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1. This paper consists of TWO sections.

a. SECTION A(COMPULSORY): 40 MARKS
Answer ALL QUESTIONS.

b. SECTION B: 60 MARKS
Answer ANY THREE questions.
Submit solutions to ONLY THREE questions in Section B.

2. Each question in Section B is worth 20%.
3. Show all your working.

4, Special requirements: None
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Section A: Answer ALL Questions

Al.

. Show that f(t,y) = ty* satisfies a Lipschitz condition on the set

D:{(t,y):lﬁtﬁQandlSygg)}. [4]

. Suppose the perturbation d(t) is proportional to ¢, that is 6(t) = &t for

some constant §. Show directly that the following initial-value problem
is well-posed; v'(t) = y(t) +1, 0<t<1, y(0)=0. [6]

. Derive the normal equations based on minimizing the least squares error
n

b
E(ag, 01, ... ) = / [f(2) — Po(z))’dz where Pp(z) = Zakmk. [6]
@ k=0

. Derive the recurrence formula

Tol)=1, Ti@)=2, Tun(@)+Teale)=22Tn(@),

where T}, are Chebyshev polynomials of order n defined by
T () = cos(n arccos(x)), for each n > 0 with z € -1, 1]. 5]

. Derive the explicit finite difference scheme for the heat equation,

ou 0%

= il

ot  Oxz? X
. Apply the Runge-Kutta method of fourth order in steps of 0.2, to solve

dy > 2% .

iy W_'lth y(0) =1atxz =02 [6]

. For the initial value problem,

o =-—z+t+1,0<t<3, 2(0)=1,

approximate z(0.1) by using one step of

i. Euler method, [3]
ii. Modified Euler method, 3]
ili. Taylor series method of order 2. 13]




Section B: Answer ANY 3 Questions

B2. (a) Use the Gram-Schmidt process to calculate Ly, Lo, where
{Ly(z), L1(z), La(z)} is an orthogonal set of polynomials on (0, co)
with respect to the weight function w(z) = ¢ and Lo(z) = 1. The
polynomials obtained from this procedure are called the Laguerre poly-
nomials. [10]

(b) Use the Laguerre polynomials calculated above in (a) to compute the

least squares polynomial of degree two on the interval (0, oo) with re-

spect to the weight function w(z) = e for f(z) = T2, [10]

B3. (a) Solve by Taylor series method of third order the equation
y'(2) = (2® + zyP)e™, y(0) = 1foryatz = 0.1, z = 0.2 and
z = 0.3, [10]

(b) Use the Newton backward difference interpolating formula to derive
2-step Adam-Bashforth explicit formula. [10]

h .
Y1 = Ui + 5[3.}[’& - f‘i—l]

B4. Consider the following multi-step method for approximating the solution to
an initial value problem,

h
Yir1 = 2Yi — Yi-1 T Z[fi—Z + 3 fi-1],
Yo = @, Y1 = a1, Y2 = G2.

Discuss the stability, consistency and convergence of this method. [20]

Qo




B5. Consider the finite difference scheme;
Upt = Up + o (U — 207 + Uha) = KU},
for the numerical approximation of
wlz, t) = U, 1) — (2, ), 0<z<1,t>0,
u(0,1) =u(l,t) =0, (>0,
uw(z,0) = flz), 0<z<1
The constants k and h denote step sizes in the t and « variables, respectively.

(a) Find the local truncation error for this finite difference scheme.  [10]

(b) Perform a Von-Neumann stability analysis for this scheme. [10]

B6. Consider the differential problem;
u(w, ) = uge(,2), 0<z <1, >0
ug{0,1) =1, ug(1,4) =0, ¢>0,
w(z,0)=z(l—-2), 0<z<L
(a) Deduce the fully implicit numerical scheme resulting from using a back-
ward difference approximation for the derivative u, and a central
difference approximation for both ug and ug,. Show that the resulting
finite difference equations may be written in matrix form as
[12]

(b) Use this numerical scheme with A¢ = 0.1 and Az = 0.5 to derive the
matrix equation to be solved to approximate 4(0.5,0.1). Do not solve
the equation. 8]

END OF EXAMINATION




