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ANSWER ANY FOUR QUESTIONS

QUESTION Al [25 Marks)

Al (a) Let Y be a binomial random variabie based on m trials and success probability 8. Let BE(Y) = mé,

show that
o? = mé(1 - §)

[8 Marks]

(b) The random variable X has the Normal distribution with probability density function

L oa2
f(m):\/zjr?exp(—%(za'u) ), —00 < T <0

(i) Show that X has moment generating function My (¢) = exp(ut + §t?).

[10 Marks]

(ii) For constants e and b, show that the moment generating function of ¥ =aX + b is
P My (at).
Use this result to obtain the moment generating function of

X—p

o

7 o=

Deduce the distribution of Z.
[7 Marks]

QUESTION A2 [25 Marks]

A2 (a) Let X4,..., X, be arandom sample of size n from the exponential distribution whose pdf is

fem0% x>0
0, x<0

f(m,é‘) = {

(1) Use the method of moments to find a point estimator for 8.
(8 Marks]

(ii) The following data represent the time intervals between the emissions of beta particles: Assuming

09 01 01 08 G9 ¢1 01 07 1.0 02
¢1 01 01 23 08 03 02 01 1.0 09
01 05 04 06 02 04 02 01 08 0.2
05 30 1O 05 02 20 17 01 03 01
04 05 08 01 01 17 01 02 03 01

the data follow an exponential distribution, use a(i) to compute a moment estimate for the pa-
rameter 8.

[6 Marks]

(b} Consider the experiment of tossing a fair coin 3 times. Let X be the number of heads on the first
toss and F the mumber of heads on the fivst two tosses. Fill the joint probability table for X and F.
Compute Cov(X, F).

(12 Marks]
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QUESTION A3 [25 Marks]

A3 {a) Suppose the joint probability density function (X, Xs) is

1, D<o <, 0«29 <1
0, otherwise

fX],Xg(:El:ﬂ"?.) = {

Let Y] = X + Xo and V7 = X; - Xo.

i. Find the joint probability density function of (¥, ¥3)
[8 Marks]

ii. Compute Z(Y3).
(6 Marks]

(b) Let ¥1,...,Y, be a random sample from a population with pdf

—éy(l‘"a)/&, for0<y<lia>0
fy}= -
0, otherwise

(i) Show that the maximum likelihood estimator of ar is & = —(1/n) 3w, In(¥3).
' [6 Marks]

(i) Is & a consistent estimator of a?
(5 Marks]

QUESTION A4 [25 Marks]

A4 (a) Let X be any confinuous random variable, and let F'(z) denote its cumulative distribution function.
Suppose that U is a continuous random variable with the uniform distribution on the interval 0 to 1,
and define the new random variable Y by ’

Y =FY (),
where F~1(.) is the inverse function of F(.).

{i) By considering the cumulative distribution function of ¥, show that ¥ has the same distribution
as X.
[8 Marks]
(ii) Briefly describe a method of simulating pseudo-random variates from a continuous probability
distribution, based on this result.
[6 Marks]
{b) Now suppose f(y,8) = ée_y/r’,w > 0.
(i) State the factorisation criterion for sufficient statistics and use it to find a sufficient for 8.
[6 Marks]

(ti) Show that the sufficient estimator found in A4b(i) is an unbiased estimator of 6.
{6 Marks]

QUESTION A5 [25 Marks]

A5 {a) In Bayesian inference define whiat is meant by a conjugate prior distribution.
{4 Marks]

(b) Let ¥1,Ys,..., Y, denote a random sample from a Bernoulli distribution where
P(Y;=1) =pand P(Y; =0} = 1 — p,
and assume that the prior distribution for p is beta{a, 8), i.e.

Mat+f) a—171 _ ,n8-1
) = reara s (- )P o<y <,
o 0, otherwise.

(i) Find the posterior distribution for p,
[15 Marks]
(ii) Find the Bayes estimators for p for & = 19, 8 = 30,n = 25, and ¥ y; = 10.
{6 Marks]
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QUESTION A8 {25 Marks)

AG  (a) A student examined the effect of varying the water/cement ratio on the strength of concrete that had
been aged 28 days. For concrete with a cement content of 200 pounds per cubic yard, the student
obtained the data presented in the Table below.

Water/Cement ratio  Strength (160 ft/b)

1.21 1.302
1.29 1.231
1.37 1.061
1.46 1.040
1.62 0.803
1.79 0.711

Let ¥ denote the strength and = denote the water/cement ratio.
(i) Fit the model E(Y) = By + fiz.
{8 Marks]
(ii) Test Hp : B: = O versus H, : 51 < 0 with oo = 0.05. Identify the corresponding attained significance
level,

_ _ , 18 Marks]
(iii) Find & 90% condence interval for the expected strength of concrete when the water/cement ratio
is 1.5 Explain what would happen to the confidence interval if we computed the interval around

the water/cement ratio is 2.7
19 Marks]

END OF EXAMINATION PAPER




