marks )



Question two

Given F=¢, (4 p’ )+ g, ( p’ sin ¢)+ é, (2 p zz) in cylindrical coordinates,

(a)

(b)

find the value of CL Feds if S isthe closed surface enclosing the cylindrical tube

of cross-sectional radius 5 and tube height 9 ,ie, S=S, +S, +85, where
S; : (z=-3,0<p<5,029<27 & d5=-8,pdpdg)
S; 1 (z=+6 ,0<p<5,0<¢<27 & d5i=+¢,pdpds)
S; : (p=5,0<¢<27,-3<25+6 & di=¢ pdpdz—2=2>F Sdpdz)
(13 marks)
(i) find VeF (4 marks )
(i)  then evaluate the value of HL (ﬁ' oF )dv where V isbounded by S givenin
(@),ie, V: 0<p<5,0<¢<L27 , -352z5+6 & dv=pdpdpdz.
Compare this value with that obtained in (a) and make a brief comment.
, (8 marks)



Question three

Given the following non-homogeneous differential equation as
d*x(t) . dx()
+2 +5x(t)= f(t) ,
a7 ry x(t) = f(1)
(a) find its particular solution x,(f) if
i  f@)=26sin(31) (6 marks )
(ii) f@)y=5t , (5 marks)
(b)  for the homogeneous part of the given non-homogeneous differential equation , i.e.,
2
d xgt) 49 d x(t)
dt dt
thus write down its general solution x,(7) ' (5 marks)

+5x(t)=0,set x(f)=e®" and find the appropriate values of « and

(c) if f(H)y=26 sin(3 t), write down the general solution of the given non-homogeneous
differential equation in terms of the answers obtained in (a) & (b) . If the initial conditions

axt)

are x(O) =2 & =1, find its specific solution x, (¢) . (9 marks)

=0



(a)

(b)

Question four

Given the following 2-D Laplace equation in spherical coordinates as

vzf(r,g)zii[rzaf(’ﬂ)} 1 i(sin(@)w—)}zo e

r? or or r? sin() 86 06
f(r,8)= F(r) G(6) and use separation variable scheme to separate the above partial

differential equation into two ordinary differential equations. ( 5 marks)
Given a Bessel’s differential equation as :
2dy(x) _dy®) | (s = nes .
X 75 + x oy +(x —-9)y(x)=0,set y(x):Z a, x & ay,#0 and utilize
X n={

the power series method,
(1) write down its indicial equations and showthat s=-3 or +3 and a4, =0,

, ( 8 marks)
(ii)  write down its recurrence relation. Set a, =1 and use the recurrence relation to

generate two independent solutions in power series form truncated up to a, term.
Show that one of the independent solution is a divergent series. (12 marks)



Question five

Two simple harmonic oscillators are joined by a spring with a spring constant k&, as shown in the
diagram below :

4@; o 7%/2

N s A L e ////////‘{xfx TFTTITIIIITIT

; S Xf'

Xz

The equations of motion for this coupled oscillator system ignoring friction are given as
d’ x,(1)

m, a7’ “_(kl +k12)x1(’)+k12 x, ()
d*x, @t
m, d;z( ) =k, x, (1) - (kz + klz)xz(t)

where x, & x, are horizontal displacements of m, & m, measured from their respective

resting positions. i
Ifgiven m=1kg , my=3 kg , k, =2 N , ky =6 N & k,=9 B ,
m m m

(@ set x()=X % & x,(N=X,e" ,then the above given equations can be deduced to
the following matrix equation A4X=-w* X where

-11 9 X,
A= & X= (S marks)

3 -5 X,
(b)  find the eigenfrequencies @ of the given coupled system , (6 marks)

() find the eigenvectors X of the given coupled system corresponding to each

eigenfrequencies found in (b), (6 marks)
(d) find the normal coordinates of the given coupled system , (6 marks)
(¢)  write down the general solutions for x,(t) & x,(t) . (2 marks)



Question six

An elastic string of length 8 is fixed atitstwo ends,i.e,at x=0 & x=8 andits
transverse deflection u(x,t) satisfies the following one-dimensional wave equation

8 u(x

1) _4 &* u(x,t)

or?
(@)

(b)

ox’
use separation of variable scheme to split the above partial differential equation into two
ordinary differential equations and then write down the general solution of u(x,¢).

(8 marks )
given the general solution of u(x,f) , after satisfying two fixed end conditions as well as

® 3
s " . (nrx nxt
zero initial speed condition, as u(x,r)= E E, s1n( 2 ]cos[—‘rJ where
n=1

E n=1,23,- are arbitrary constants , then find E, intermsof » and

calculate the values of E, , E, & E, ifthe initial position of the string , i.e., u(x, 0),
3x  if 0<x<2

~-x+8 if 2<x<8

0 i
(hint : Jg sin| 222 | sin| 222 | g x = lf neEm &
x=0 8 8 4 if n=m

[ sinf 225 ] g = 22 sin{”“]— 8 xcos(nﬁx] ) (17 marks )
8 8 n . 8

is givenas  u(x,0)= {




Useful informations

The transformations between rectangular and spherical coordinate systems are :

r=yx*+y*+2?
x = r sin(@) cos(¢) —
y=rsn@sing) & {0=tan"}| I J

z

G

z=rcos(d)

The transformations between rectangular and cylindrical coordinate systems are :

p=yx?+ )’

s

zZ=2Z

x = p cos(#)

y=psin{g) &
zZ=2Z

Gros L0f s LOf 5 1of

el h_a_ + 62 — 63 o
, Ou, h, Ou, hy Ouy

VeFo h12 - [a(ﬂaz h) . a(F;:; hs) | a(F;:; hz)]
UxFe hflh3 [5(522}’3) _ 5(2‘:’2)]+ hlézh3 {5(2‘:’1) (R k)
& [5(F2 h)_ oA hl)]
Bh | Oy ou,
where F=& F +é, F, +&, F, and
(ul > Uy ,u3) represents (x » Y z)
represents (p.0,2)
represents (r.6,9)

(El , €, ,53) represents (é'x ,Ey ,Ez)
represents ("p , E¢ , Ez)
represents (”, , €4 E¢)

(h , b, , h,) represents (1,1,1)
represents 1,p,1)

represents (1,7, r sin(8))
,[ t sin(k 1)) d s =~ t cos(k ) . sin(k?)

k (kz)
_t sin(kt) cos(kt
J(t cos(kt))dt = . + P

|

for rectangular coordinate system
for cylindrical coordinate system
for spherical coordinate system
for rectangular coordinate system
for cylindrical coordinate system
for spherical coordinate system
for rectangular coordinate system
for cylindrical coordinate system
for spherical coordinate system



