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P331 Electromagnetic Theory I 

Question one 

A very long straight coaxial cable has its central axis aligned with z-axis, its inner and outer 
conducting cable's cross-sectional radius are a & b respectively and in-between the cables is a 

insulating layer of permittivity E ,as shown below: 

From \7' J(p) 0, i.e.. 0, with boundary conditions ofd(P d~;;)J~ (a) 
dp 

f{p = b) 0 and f{p a) =Vo ,find the specific solution of f (p) and show that 

f(p) = (~) (In(p)-ln(b)) . (10 marks) 
In ­

a 

(b) Use i!; = - Vf to find the electric field E in the insulating layer, i.e., a:::; p :::; b . 

(4 marks) 
(c) From Ps E En find the electric surface charge density p, on p =a and p b 

surfaces respectively. Then find the total charges deposited on both conducting cable 
surfaces (i.e., on p =a & p = b surfaces) of one meter length and show that they are 

equal and opposite. (9 marks ) 
(d) Find the distributive capacitance of this coaxial cable system in terms of a , b & E 

(2 marks) 
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Question two 

(a) 	 For the time-independent (or static) case, setting jj '\7 x A and using Coulomb's 

gauge, i.e., V. A= 0 , to deduce the following Poisson's equations for A from 

Maxwell's equations as '\7 2 A= - P ] . (5 marks) 
(b) 	 A straight thin conducting wire of length 2L carries a total current I along +z direction 

as shown in the diagram below: 

I 
J; 

T, - '.,.P(/ 4~ ~) 

I, 


FC!, ~O)I 
! 

L 

(i) 	 find the z-component of vector potential A ,i.e., A ,due to the above given z 

current at a point P: (p, ¢, 0) by evaluating the following integral 


L Po 1 d Z II. Po 1 d z 
- - 2 	 and show that 
- Iz=-L 47fR - z 0 47f~Z2+p2 

2: HP?'+L JJ (lOmarks) 

dtan(a)=sec 2 (a)da & 1+tan2 (a)=sec2 (a) 

(Hint· ) 

. . 	 Jsec(a) d a = In(sec(a) + tan(a )) 

(ii) 	 From 13 = Vx A and knowing Ap 0 = AI/! ' find the magnetic field B at the 

point P due to the above given current. In the case of L > > p ,show that magnetic 

field 13 obtained here can be simplified to jj =a Po 1. ( 10 marks ) 
P27fp 
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Question three 
Starting with the following Maxwell's equations for a material region with parameters of 
(u,s,a) as: 

v • E(space ,t)= 0 	 (1) 

V. fl(space,t) =0 (2) 


i7 E-( ) afl(space,t) 

y x space,t =- J.L . 	 (3)at 

- -( ) -( ) aE(space t)
\7 x H 	space, t := a E space, t + s ' (4)at 

(a) 	 setting E(space,t)=E(space)e irtJ 
/ & fl(space,t)=i[(space)e iftJ 

/ ,deducethe 

following time-harmonic Maxwell's equations: 

V. E(::,pace) = 0 	 (5) 

V. H(space) = 0 	 (6)- - (3 marks)
Vx E(::,pace) = - i OJ J.L H(space) (7) 

Vx H(::,pace) =(a + i OJ8) E(space) 	 (8) 

(b) 	 consider the space dependence of E & H are on z only, i.e., 

E(space) = E(z) = ex Ex(z)+e)' Ey(z) + ((z) 

H(space) = H(z) =ex HJ;) + ey Hy (z) + ez Hz (z) 

deduce the following equations: 


((z) =constant (9) 


Hz (z) =constant 	 (10) 

d (z) = iOJJ.L Hx(z) (11)

dz 


d!x(Z) =-iOJ/-l Hv(z) (12)z . 

Hz(z) =0 	 (13) 

d (z) -(o-+iOJs)Ex(z) (14)
dz 

I ) ~ , 

~o- + iOJS E,\z) (15)
dz 
(z) () 	 (16) 

(10 marks) 

d 
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Question three (continued) 

(c) From equations in (b) deduce the following wave equation for Ey (z) as 

d2 Ey{Z) A 

d 2 = imJl{eJ + ims)Ev{z) ...... (17)
Z . 

then by direct substitution show that 
A () E~+ -yz E +9= (18)-Ey Z == ~m e + 

A

me··· where f == ~i cop(eJ + i cos) and 


E; & i;,: are complex cons tants (represents + & - Z complex amplitudes) 


is solution to eq(l7). ( 7 marks ) 

(d) Substitute eq(18) into one of the equations in (b) and deduce that its wave partner 

Hx{Z) IS 


Hx{Z) if; e- Yz + H;' e+ rz ... (19) where 


(5 marks) 

E+ 
m 

irm 
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Question four 

(a) 	 Given the following data for Cesiummetal Cs as: 
Atomic weight 132.9 gm I gm-mole 
Density 1873 kg I m3 

Conductivity (J" = 4.9 X 107 1 
at room temperature 

Om 

(i) 	 Find the number ofconduction electrons per meter cube, i.e., number density n, for 
metal Cs if each Cs atom has one conduction electron. ( 4 marks ) 
(Hint: one gm - mole pure metal contains 6.022 x 10 23 atoms) 

(ii) 	 Find the value of the mean free time t{ for metal Cs at room temperature. 

2 me (J"
(Hint: 	 t t --"'--) -) (4 marks) 

n e­

(iii) 	 If the applied constant electric field if if ay 100 V 1m, find the saturated 

drifting velocity vel of the average conducting electron of metal Cs at room 

temperarure. (4 marks) 
e t I ~ 

(I-lint: vd = - -- E )

2 me 


(b) 	 An uniform plane wave travelling along + z direction with the field components of 
5~ V 

(Ex ,Hy ) has a complex electric field amplitude of 100 e' and propagates at 
m 

f =5 X 106 Hz in a material region having the parameters of 11 =110 ,8 480 & 

~=1 , 
(j)8 

(i) 	 Find the values of the propagation constant r (= a + i 13) and the intrinsic wave 

impedance r, for this wave . ( 5 marks ) 
(ii) 	 express the electric and magnetic fields in both their complex and real-time forms, 

with the numerical values of (b)(i) inserted, ( 5 marks ) 
(iii) 	 find the values of the penetration depth, wave length and phase velocity of the 

gIVen wave. ( 3 marks ) 
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Question five 

" ") 	 8An unifonn plane wave (E;J' H~] ,operates at f = 10 Hz ,is nonnally incident upon a 

lossless layer of d 2 (= ;) thickness with parameters of eu =Po , 8 = 9 8 0 ) as shown below: 

0] , & 03 are the respective origins for region 1 ,2& 3 chosen at the first and second O2 

interface. (Both region 1 and region 3 are air region.) 
(a) 	 Find the values of Yl , Y2 , Y3 , ~2 & ..1,2' (note:~] = ii3 =120;r n and 

a] =a 2 =a 3 0) ( 4 marks ) 

2

(b) Starting with ['3 (z) = 0 for the rightmost region, i.e., region 3 , and using continuous i 
at the interface as well as the equations in (a) , find the values of 

3 (0) , 22(0) , ['2(0) , ['2{-d2 ) , (-dJ, 2](0) & ['I{O) (10 marks) 

(c) Find the value of i-
m I ., 

E+
m2 

E-
In::! & E,~} if given i!~ 1"I 

m 
(11 marks) 

V 
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Useful informations 
e=1.6xlO- 19 C 

me =9.lxlO- 31 kg 

Po 4 n- x 10- 7 H 
m 

8.85 X 10- 12 F 

m 


mfjU 
a = .fi 

mP=-'-:=-­

170 =120n- 0.=377 0. 

Po =m 

#~ E. ds : fIt p" dv 

#s jj.ds=O 

V.E=~ 
[; 

V.B=O 

- - aB
VxE=-­at 
- - - al
VxB=pJ+p[; at 
J=aE 
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#s t. d'S == fflv (V. t) dv divergence theorem 

{ t. dl == IIs (V x ft). d'S Stokes'theorem 

V. (V x t)== 0 

Vx (V f)== 0 

Vx (V x t)== V(V. t)- V2 t 
Vf=e af +e af +e af =e af +e ~aj +e af 

x z za x Yay a z pap Ij! p a¢ a z 

_ af _ 1 aj _ 1 af 


=e -+ee --+e -.­r ar r ae Ij! r sin(e) a¢ 
- - a(Fx) a(Fy) a(Fz ) 1 a(Fp p) 1 a(FIj!) a(Fz )V.F=--+--+--=- +---+-­

ax a y az pap p a¢ az 

1 a(Fr r2) 1 a(Fe sin(e)) 1 a(FIj!) 


=- + +--­
r2 ar r sin(e) ae r sin(e) a¢ 

Vx t = ex [a(FJ _ a(FJ] + e, (a(FJ _ a(F,)j + e (a(Fy ) _ a(FJ] 
zay az . az ax) ax ay 

= ep(a(FJ _ a(FIj! p)] + e (a(FJ _ a(FJ] + ez (a(FIj! p) _ a(Fp)] 

p a¢ az Ij! az ap p ap a¢ 


= er (a(FIj! r sin(e)) _ a(Fe r)] +~_ (a(Fr)_ a(FIj! r sin(e))]+ elj! (a(Fer) _ a(Fr)] 
r2 sin(e) ae a¢ r sin(e) a¢ ar r ar ae 

where t = ex Fx + e, Fy + e F = epFp + elj! FIj! + e F = er Fr + ee Fe + elj! FIj! andz z z z 

dl =exdx+e dy+e: dz=epdp+elj! pd¢+e dz=e,. dr+ee rde+elj! rsin(e)d¢ 
2 

y 

2 2 
z 

2 2
V2 f = a f + a f + a f = ~ ~(p a fJ +_1 a f + a f 

ax2 ax2 ax2 p ap ap p2 a¢2 az2 

=_1 ~(r2 afJ+ 1 ~(sin(e)afJ+ 1 '. a
2 
f

r2 ar ar r2 sin(e) ae ae r2 sin2(e) a¢2 
dv, - 2 m Vd

Drude's model m ---'- = - e E _ e 
e d { t 

f 

9 



