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This paper consists of SIX (6) questions in TWO sections.

. Section A is COMPULSORY and is worth 40%. Answer ALL questions

in this section.

Section B consists of FIVE questions, each worth 20%. Answer ANY THREE
(3) questions in this section.

. Show all your working.
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SECTION A [40 Marks]): ANSWER ALL QUESTIONS

QUESTION A1l [40 Marks)

a) Given that the arbitrary function F(z,y) is differentiable, show that [5]
w(z,y) = PG — 1y)

satisfies
4ty + 3uy +u = 0,

b) Determine the order of the partial differential equation satisfied by [3]
p(r,s) = Qr — s) + W(6r — 5) + &(5r + s5),
where ©, ¥ and © are arbitrary functions.

¢) Suppose that the temperature distribution in a rod of length 8m is given by T(z,t). Assum-
ing that both ends are insulated such that there is no heat flow, write down a model that
could be used to determine the temperature distribution T'(z,t), provided that the initial
temperature distribution is given by e, 5]

d) Consider the wave equation
qbtt — Czqs:ua:, O<ae< m, t > 0,
H(z,0) = 3sin(z), 0<z<m,

¢i(z,0) =0,
¢(Dat) = ¢(r, t) = {.

Write down the ordinary boundary value problems for X (z) and T'(t) that must be solved
in order to obtain the solution of the wave equation using the method of separation of
variables. [6]

e) Consider the Cauchy problem for the wave equation with —co <z <co and i > (:
Uy — Uge = 0,  ufz,0) =2z, ﬁt(w, 0} = 3z%
Determine u (0, 2). (7]

) Solve the problem
Ug + zuy = u, u(z,0) =u(0,y) = 5e%,

using the method of characteristics [7]

g) Solve the problem
T, +u =, w(z,0)=u(0,t) =0,

using the method Laplace transforms (7l
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SECTION B: ANSWER ANY THREE QUESTIONS

QUESTION B2 (20 Marks]

Consider the heat equation

U = U, O<z<d, >0
u{z,0) =8, 0<z<4,

ug(0, ) = 0,
u(4,t) = 0.
Determine u{x,t) using the method of separation of variables. [20]

QUESTION B3 [20 Marks]

(a) Consider Laplace’s equation in a circle with Dirichlet boundary conditions.

1 1 ‘
uw+;ur+ﬁu¢¢:0, 0<T‘<2, —ﬂ'<¢<ﬂ-:
u(d, ) =¢, ~wT<P<m

Is this a well defined problem? If yes, explain why and if no, explain why it is not a well
defined problem. (3]

(b) Consider the Dirichlet problem of a sphere of radius a.

or ( 5?) T sin(g) 56 (S“l("’”(aqs) =0, Osrsa
ula, d) = g(¢), 0<¢<m

Use the method of separation of variables to determine u(r, ¢). [17]

QUESTION B4 [20 Marks]

Consider the Cauchy problem for the wave equation with —co <@ < oo and £ > (:

Py = U2pmm
p(z,0) = ¢(=z),
pt(m,O) = 'I,D(’c),

where v is a constant. Show that the solution of the wave equation is given by:

w(’r)dv)

T+vt

plos) = 5 (B o0) + o —0t)

vk

[20]
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QUESTION B5 [20 Marks]
(a} Solve the first order partial differential equation (7]
o 2 du “
— — 2y = U,
Ox yc")y
(b} Use Laplace transforms to find a solution [13]

Ugy — Uz + sin{ma) = 0,
u(z, 0} =0,

u(z,0) =0,

u{0,%) =0,

QUESTION B6 [20 Marks]

Consider the partial differential equation (PDE)

0 <<l
0<z<1,

u(1,£) =0. |

t >0,

U — 2 810 (T )y — c08> (7)1, — cos(z)uy + € = 0.

(a) Classify the partial differential equation by stating its order, linearity, homogeneity, and

kind of coeflicients.

(b} Determine whether the given PDE is hyperbolic, parabolic or elliptic.

(c) Express the partial differential equation

Qg + Blgy + Uyy + Uy + 2y = 0.

in canonical form.

ND OF EXAMINATION PAPER

[4]
[4]

[12]
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