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(2)

(b)

Question one

(i) Given P(-4,-2, - 7) in Cartesian coordinate system, find its cylindrical and
spherical coordinates . (5 marks)
(i)  GivenP( 10, 150°, 280°) in spherical coordinate system, find its cylindrical and
Cartesian coordinates . (5 marks)
Express ¢, , 8, ,¢, & ¢, intermsof & ,é, & ¢, and deduce that
[ dé, . deo _ . .d
P =eq 7 +ey 51n(0)—¢
igi:—é, ﬁ+'é¢ cos(&)ﬂ
| Tar di dt
dey, . d¢ dg
? =-e, sm(&)—aﬁ —~ey cos(&)g—t-
(15 marks)



(@

(b)

Question two 73

Given a scalar function f in cylindrical systemas f=5p° -2 p 2 cos(g) ,

1) find V f  atthe point P(2,200°,-5) . (5 marks)
(i)  showthat Vx (@ f )= 0. (5 marks )
Given a vector field F =&, 8 +&, r* cos(g)+&, r* sin(6) in spherical system,

@) evaluate the value of the closed loop line integral i Fedl if L isacircular

closed loop of radius 10 in counter clockwise sense on 6=90° plane (i.e., X -y
plane) and centred at the origin, i.e.,
r=10, 6=90° , 0<¢<2z & di=5,rsin(0)dg — =102, 5 104y
(6 marks)
(i) find VxF ,then find the value of the surface integral I J; (ﬁ x F ) od5 where

S is the semi-spherical surface of radius 10 enclosed by the givén closed loop in
b)), i.e.,

r=10, 0<6<90° , 0<¢<27z & d5=5, r’sin()d0dg¢—="252, 100sin(6)d 0 d ¢
Compare the result here with that obtained in (a) and make brief comment on
Stokes’ theorem. (9 marks )



Question three g

Given the following differential equation as :
d’ y(x) dy@)

-2y(x)=0
e dx y(x)

utilize the power series method , i.e., setting  y(x) = Zan x"** and a,#0

n=0
(a) write down the indicial equations. Find the values of s and a; (setting a, =1).

(10 marks)
(b)  write down the recurrence relation. For all the appropriate values of s and a, found in

(a), set a, =1 and use the recurrence relation to calculate the values of a, up to the
value of a; . Thus write down two independent solutions in their power series forms.
- (15 marks)



Question four 7%

An elastic string of length 10 is fixed at its two ends, i.e.,at x=0 & x=10 andits
transverse deflection u(x,t) satisfies the following one-dimensional wave equation
82 u(x,t) _9 o u(x,t)
ot dx?
(a) set  u(x,/)= F(x) G(r) and use separation scheme to deduce the following ordinary
differential equations :

b

2
Eg_) =—k? F(x)
2d * where k is a separation constant (4 marks)
d* G(@t) ,
= =-9k% G(0)
dy
(b) by direct substitution, show that . u(x,?)= Z E, sin( nﬁ)x} cos(3 r;(;”J
n=1
where E, n=1,2,3,.---- are arbitrary constants , satisfies two fixed end conditions,
) e .. . ou(x,t
ie., u(0,)=0=u(10,r), as well as zero initial speed condition , i.e., —;—tl =0
t=0
( 6 marks)

(©) thenfind E, intermsof n ifthe initial position of the string , i.e., u(x,O) ,1s given

3x  if 0<x<4
as ,0)=
x,0) {—2x+20 if 4<x<10

. 10 0 i #
(hint: [ sinf 255 sin| 22X | g2 = yonzm g
x=0 10 10 5 if n=m
. [nmx 100 . (nzmx 10 nwx
Ixsm dx= sin - —— xcos )
10 nt r? 10 nw 10

Thus calculate the values of E;,E; and E; . (15 marks)




Question five

96
Given the following equations for coupled oscillator system as :
d2
' d’;lz(’) =143, (1) + 42, ()
d? x,)(t
Txtzz9=5xl(t) ~6x, (1)
(@ set x,()=X, ¢ & x,()=X,e'® ,deduce the following matrix equation
AX=—a' X where A{‘” 4] & x:(X‘) (4 marks )
5 -6 X,
(b) find the eigenfrequencies @ of the given coupled system , (5 marks)
(©) find the eigenvectors X of the given coupled system corresponding to each
: eigenfrequencies found in (b). ( 6 marks)
(d)  find the normal coordinates for the given coupled system, - (7 marks)
(e) write down the general solution of the given system. (3 marks)



Useful informations
The transformations between rectangular and spherical coordinate systems are : 9%

( r

r=yxt+y*+2°

x = r sin(f) cos(¢g) [2 2
{y=rsin(@)sin(¢) & <f=tan” x—+2_]
z =r cos(f) ’

o
L \ X

The transformations between rectangular and cylindrical coordinate systems are :

x = p cos(g) p=yxt+y]
y=psin(g) & {4= tan"(l)
z=2z 7=z *

G og L0 o1 Of o 10f

€, ———+é ———
" b, u, ? h, du, > hy Ou,

veF-—_L (Wl hy k) | O kb  O(F hz)]
3

h h, ou, Ou, Ou,
Vx F = € 5(F3 h3)_5(F2 hz) + 2 a(Fl hl)_a(Fs hs)
h, h, Ou, Ou, h hy\ Ou, oy,
" & (3(F2 hz)_a(Fl hl)
h h, Ou, ou,
where F=¢ F +&, F,+¢é, F, and
(4, ,u, ,u,) represents (x,v,z2) for rectangular coordinate system
represents (p , P, z) for cylindrical coordinate system
represents (r , 0, ¢) for spherical coordinate system
(é,,2,,¢,) represents (é'x €, s é’z) for rectangular coordinate system
represents (é’ b2 €4 s é’z-) for cylindrical coordinate system
represents (é’r 5 € é'¢) for spherical coordinate system
(b ,h,  h,) represents (1,1,1) for rectangular coordinate system
represents (1 s P 1) for cylindrical coordinate system
represents (1 SV F sin(9)) for spherical coordinate system



