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P272 MATHEMATICAL METHODS FOR PHYSICISTS '

Question one

@ @ Given the rectangular coordinates of a point P as (— 8 , 4 , - 2) , find

its cylindrical and spherical coordinates respectively . Express the answers of

angles in degrees . ( 4 marks )

(i)  Given the spherical coordinates of a point P as (5 ,120° 1500) , find
its cylindrical and rectangular coordinates respectively . ( 4 marks )
(b) Forapoint P on x-y plane .ie, z=0 ,

€, as well as the cylindrical unit

(i)  draw the rectangular unit vectors €, , &,

vectors €, , €, forthegivenpointon x-y plane , (3 marks)

-

e. and deduce that

(i) express €, , &, intermsof &, , €,

dé,=-e,d¢ and dé =e¢e,d¢ ( 5 marks)
10 ,
() Given g(r,0,4)= ot rsind cos¢

G fnd Vg |, (3 marks )

(i)  evaluate v g atthepoint P (5 ,150°, 300) and also find the directional

£

derivative of & along the direction of € 3+¢€,4 . ( 6 marks )




(a)

(b)

Question two
Given any scalar function f and any vector function F in Cartesian coordinate
system, (e, =€ F +e F +e F, whee F, , F , F, and [ areall

functions of (x,y,z) ),verify the following identity :
V(fF)=F-N )+ f(V-F) ( 8 marks )

. = = 2 = = 2
Givena vector field G(p,4,z)=€,p " +€,pz+€ (p"+pz) ,
(i)  carry out the following closed surface integration of ﬁs G-ds

where S . the surface enclose the whole of a cylindrical tube of radins p, and
height A4 , with z — axis coincides with the axial line of the tube , i.e,
S=8+8,+8, where

S, : circular disk surface of radius p, on z= 0 plane

S, : circular disk surface of radius p, on z=h plane

S, © circular tube surface of radius p, on p= p, plane with height A

»
Express your answer interms of p, and A . ( 10 marks )

(i)  carry out the value integral of HIV (6 . G) dv where V. the volume of the

given cylindrical tube , i.e., the volume enclosed by the closed surface S specified

in (b)(1) . Compare it with that obtained in (b)(i) and make brief comments.

( 7 marks )




Question three

- If the transverse wave amplitude function u(x,f) of a certain vibrating string follows the

FPux,t) 15 u(x,1)
d x* 4 It

following partial differential equation : 0,

(@ set u(x,t)= X(x)T(t) and utilize the separation variable scheme to deduce the

following two ordinary differential equations :

(d* X
O
{2 where k is a separation constant , (4 marks )
d”TI(t) 2
PP 4k T(t)

() (i) by direct substitution, show that X(x)= A4, cos(kx)}+ B, sin(kx) and
T(t)=C,cos(Rkt)+ D, sin(2kt) area general solution to the ordinary
differential equations in (@) with A, , B, ,C, and D, as arbitrary constants,

( 3 marks )

(i)  given the length of the vibrating string as three metres with both ends fixed , i.e.,

u(0 41‘) = 0= u(3,¢) , find the eigenvalues of % and write down the general

solution of 2(x,f) to include all the eigenvalues of k& ( 6 marks )




Question three (continued)

. - ” Fu(x,1)
(c)  given the initial condition as ——ﬁ_ =0 and
t r=0 '
3
X for 0< x< 5
u(x,0)= 3 , determine the specific values of those -
-x+3  for 5 <x<3

arbitrary constants in the general solution of 2(x,f) written down in (b)(ii) and thus

write down the specific solution of this given problem:.

3
3 nr ...mx — i =
( hint : _[0 sm(—3—x) Sln(‘3—.x) dx=42 if n=m
0if nem ‘ |
where n and m are non-zero positive integers ) ( 12 marks )




Given the following differential equation (1 - xz)

Question four

d* y(x) d y(x)
e +3x P +4y(x)=0,

) ©
using the power series method , i.e., set Y(x)= Z a, x™* with a,#0 and substituting it

n=0
back to the given differential equation ,
(a)  requiring the coefficients of the lowest power terms for x ,ie, x“? and x°7!,
to be zero and thus write down the indicial equations. From these equations
find the values of s ( possibly also the values of " dl ), ' ( 6 marks )
(b)  requiring the coefficients of all the rest power terms for x ,ie, x'*" with
n=0,1,2,3,--- ,tobezero and find the recurrence relation, ( 5 marks )
(c) (1) using the recurrence relation in (b}, find the valuesof a, ,a,,---a, if q,=1

for each value of s foundin (a) . ( 12 marks )

(i)  write down the general solution of the given differential equation. ( 2 marks )




(a)

(b)

Question five

d* x 1 N
=-kx ,and m=— kg & k=8 —

Given m
dt? 2 m .

(1) find the values of the angular frequency , frequency and period of the given simple
harmonic oscillator system , ( 3 marks)

(i)  write down the general solution of the given problem . (2 marks )

Two simple harmonic oscillators ( one is represented by 72, and k&, and the other

represented by m, and k, ) arejointed together by a spring of spring constant £, .

‘The coupled differential equations are simplified to be :

r

d* x,
=-9x +4x
2 1 2
|
X
dt22 = 6x - 4x,

() set x,(f)=X,e*" and x,(r)= X,e'®" , deduce the following matrix

equation AX=AX

, X, -9 4
where 4 =-@° , X= and A=

R
( 4 marks )
(i)  find the eigenfrequencies @ for the matrix equation in (b)(i) ( 6 marks )

(iif)  find the eigenvectors corresponding to the eigenfrequencies found in (b)(i)

respectively , (4 marks )

- (v)  find the normal coordinates of the system . ( 6 marks )




Useful informations
The transformations between rectangular and spherical coordinate systems are : \

' r=Ax*+y’+7°
X = rsinf cosg m
X
z

y = rsinédsinsd {f=tan!

z=rcostd
¢ = tan”' 2
X

The transformations between rectangular and cylindrical coordinate systems are :

x= pcosg p=Ax’+y
y= psing 1 ¢=tan'1§
2=z z=1z
s ez 1 1
Vf—ellyﬁu1+ezigﬁu2+631gﬁ143
s p._ L (dERR) J(Ehh) 5(1?3h1h2)]-
Y F‘hlhzha[ ot om T o
6 po (ﬁ(ﬂ%)_ﬂﬂ@% Z, (a(ﬁhl)_a(g@J
B h2h3 5"2 §u3 hlh3 5113 g?ul
L5 (a(f‘zhz)_a(ﬂmj
hh\ O, du,

where F=8 F,+¢,F,+&F, and
(ul s Uy u3) - represents (x YV, z) for rectangular coordinate system
represents (p @, z) for cylindrical coordinate system
represents (r .0, ¢) for spherical coordinate system
(El €y, é'3) represents (é'x €, é',) for rectangular coordinate system
represents (Ep . €4 » 73',) for cylindrical coordinate system
represents (é', € 5 E,) for spherical coordinate system
: (h1 Py ,]13) represents (1 .1, l) for rectangular coordinate system

represents (1 2P s 1) for cylindrical coordinate system

represents (l ¥, rsin 19) for spherical coordinate system
8




