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Section A

Question 1

(a) In the two dimensional Ising model for magnetic systems, the magnetic spin at
site (4, ) is given by S;; = £1. The plus represents a spin-up and the minus
represents a spin-down. In the paramagnetic state (non-magnetic state), the
spins’ orientation at the lattice sites is random. Write down algorithm that
generates the paramagnetic state for the Ising model on a lattice with 10 x 10
lattice points.

[5 marks]

(b) Consider a random walker in two dimensions on a square lattice. The walker
starts at the origin (0,0) and moves non-stop for N, = 100 steps. Write an
algorithm to simulate the movement of the random walker. Assume the random
walker takes a step unit, either along the x-direction or y-direction at each
instant.

[10 marks]



Question 2

(a) The electric potential V(z,y) in some region of space with a charge density
p{z,y) is given by the Poisson equation:

PV(z,y)  PVizy) _ ozy)
Ox? 6y2 €o
(i) Express this Poisson equation in discrete space, i.e, transform V{z,y) into
V(i,7) = V(z;,y;), where the discretized spatial variables: z; = iAz and
y; = jAy. For convenience let the stepsize Az = Ay. And solve for V (4, j).

[6 marks]

(ii) State two types of plots, that could be used to plot the data from the
numerical computation of V (i, 5).

[3 marks]

(b) The corresponding electric field in the region with a potential V{z,y) is given
by the relation

4 g .0

where £ and § are unit vectors point along the x-and y-directions, respectively.

(i) Using the finite difference method write the expression for E,fi,j] and
E,[i, 7], the components of the discretized electric field E(i, j) along £ and

¢ direction, respectively.
[4 marks]

(ii)) Write the Maple commands to plot the electric vector field
for ¢ = 0..10, and 5 = 0..10.
[2 marks]



Question 3

(a) Suppose a computational physicist wants to simulate some spatial noise {(j) at
a point j of a physical system. {(j) has a uniform distribution and fluctuates
in the range [—n/4, n/4]. Write some maple commands to generate ((j), for N
points.

[5 marks]

(b) The realistic projectile motion of a spherical ball with mass m can be described
by a set of four first-order ODEs:

Det) _ Ao (0) - BR2(E) + R0 0 (t)/m,

dt
“*dvift) = —94u,(t) - Bluy(t) + ()] /v, (t) /m,
u(t) = Y

where z(t) and y(t) are the horizontal and vertical coordinates of the projectile,
respectively. A is the coefficient of the viscous force, B is the coefficient of the

drag force, and g is the acceleration due to gravity.

Rewrite these equations using the Euler discretization scheme, i.e, into a form
that can used to obtain their numerical solutions. Explain your notation care-

fully.
[10 marks]



Section B

Question 4

Consider a second order differential equation,

dy(z) dy(z)
=0 (Y vee),

where G is some function. This equation can be decomposed into two equations
suitable for the Euler algorithm, i.e., into

d.
80
and
dz(x)
22 = Gla(e),y(2), )
Use of the Euler method in the interval 0 < z < h gives us the following algorithm
for calculating y(i] and z[i] at N, points:

zfi] = i*x Az
yli + 1] = yi] + Az * z[3]
z[i + 1] = 2[i] + Az = G(z[1], y[g], z{7])

where Az = h/N, and ¢ = 0,1,2,3.N, — 1, with y[0] = a, 2[0] = 8. Using this
algorithm, write a program to calculate the angular displacement 8(t) and velocity
w(t) = df/dt of a driven pendulum. The driven pendulum is described by the
Newton’s equation '

d?0(t)  dé(t)
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where ¢ is the coefficient of the damping force, b and A are the amplitude and
frequency of the driving force respectively. Given A =2/3, b= 0.3 and ¢ = 1/2.
Assume the initial conditions to be w(t = 0) = 2. and 6(t = 0) = 0. Find the
numerical solution of #(¢) and w(t) on the interval 0 < ¢ < 20w at N, = 1000 points.

(10 marks]

+ sin{f(t)] = bcos(At)

(a) Plot 8(t) and w(t) against ¢ on the interval 0-< ¢ < 207.

[4 marks]



6

(b) The behavior of the pendulum can be easily analyzed in phase space (w — 6
space). Plot the trajectory of the pendulum in phase-space.

[6 marks]

{c) Base on your graphical results, describe the characteristic of the pendulum.

(3 marks|

Question 5

Calculate and plot the power spectrum of the following signal:
p(t) = cos(3t) + cos(t/2).

You may need to discretize the variable t into t; = iAt, wherei = 1,2,3....N and

At is the lime-step. You may take At = 1 and N = 256. In this case, the power

spectrum of the function p(t;) is given by

P() = lp(w)P

where p{w;) 1s the Fourier transform of the p(t;), and the frequency w; = 2wi/(NAL).

[12 marks]



Question 6

(a) Write a procedure Rwalker1d(I,N;), that returns the trajectory of the a one-
dimensional random walker after N, steps. The other input variable I is the
initial displacement of the walker with respect to the origin.

[15 marks]

(b) On one graph, plot the trajectory of three random walkers: X;(f = 0) = 0,
Xa{t = 0) = +10, and X3(t = 0) = —10, ie, X;(t = 0} being the initial
position of the random walker j with respect to the origin £ = 0. Assume that
each walker takes N, = 1000 steps.

[6 marks]

{c) Consider a system with N,, = 100 one-dimensional random walkers. Assume
that each random walker j, begins his/her journey from the origin, i.e, X;[t =
0] = 0. Each random walker takes N, = 1000 steps.

(i} Use the procedure Rwalker1d(I,N;) to calculate X,[n], the position of the
random walker j after n steps for j = 1..N,, and also compute the mean
square displacements of the walkers,

1w
X2(n) = ]‘FZX:?(”)*
for n = 0...N; steps.
(10 marks]
(i1) Verify that the movement of the NN,, walkers results to a diffusion process,

that is the mean square displacement X2(n) is directly proportional to
number of steps n.

[4 marks]



