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Question one
Given P( 10, 300°, - 7 ) in ¢ylindrica coordinate system, find its Cartesian and
spherical coordinates . (S marks)
GivenP( 8, 120°, 200° ) in spherical coordinate system, find its cylindrical and
Cartesian coordinates . (5 marks)

Draw the cylindrical unit vectors €, & &, as well as the cartesian unit

vectors e, & €, on z=0 plane,ie, x—y plane. (5 marks)

express é, & e, intermsof €, & ¢, and deduce that

e, -
——=-g, (5 marks)

o¢

Given a scalar function f in Cartesiansystemas f=8x'-2yz’ ,

find

V f atthepoint P(x=-3,y=4,z=-2) . (5 marks )



Question two

Givenavector field F=¢, 6 p° +&, p* +2, 2° sin(g)

(@)

(b

evaluate the value of the closed loop line integral i Fedl if L isacircular closed
loop of radius 7 in counter clockwise sense on z =0 plane and centred at the origin,
ie, z=0, p=7,05¢<27 & dI=8,pd¢ —2="> §,7d¢

(9 marks)
(i) find VxF , ( 6 marks )
(ii)  find the value of the surface integral I .L (57 x F ) od5 where S isthe surface

enclosed by the given closed loop in (a) , i.e.,
ds=e . pdpd¢ , z=0,0<p<7 & 0<¢<2nx
Compare the result here with that obtained in (a) and make brief comment on

Stokes’ theorem. ( 10 marks )



Question three

Given the following differential equation as :

2
(1—x2)££;(;—)—2x%y—§?+6y(x)=0

utilize the power series method , i.e., setting p(x) = Zan x"*' and a;=0
n=0
(a)  write down the indicial equations. Find the valuesof s and g4, . ( 10 marks )

(b)  write down the recurrence relation. For all the appropriate valuesof s and a;, foundin
(a), set a, =1 and use the recurrence relation to calculate the values of a, upto the
value of a, . Thus write down two independent solution in their polynomial forms.

(15 marks )



Question four

An U -—tube capacitor extended very long into z direction with its X —y cross section as shown

below :

AS [

S
\?\
i

/0 /0 welb

7

Its electric potential f(x,y) satisfies the following two dimensional Laplace equation :

& f(x,9) N 3 f(x,») -0
dx? 8y>

(a) set  f(x,y)=F(x)G(y) and use separation scheme to deduce the following ordinary

differential equations :

LF® e

z -
dzd C;C(y) where k is a constant ( 6 marks )
—F=+k2 G(y)

Y




Question four (continued)

write the general solution for (2) as

[ =2 fi(x)
T

=>4, cos(kx) + B, sin(kx))(C, cosh(k y) + D, sinh(k y))

where 4, , B, , C, & D, are arbitrary constants.

(1) Apply three zero boundary conditions , i.e.,
7:0.)=0, f,(4»=0& f,(x0)=0,

and show that the general solution can be simplified as :

f(x,y):iEn sin(nszsinh[nZy] (10 marks )
n=1

(i)  Apply the non-zero boundary condition , i.e., f(x,6)=10 V x ,and use the

0 i #
orthogonal condition r sin(n z xJ sin[m X dx= lf m*n
¥=1 4 4 2 if m=n

todeducethat E  =<nnx sinh(3 ZE]

n

(9 marks )
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Question five

Given a simple harmonic oscillator governed by the following equation

2
2 da‘ xgt) =10 x(¢) , find the values of the angular frequency, frequency and period of
x
the harmonic solution of x(¢) . ( 6 marks)

Given the following equations for coupled oscillator system as :

d? x(t
_i.%(_) =7 x,(6)+ 3 x,(F)
dZ

d?z(t) =4x,(1)-8x,(1)

(i) set x()=X € & x,({)=X,e®" ,deduce the following matrix

equation AX=-w*X where

-7 3 X,
A= & X= (5 marks)
(i) find the eigenfrequencies @ of the given coupled system , ( 7 marks )

(iit)  find the eigenvectors X of the given coupled system corresponding to each

eigenfrequencies found in (b). ( 7 marks )



Question six

Given the following non-homogeneous differential equation as :

()

(b)

()

2
d xz(’)+2dx(r)+5x(r)= 61-51
di dt

set its particular solutionas x (f) =&, t* +k, t +k, , determine the
valuesof & , &k, & £, . (9 marks)

find the general solution to the homogeneous part of the given differential equation , i.e.,

+5x()=0,and nameitas x,(t) . ( 6 marks )

2
d- x(t) L9 d x(t)
dt? dt

write the general solution to the given non-homogeneous differential equation as

x(t) = x, () + x,(f) and determine the values of the arbitrary constants in this general

d x(?)
dt

=2

=0

solution if the initial conditions are givenas x(0)=-3 &

(10 marks )



Useful informations
The transformations between rectangular and spherical coordinate systems are :

(

r=1lx2 +y2 +z°

X=r sin(t?) COS(¢) .\/;2—_"—2
ly=rsin(@)sind) & (6= tan”‘[——y—J
z =r cos(f) z

=)
L X

The transformations between rectangular and cylindrical coordinate systems are :

x = p cos(g) p=yxtty
’

y=psin(g) & tan-‘(l]
X

1t

Z2=2Z

z=z
GpozL8f ;10 o 10f
h Cu, h, Ou, h, Ou,
VeF= 1 5(E h, h3)+5(F2 Ay hs)_i_*a(thxhz)
hy by by ou, du, Qu,
o i b (0Fn)_3(E M), & (8(Fh)_o(Fh)
h, h, Ju, Ou, h hy | Cuy du,
o (3(k) o)
b hy du, du,

where F=¢ F +é, F,+é, F, and

(u, ,u, ,u,) represents (x,y,z2) for rectangular coordinate system
represents (p.4,2) for cylindrical coordinate system
represents (r .8, ¢) for spherical coordinate system

@ ,é,,¢) represents (“x S €, €. } for rectangular coordinate system
represents ("' o34 Eﬁ)‘ for cylindrical coordinate system
represents (Er , €45 €, v) for spherical coordinate system

{(n ,h, ,h,) represents (1,1,1) for rectangular coordinate system
represents (1, p,1) for cylindrical coordinate system
represents (1 NN sin(é)): for spherical coordinate system



