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Instructions

1. This paper consists of SIX (6) questions.
9. Answer ANY FOUR (4) questions.
3. Show all your working.

4. Start each new major question on a new page and clearly indicate the ques-
tion number at the top of the page.
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QUESTION 1 [25 Marks]

The solution of the differential equation

ay"(z) — 3y (x) =0

with boundary conditions
y(0) =1, and y(1) =0

can be approximated by the polynomial
Y(z) = cg + oz + 22

Use spectral collocation points with equally spaced collocation points to
show that matrix equation that results from the collocation process is y(x} = 32% - 2z [15
Marks]

QUESTION 2 [25 Marks]

Consider the Falkner-Skan boundary layer flow equation
£"(@) + F()1"(@) + 1= o) =0
whose boundary conditions are
f(0)=0, f(0)=0, fl(o0)=1

(a) Derive the quasi-linearisation method scheme that can be used to iteratively

solve the Falkner-Skan equation [10 Marks]

(b} Tlustrate how the matrix approach of the spectral collocation can be
applied on the quasi-linearisation method and boundary conditions with the transfor-

mations

N
F® ;) =S DY f(z) = DF, i=0,1,2..,N
k=0
where D is the differentiation matrix and F is the vector of unknowns at
s

the so-called collocation points 2; == €08 (I—\f) [15 Marks]




UNESWA DECEMBER EXAMINATIONS ACADEMIC YEAR 2020/2021
COURSE NAME AND CODE: MAT607 Spectral Methods for Differential Equations PAGE 2

QUESTION 3 [25 Marks]

Consider the following linear partial differential equation with boundary
Up = Unpg
with boundary conditions
u(—1,t) = f(t), u(lt)=g(t)

and initial condition

u(z,0) = h(z).

In approximating the solution of the differential equation, consider three equally
spaced nodes zg, 21, Tz in the space variable z and two nodes &g, £1

in the time variable t. The approximating function corresponding to the selected nodes is

U(.CL', t) = Cp,0 + C1.0% + Cz,(]ﬂi2 -+ C‘()'lt -+ Cl,lt.’ﬁ + Cg‘ltﬂ'}‘z.

Give a detailed description of the collocation process that can be used to solve the PDE

using the approximating polynomial given above.
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QUESTION 4 [25 Marks]

Consider the linear system of ordinary differential equations

' =20 4+u=0
w -2t +w=0

subject to the following boundary conditions

w(—1) = sinh(1), /(1) —u(1) = cosh(1})
w'(=1) + w(—1) = sinh(1), w'(1) —w(l) = sinh(1)

Use the matrix based spectral collocation method with to illustrate how the

linear system can be reduced to a matrix system of the form

A A (U Ry

An Axm| |W Ry

In your illustration, give definitions of the matrices and vectors and demonstrate

how the boundary conditions can be imposed on the matrices and vectors. {25 Marks]

QUESTION 5 [25 Marks]

Consider the regular eigenvalue problem

22" 4 3zy + My =0

subject to the boundary conditions
y()=0 y(2)=0

Describe how the spectral quasi-linearisation method can be used to solve the

eigenvalue problem [25 Marks|
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QUESTION 6 [25 Marks]

Consider the linear ordinary differential equation
V’I-‘U _ Vh’ + Vvh'.' . I/,V” =0
with boundary conditions
V()=0, V{0)=0, V(I)=1, V(1})=0

Give a sketch of the Matlab code that can be used to solve the differential equation
using & function, say cheb.m for invoking the collocation points z and differentiation
matrix D). Your code sketch must include a line for plotting the residual error profile. [25

Marks|

FEND OF FEIXAMINATION PAPER




