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6.
7.

. This paper consists of SIX (6} questions in TWO sections.
. Section A is COMPULSORY and is worth 40%. Answer ALL questions

in this section.

. Section B consists of FIVE questions, each worth 20%. Answer ANY THREE

(3) questions in this section.

. show all your working.

. Start each new major question (Al, B2 — B6) on a new page and clearly

indicate the question number at the top of the page.
You can answer questions in any order.

Indicate your program next to your student 1D.
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SECTION A [40 Marks|: ANSWER ALL QUESTIONS

QUESTION Al [40 Marks]

a) Consider the following equation with —oco <z < oo and £ > 0: 5]
1
2, _ —ovetan(sin (T 0 =
Uy — T = 0, u(z,0) = arctan(sin(z)),  w(z,0)= TTh
Set up D'Alembert’s equation that could be used to determine u {z, ).
b) Consider the partial differential equation [7]

Up = Upe O <x<100, ¢2>0,
u{z,0) = tan(z), 0 <z <100,
w(0,4) =0, w(100,t) =0,

Solve the resulting second order ordinary differential equation after implementing the method
of separation of variables.

c) Use direct integration to solve for u(a, ) for 7
U = 20 e
d) Write down the expression for the Laplacian 5]
e
ot

where u = u(z,t).
e) Find the half-range cosine expansion of f(z) =z, 0 <& < 2. [7]

f) Write down a system that satisfies the temperature distribution u(r, ) such that the initial
temperature distribution of a thin unit circular disk is given by 2r®. The disk is allowed to
cool down with its circular edge kept at temperature zero. (5]

g) Find the first derivative of 4]
y(t) = 7,(t)
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SECTION B: ANSWER ANY THREFE QUESTIONS

QUESTION B2 [20 Marks|

a) Consider the expression [10]
w—ay = flz+9°—u?)

where v — u(z,y) and f is an arbitrary function. Find the partial differential equation for
which the expression is a general solution.

b) Find the particular solution of [10]
YUy + Ty = u{T —y),

which contains the straight curve u = 1 on y = 22,

QUESTION B3 [20 Marks]

a) Consider the Cauchy problem for the wave equation with —oo <z < oo and £ > (: [4]
g — L6Uze = 0,  u(z,0) =4, 1wz, 0)=sin(z).
Determine u (2, ).
b} Consider the partial differential equation
By — 10Ugy + 20y + Uy — Uy = 0.

(i) Determine whether the given partial differential equation is hyperbolic, parabolic or

elliptic. 2]
(ii) Express the given partial differential equation in canonical form and hence find it’s
general solution. [14]

QUESTION B4 [20 Marks]

The initial temperature distribution of a thin circular disk is given by 7. If the disk is al-
lowed to cool down with its circular edge kept at temperature zero, the subsequent temperature
distribution satisfies the system

1
fc(u,.rJr;ur) =1, O<r<lit>0

u(r,0) =Ty, 0<r <1,
w(l,t) =0, t>0.

Solve for u(r,t). {20}
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QUESTION B5 [20 Marks]

Find the solution of the steady-state problem [20]

Ugr T Uy =0, O0<z<l, O<y<l,,
u(0,y) =u(l,y) =0, 0<y=<l,
w(z,0) =0, 0<a<l,
u(z,1) = 5sin(mrz) — Bsin(Trz), 0Lz <1

Determine the solution of the steady-state problem using the method of separation of variables.

QUESTION B6 [20 Marks]

a) Use Laplace transform to solve the system 112
Ug +8in(ty =0, =z>0, >0,

w(z,0) =z, x>0,

u(0,t) =e”F, t2=0.
b) Using the fact that the Laplace transform of u(z,¢} with respect to the variable { is given

by
LA{u(z,t)} = / e Stu(z, t)dt = Ulz, 5),
0

show that

L {g—?} = sU(z, s) — u(z, 0)

(8]

END OF FIXAMINATION PAPER
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