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Question one

1) Given the rectangular coordinates of a point P as (— 5, -2, 9) , find

its cylindrical and spherical coordinates respectively . Express the answers of

angles in degrees . (4 marks)
(ii) Given the spherical coordinates of a point P as (3 ,75°, 1600) , find

its cylindrical and rectangular coordinates respectively . (4 marks)

Forapoint P on p—z plane ,ie., ¢ =constant |,

(1) draw the cylindrical unit vectors & L, €, as well as the spherical unit
vectors €, &, forthegivenpointon x-y plane , (3 marks)
(i) express € é’e. intermsof €, , €, and deduce that
oe - oe -
o=, md Lo--p (5 marks )
o0 o6

Given f(p,d,z)=p+2psin(¢p)—3z
@ find V f . (3 marks)

(i)  evaluate v f atthepoint P: (7 ,210° , - 15) and also find the directional

derivative of f along the directionof €,3+¢€,4 . (6 marks )




(2)

(b)

Question two
Given any scalar function J/  in Cartesian coordinate system , i.e., [ = f(x,y,z) ,

verify the following identity :
6><(6f)"—"0 (S marks)
Givena vector field G(p,$,z)=8, p* +&,4¢e” +&, (z2 -p’ cos(¢)) ,

(i) carry out the following closed line integration of CIL Gedl
where L : acircular closed loop of radius S in counter clockwise sense on
z=0 plane centred at the origin , i.c., di = e, pdg —£2=5 e, S5d¢
(8 marks)
(i)  find V x G . Then carry out the surface integral of I_L (€7 xG)eds where
S' . the surface enclosed by the given closed loop in (b) (i) , i.e.,
ds=ée,pdpd¢ with 0<p<5 and 0<¢ <27z .Compare it with

that obtained in (b)(i) and make brief comments on Stokes’ theorem.

(12 marks )




Question three

If the transverse wave amplitude function wu(x,?) of a certain vibrating string follows the

Fulx,t) 1 Fulx,t) _

following partial differential equation: —————— 0,

(a)

(b)

ox* 16 or
set u(x,t)= X(x) T(¢) and utilize the separation variable scheme to deduce the

following two ordinary differential equations :

2
M — k2 X(x)
dx’
d*T(t) where k is a separation constant, (4 marks)
: =-16 k> T(1)

(i) by direct substitution, show that X (x)= 4, cos(k x) + B, sin(kx) and

T(t)=C,cos(4kt)+ D, sin(4kt) area general solution to the ordinary

differential equations in (a) with 4, , B, ,C, and D, as arbitrary constants,

(3 marks)
(i)  given the length of the vibrating string as 7 metres with both ends fixed , i.e.,

u(0,t)=0=u(7,t) , find the eigenvalues of k and write down the general

solution of u(x,?) to include all the eigenvalues of k& ( 6 marks)




Question three (continued)

] . . Ju(x,?)
given the initial condition as _5—— =0 and
L
3 X for 0<x<2
u(x,0) =12 ’ T , determine the specific values of those

-x+7 for 2 <x<7

arbitrary constants in the general solution of %(x,#) written down in (b)(ii) and thus

write down the specific solution of this given problem.

(hint: [sinZx) sin™Zx) dx = {3 ¥ n=m
7 7 0 if nm

where n and m are non-zero positive integers ) (12 marks)




Question four

Given the following differential equation

2

2

using the power series method , i.e., set y(x)= z a, x™* with a,# 0 and substituting it
n=0

back to the given differential equation ,

s-2

(a) requiring the coefficients of the lowest power terms for x ,ie., X and x*7!

to be zero and thus write down the indicial equations. From these equations
find the values of s ( possibly also the values of @, fromsetting a,=1),
( 6 marks)

(b)  requiring the coefficients of all the rest power terms for x ,i.e., x'*" with

n=0,1,2,3,--- ,to be zero and find the recurrence relation, (5 marks)
(©) (i) using the recurrence relation in (b) , find the valuesof a, , a, ,--- a4 if
a, =1 foreach value of s foundin (a). (12 marks)

(i)  write down the general solution of the given differential equation. (2 marks)




(a)

(b)

Question five

d*x 1 N
=-kx , and m=—kg & k=8 —
dl‘2 X an m 5 g -

Given m

1) find the values of the angular frequency , frequency and period of the given simple
harmonic oscillator system , (3 marks)
(ii) write down the general solution of the given problem . (2 marks)

Two simple harmonic oscillators ( one is represented by m; and k&, and the other

represented by m, and k, ) are jointed together by a spring of spring constant £, .

The coupled differential equations are simplified to be :

r

d*x,
=—9x, +4x
2 1 2

| dr

X
a’t22 = 3x,— 10 x,

(i) set x,(£)= X,e'”" and x,(f)= X, e’ , deduce the following matrix

equation AX=4X

X -9 4
T ety 2
where o, X X, and 3 _10

(4 marks)

(ii) find the eigenfrequencies @ for the matrix equation in (b)(i) (6 marks)
(iii))  find the eigenvectors corresponding to the eigenfrequencies found in (b)(ii)

respectively , (S marks)

(iv)  find the normal coordinates of the system . (S marks)




Useful informations
The transformations between rectangular and spherical coordinate systems are :

r=ax2+yi+2°

x = rsinf cos¢

y = rsinfsinsg 10 = tan”

z=rcost
¢ = tan"! £
{ X

2 2
lw/x +y
z

The transformations between rectangular and cylindrical coordinate systems are :

( 2 2

xX= pcosg pP=ENX Y

y= psing X ¢=tan'IX
Z=2z zZ=2z

1y 1 F T
how P hy o, by ou

a1 (m;hzhg) RAGYLN a(F;hlhz)j
ik O Oy ouy
. (5(1«;@)_ a”(thz)J+ é, (0”(Ehl)_ 5(F3hg)j
- hh\ du, du, hh\  du, Ou,
.8 (M‘zhz)_ a(F;h,)J
hh, au, ou,

where F=¢e F+¢ F,+é F,
(ul s Uy u3) represents

(x.»
represents (p /-4
(.0

)

represents r,o0, ¢)

(51 €, 53) represents ("x &, "z)
represents (é'p €5 é’z)

represents (_', ,€p é’¢)

(hl »hy ,hg) represents (1 , 1, 1)
represents (1 > P 1)

represents
8

for rectangular coordinate system
for cylindrical coordinate system
for spherical coordinate system

for rectangular coordinate system
for cylindrical coordinate system
for spherical coordinate system

for rectangular coordinate system

for cylindrical coordinate system

(1 LV, F Siné’) for spherical coordinate system




