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Question one

Given an arbitrary scalar and continuous function in cylindrical coordinates as  f (p 0, z) ,
prove that ﬁ’x(f?f(p,gz},z))ao . (6 marks )
Given F=¢, (3 y: )+ g, (2xz)+¢, (6 xz) and find the value of the following line
integral

j:L Fedl if Py:(1,1,3),P;:(3,9,3) and

(i) L : a straight line from P; to P, on z=3 plane. (7 marks )

(ii) L :aparabolic path described by y =x* from P; to P, on z=3 plane.
Compare this answer with that obtained in (b)(i) and comment on whether the given

| F is a conservative vector field or not. ‘ (7 marks)
(i) Find ¥xF .Does this result agree with the comment you made in (b)(ii)?
(S marks)



Question two

Given F=¢, (r1 ) +&, (3 r* sin( ¢))+ é, (6 r’ sin(t?)) in spherical coordinates,
(a) find the value of i Fedl if L isthe circular closed loop of radius 5 on

0= 3 plane in counter clockwise sense as shown in the diagram below

A 3

ie.,
L [r=5 , 9=-;5 ,0<9<27 & d7=+§,rsin(0)d¢—iﬂ1—>é¢54¢]
( 8 marks)
®) (@ find VxF , (7 marks )

(ii)  then evaluate the value of HS (f? x F )o ds where S isboundedby L given
in(a), i.e.,

0<r<5, 9=i;- ,0<¢<2r & di=-3,rsin(0)drdg

‘—‘——i:—z——) —é,rdrdg
Compare this value with that obtained in (a) and make a brief comment.
(10 marks)



Question three

+5x(0) = ),

2 .
Given the following non-homogeneous differential equation as d” x(t) +2 d;gt)

dt’
where f(¢) is a periodic jigsaw shape driving force of period 6 ,

fO=ft+6)=f(t+12)=------ and plotted against its first three penods as shown below :
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i.e., its first period descriptionis f(t)=2¢ for 0<t<6
(a) express f(t) in terms its Fourier series , i.e.,

f®=a, + Z[a cos( 3 ]+ b, s (—-;ZB , and show that

n=l

a,=6 , a,=0 for n=1,23,--- & bn=-1—2— for n=1,2,3,--- (10 marks)
. ] nzt

Note : ao:-l-J:O fHdt , a, —I f®c os( 3 Jdt and

b, =-j f(t)sm[ 3 ]dt for n=1,2,3,-
(b)  find its particular solution x,(f) corresponding to

D  fO=6 ,and named as x(r) , (3 marks)

nrt

@ S0 =—%sm[ .

] , and named as xi”)(t) ,interms of n . (12 marks)
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Question four

Given the following 2-D Laplace equation in cylindrical coordinates as

8’ 18 1 8 flp.

v flp.g)=0=2L0t) L2/ 0t) 130 o f(, )= r(p)Gl0)
op’ p Op p 09

and use separation variable scheme to separate the above partial differential equation into

two ordinary differential equations. (5 marks )

Given a Legendre’s differential equation as :
2
(1~x2)d—d’%x)-—2 dy(x) £20 y(0)=0 st =3 a, x"*° & a,20 and
X n=0

utilize the power series method,
Q)] write down its indicial equations and show that s=0 or 1 and a4, =0,

( 8 marks)
(ii)  write down its recurrence relation. Set a, =1 and use the recurrence relation to

generate two independent solutions in power series form truncated up to a, term.
Show that one of the independent solution is a polynomial. (12 marks )



Question five

~ Two simple harmonic oscillators are joined by a spring with a spring constant k,, asshown inthe
diagram below :
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The equatioﬁs of motion for this coﬁpled oscillator system ignoring friction are given as

d*x (t '
ny dilz( ) == (kl + klz)xl () + ky, x, (1)
d*x, (t
2 ‘;22( ) =k, x; () - (kz + klz)xz(f)

where x, & x, are horizontal displacements of m, & m, measured from their respective

resting positions.

Ifgiven m =1 kg , m,=2 kg,k1=4-‘?—§}r-—,kz=8-]y-&:Icu=6ﬁ s
m m m

(a) set x;(N=X,°" & x,()=X, " ,thenthe above given equations can be deduced to
the following matrix equation 4X=-w®X where

A=(-10 6) & . X=[X'} (5 marks )

3 -7 X,

(b)  find the eigenfrequencies @ of the given coupled system , ( 6 marks)

(c) find the eigenvectors X of the given coupled system corresponding to each
eigenfrequencies found in (b), ( 6 marks)

(d) find the normal coordinates of the given coupled system (6 marks)

(e)  write down the general solutions for x, (t) & x, (r) . (2 marks)



Useful informations
The transformations between rectangular and spherical coordinate systems are :

r=qxt+yt 42t
x = r sin(8) cos(g)

2 2
ly=rsin@)sin(¢) & 16=tan"! -—"-ﬂ—]
z=r cos(d) z

()

The transformations between rectangular and cylindrical coordinate systems are :

x = p cos(4) p=yx*+y

y=psind) & ¢=tan-*[2)
x

i=z zZ=2z
Gepo_ 1 [6(1*"1 hyh)  0(Fy b k) O(Fs b hz)}
Bohy b\ On ou, dus
UxFo b [6(F3 m) _o(F hz)J+ & [5(171 k) _o(F ha)]
hy by Ou, Du, h hy\ Buy by
SOOI
h by duy du,
where F=8 F+& F,+é F, and
(u1 s Uy s u3) - represents (x » Y z) for rectangular coordinate system
represents (p > P s z) for cylindrical coordinate system
representé (r.0, ¢) for spherical coordinate system
(¢, ,¢,,8) represents (é', €, éz) for rectangular coordinate system
represents (é' 5 3€4 56, ) for cylindrical coordinate system
represents (é', »€q , é}) for spherical coordinate system
(h ,hy ,h,) represents (1,1,1) for rectangular coordinate system
represents (1, p,1) for cylindrical coordinate system
represents (1 ST, F sin(é‘)) for spherical coordinate system
[ @ siner)ar = - - coslk)  sinlkr)
k k
[ ¢ cos(er))di =" S“;c(" 0, °°jc(j‘ 1)



